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Systems of Linear Equations and CGavssian Elimination
Cuestion 1:

{a) Solve the following svstem using Gavssian elimimation. Show each row operation and
classify the solution set using Theorem 1.1 ( Trichotomy of Solutions), [10]
r+y+E=h
2r+y+z=8
+iy+z=19

(h} Consider the system [ 10]

r+¥+e=1
x+2y+2e=13
x—v¥v=10

¢ Form the augmented matrix and row-reduce it.

o Decide whether the system is consistent. 1515 nod, identify the contradictory row and
explain using Theorem |1,

& Using Theorem | .4, explain in ote sentence what this means about whether b lies in
Cal{A).
Mlatrix Algebra and Matrix Operations
Cuestion 2:

(a) Let [10]

oB ooel

= Compute AB and BA, Are they equal? What does this illustrate about matrix
multiplication?

# Find A7 using the 2 x 2 inverse formula {Theorem 2.3), Verify that A A7 = L.
# Find (AF)™? using Theorem 2.4 {inverse of a product): (AB)™ = B4
(byLet € =1 z]

o  Compute det(C). Is C invertible? Cite Theorem 5.5 ¢ the Invertible Matrix Theorem
(Theorem 2,50,

o Justify your answer using two further IMT conditions (for example: whether the columns
are linearty independent, and whether Cx = 0 has only the trivial solution).

& Chive one nonzero veclor i Nul(C).
Vector Spaces, Subspaces, and Basis

Chuestion 3:

(3) Letmy = (1,01}, w=1(011), w=(110)
1



o Form the matrix A whose columns are these three vectors and compute det(A).

o [Decide whether the set is linearly independent. using Theorem 3.3 (independence via row
reduction [ noneero determinant).

o Does the set form a basis for R237 Cite the Basis Theorem (Theorem 3.8).
(biLetH = {(xy.2) € R3:x—y=01[10]

¢  Show that H is a subspace of B3 using the Subspace Test { Theorem 3.2).

¢ Find a basis for H and state dim{H}).

»  Write a general vector of H as a linear combination of your basis vectors.

Linear Transfomalions
Cuestion 4

(a) Dreterming whether each map s a linear transformation. 1 it 1s, prove if from Defimtion 4.1,
If it is not, give a specific counterexample (failure of additivity, homageneity. or T{0 = 0). [110]

Tlxy) = (Zx,x + ¥)
Sry)=(x+ 1Ly}
g 2 i . o
ib) The linear map T: £° = R has standard matrix A = [l 1]
¢ |5 T one-to-one? Justify using Theorem 4.3 (cquivalently, compute detiA) ar Mul{ A)).
o [5T onto? Justify using Theorem 4.4,
s LetS be reflection through y = x, with standard matrix B = E’ 3] Find the standard

matrix of 5 composed with T (that is, 3T, using Theorem 4.5,

[Dreterminants

(hiestion 5:
1.2 O
(a)Let, A= lﬂ' 2 Ij
0 0 32

o  Compute det{A) using the fact that A is upper triangular ( Theorem 5.3).
s Confirmn the value by cofactor expansion along the first column { Theorem 5.1

»  LUse Theorem 5.5 to decide whether A is invertible, and compute det{AT1),

o ; f3x+y=7
(b) Consider the 2 x 2 system: {.\: + 2y =4

»  Solve the system by Cramer's Rule (Theorem 5.8). Show bath determinants,

¢ letM= [:: ;] be the coefficient matrix. Interpret [det{ M) as the area of the
parallelogram spanned by the columns { Theorem 5.6).

»  Does the linear map x = Mx preserve or reverse onentation? Cite Theorem 5.7,
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Eagenvalises, Eigenvectors, amd Diagonalization

Chuestion |:
(a} Let, [10]
3 2
a=[g 1l
(i} Findl the characteristic polynomial and the cigenvalues (Theorem 6.1). (Himt: A is triangular. }
{i1} Find one cigenvector for each eigenvalue.

(111} Werify that tr(A) equals the sem of the eigenvalues and diet{A} equals their product (Theonem &.6)
Is A diiagonalizable? Why? (Theorem 6.3 / distinet eigenvalues.)

(B A two-state Markow chain has column-stochastic transition matrix [ 10]

7 04

P=|32 o

(i) Shave that 4 = 1 is an eigenvalue of P and lnd i corresponding eigenvector.
(i} Mormalize that eigenvector so that its entries are nonnegative and sum to 1 {the stationary distribution).

(iii} Using Theorem 6.4, state the long-run behavior of xyp.q) = P 1y,

Orthogonality, Inner Products, and Least Squares

Cmiestion :
(a) Apply the Gram-Schmidi process 1o the ondered set [ 1]
{(1.13 (200}
to obinin on orthogonal basis of B2, Then nomalize 1o obtain an ofhonormal basis. Show the inner
products you sulbtract
()

Fit o fine ¥ = g + fiyx to the duta points (1,1, (2.3}, (3,4}, {4.6) using least squares, | 10]
*  Seb ug the malrix squation AfF = ¥,
& Wikl e omial equations CTheovas TK
s Solve for i

o Compute the residual vector rand el In one sentence, cite the Best Approximation Theorem
{Theorem 7.5).

Singular Walue Decomposition, Matrix Factorizations, and PCA
Chuestion 3;

; 3
(a) Compate the full SVDof A =[3 01 [10]

o Form A" A and find its eipenvalises and arthononmal eigenveciors (these give V and the singular
values).

*  For each positive singular value, compute u; = [’IL}A vy and complete U to an orthonormal basis
T
of B2 .



= Write 4 = UE VT and check the product, What docs a zero singular value tell you about rank(A)?
ibh A centered data matrix X € R173 has simgular values 10, 5, and 2. {10}

»  Compute [[X||F and the proportion of variance explained by the first two prineipal components
{ Theorem 8.4),

s Using Fekart-Young (Theorem 83 ) find ||X = X; | for the best rank-2 approximation.
¢ How many principal components can carry nomzero variance? [ one feature is an exact copy of
ancther, what happens to the smalbest singular value?
Advanced Applications (Machine Leaming, Computer Graphics, NLP, Cugntam Compating, and Graphs)
Chiestion 4;

() The Hadumard gate is [10]

s Compute H |é|
®  Find the twi measurement probabilities. (They should sum to 1.)

e  Compute 47 H and conclude that H is unitary (in this real cose. orthogonal). Why must guantum
gates be unitany?

(b A two-page web has links only from page 1 to pape 2 and from page 2 to page | The column-
stichastic hyperlink matrix is [ 10]

=l o

o With damping d = 0.85, form the Google matrix § = 0.85 M + (""5

TJ 117 and write G with

numerical entries,

*  Starting from x, = [;] compaute one Power Method step G x_0 { Theorem 6.3).

®  Why does damping prevent the ranking from oscillating forever on this two-cyele graph? Relate
vour answer to the unique dominant cigenvalue A = 1 of G (Linit 91
Integrative Problem [Connecting Units 6-9]
Chuestion 5:
{a) A data marrix ¥ € B2 s mank 8. [10]

& Use Rank-Nullity (Thearem 3.9 ¢ Unit 3) 1o find dim{Nul (X)), What does this say about the 10
leatures?

o I PCA is applied te X, what is the maximum number of principal components with nonzero
varwnce, and why (Umit 8)7

*  The sample covariance § = {ﬁ) XX is symmetric, Which theorem guarantees real eigenvalues
and orthogonal eigenvectors, and why does that matter for PCAY {Theorem 7.7)

(B) An ferative method uses an update marrix B whose eigenvalues are 0.4, —0.3, and 0.2, A ratings
matrix B € RIF00%%) iy cenped via nrank-5 SYD. [10]

s Using Thearem 6.4, does % go to 0 as & tends to infinity? Explain using the spectral radius,

* |nthe sense of Eckart-Young ( Theorem 8.3), what is guaranteed about this rank = 5
approximation of K7



