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Foreword to the Course 
 
 

Development in human being is of three kinds; psychomotor, Social and 
Cognitive. Psychomotor development deals with the Practical skills for the use of 
muscles. Social development is needed to deal with fellow human beings. 
Whereas cognitive development equips an individual with the skills and strategies 
for solving problems of daily life. 
 
Mathematics is the only subject who prepares the individuals to lead a successful 
life and helps in the study of other subjects. Moreover Teacher has central place 
in teaching learning process. If the teachers are well equipped with the knowledge 
and skills of teaching mathematics, teaching may be more effective. 
 
This course on “Teaching of Mathematics” 6515 provides all the necessary 
knowledge and skills to mathematics teachers at Secondary level.  
 
The effort made by Dr. Sabir Hussain Raja to prepare this course is highly 
appreciated. Furthermore the Allama Iqbal Open University and the Department 
is grateful to Dr. Iqbal Shah for reviewing the course.  
We are thankful to all the departments who have helped and facilitated in the 
development of this course. 
 
 
 
 
 

(Dr. Qudsia Rifat) 
Chairperson 

Department of Science Education 
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Introduction to the course 
 

Teaching of Mathematics is an elective course of M.A. (Secondary Teacher 

Education) Programme. Having knowledge of mathematics is need of every 

individual. Its knowledge is of daily use. Its knowledge provides base to basic 

sciences, Social Sciences and Education. This course has been prepared to equip 

the math teacher with basic concepts and skills of teaching so that they can impart 

its knowledge to students effectively and efficiently.   

 

Unit No. 1 of the course is about nature, Importance and Objectives of teaching 

mathematics. This unit provides awareness to the teacher about the importance of 

mathematics. 

 

Unit No.2, methods of Teaching and lesson planning, equips the students with 

modern methods of teaching mathematics. 

 

Unit No. 3 Prepares teachers to make instructional material interesting. 

 

Assessment and evaluation is the most important part in teaching learning process. 

Unit- 4 provides Present developments in the field of Assessment and evaluation 

and enables Teachers to know the effectiveness of their teaching.  

 

Another very important aspect of mathematics is about sets and sets of members. 

Unit-5 deals with different concepts of sets.   

 

Unit 6 deals with basic concepts of factorization. 

 

Logarithm is another very important area of mathematics, which is very helpful in 

different subjects, and fields of life. Unit-7 deals with logarithm. 

 

Unit-8 equips the teachers with different concepts of Trigonometric ratios and 

trigonometric identities Unit-9 is of practical nature. It gives skills to teachers 

about bisecting straight lines, angles, drawing of angles and different triangles. 
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Allama Iqbal Open University and the author acknowledge the material of all 

national and international writers and publishers, which has been used/quoted in 

the development of this course. 

 

The Allama Iqbal Open University and the author would also like to acknowledge 

the assistance of Dr. Iqbal Shah for reviewing the course and providing feedback 

and fresh ideas concerning the development of the course. 

 

The Study Guide provides a comprehensive guideline for mathematics teachers of 

Secondary schools and gives an overview of all related aspects of mathematics at 

Secondary level. However, space for further development is always there. Any 

suggestions from readers, students and teachers will be highly appreciated. 

 

 

 

(Dr. Sabir Hussain Raja) 

Assistant Professor/Course Coordinator 
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OBJECTIVES OF THE COURSE 
 
After going through the course, the student should be able to:- 
 

1. Know the need and importance of teaching of mathematics. 

2. Use mathematics in daily life. 

3. Understand and apply different methods of teaching Mathematics; 

4. Know the need and importance of the instructional material. 

5. Understand and differentiate the terms of Assessment and Evaluation. 

6. Understand and explain different characteristics of a set. 

7. Calculate G.C.D. and L.C.M. 

8. Calculate Logarithm and Antilogarithms. 

9. Determine the trigonometric ratios of different angles. 

10. Draw right bisectors of sides of a triangle. 
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INTRODUCTION 
 Mathematics is the science of measurement, quality and magnitude.  
According to New English Dictionary “Mathematics in a strict sense is the 
abstract science which investigates deductively the conclusions implicit in the 
elementary conceptions Concerning space  and numerical relations”.  It has also 
been defined as the science of number and space.  Its Hindi or Punjabi name is 
‘Ganita’ which means the science of calculation.  It is a systematized, organized 
and exact branch of science. 
 
 The term ‘Mathematics’ has been interpreted and explained in various 
ways.  It is the numerical and calculation part of man’s life and knowledge.  It 
helps man to give exact interpretation to his ideas and conclusions.  It deals with 
quantitative facts and relationships as well as with problems involving space and 
form.  It also deals with relationships between magnitudes. 
  It enables the man to study various phenomenons in space and establish various 
relationships between them.  It explains that Mathematical science is a by-product 
of social environment. We form certain intuitive ideas or notions called postulates 
and axioms.  By a process of reasoning, we move upwards and work out 
mathematical results at the abstract level.  Mathematics may also be defined as the 
science of abstract form.  The discrimination of structure is essential no less to the 
appreciation of a painting or a harmony than to understand the behaviour of a 
physical system; no less in economics than in astronomy.  Mathematics studies 
order abstracted from the particular objects and phenomena which exhibit it and 
in a generalized form.” 
 
PHILOSOPHY OF TEACHING MATHEMATICS 
 
Mathematics is the key to the future. In it’s own right it helps teaching sound 
logic, reasoning and problem solving skills. Together with other areas it provides 
the foundation to natural sciences, information technology, economics and deeper 
understanding of most of the liberal arts. Reflecting this importance of math, it 
becomes the central goal to develop math power in all students. 
 
PURPOSES OF TEACHDING MATHEMATICS. 
 

1) It develops student’s skills in problem solving. Posing open-ended 
problems opens the arena up to diverse solutions. 

2) Students are exposed to a variety of solution methods and begin to 
see the advantages and disadvantages of different processes. 

3) Students will learn to think critically. 
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4) They will learn how to distinguish between a correct and incorrect 
solution by going back and checking their answer. 

 
 
INTRODUCTION TO THE UNIT 
 
Mathematics equips pupils with a uniquely powerful set of tools to understand 
and change the world; these tools include logical reasoning, problem-solving 
skills, and the ability to think in abstract ways. Mathematics is important in 
everyday life, many forms of employment, science and technology, medicine, the 
economy, the environment, and in public decision-making. Different cultures 
have contributed to the development and applications of mathematics. Today the 
subject transcends cultural boundaries and its importance is universally 
recognized. Mathematics is a creative discipline. It can stimulate moments of 
pleasure and wonder when a pupil solves a problem for the first time, discovers a 
more elegant solution to that problem, or suddenly sees hidden connections.  
 
In this unit, nature of mathematics, need and importance of teaching mathematics 
and objectives of teaching mathematics have been discussed in detail, 
 
 
OBJECTIVES OF THE UNIT 
After going through the unit, the student-teachers should be able to understand:- 

1. the nature of mathematics 
2. need and importance of teaching of mathematics 
3. the objectives of teaching mathematics 
4. use of mathematics in daily life 
5. writing instructional objectives 
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1.1 NATURE OF MATHEMATICS 
 
a. SCIENCE OF LOGICAL REASONING 
 
 Mathematics is called the science of logical reasoning.  In it, we approach 
everything with a question mark in our mind.  As Locke has said “Mathematics is 
a way to settle in the mind a habit of reasoning.”  Here the results are developed 
through a process of reasoning.  There are only a few premises on which we base 
our reasoning.  The conclusions follow naturally from the given facts when 
logical reasoning is applied to the same.  The reasoning in mathematics is of 
peculiar kind and possesses a number of characteristics such as simplicity, 
accuracy, certainty of results, originality, similarity to the reasoning of life, and 
verification.   
 
b. INDUCTIVE AND DEDUCTIVE REASONING 
 Reasoning in mathematics is of two types, viz.,  
 

(i) Inductive reasoning; and  
(ii) Deductive reasoning.   
In the beginning, mathematics arises out of practical applications and it is 
mostly inductive and intuitive. Therefore  “mathematics in the making is not a 
deductive science it is an inductive, experimental science and guessing are the 
experimental tool of mathematics.  Mathematicians, like all other scientists, 
formulate their theories from bunches, analogies and simple examples.  They 
are pretty confident that what they are trying to prove is correct and in writing 
these, they use only the bull-dozer of logical deduction. 

 
(i) INDUCTIVE REASONING 
 When the statements or propositions are based on general observation and 
experience, reasoning is called inductive.  When we can show that a particular 
property holds good in a sufficient number of cases, we conclude that it will also 
hold good in all similar cases.  This type of reasoning is known as inductive 
reasoning. 
 
(ii) DEDUCTIVE REASONING 
 Deductive reasoning is based on self-evident truths, postulates, axioms, 
etc.  It proceeds from premises.  Here the statements are the products of mind.  
This reasoning consists in comparing the statement and drawing a conclusion 
there from.  Whitehead has correctly emphasized the place of deductive reasoning 
in mathematics by saying “Mathematics in its widest sense is the development of 
all types of deductive reasoning.” 
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(iii) ESSENTIALS OF A DEDUCTIVE SYSTEM:  Deductive reasoning in 

mathematics requires a number of essentials which have been 
discussed as follows: 

 
(a) Undefined terms: In every branch of knowledge there are always 

certain terms, which defy definitions.  In their case the definition, if 
any, fails to do justice to the concept concerned.  The following three 
examples of Euclidean geometry will uphold the above statements. 

 
Point: A point is that which has no part. 
Line: A line is length without breadth. 

Straight line: A straight line is that which lies evenly with the points on itself. 
These definitions are far from clear in themselves.  Modern mathematics has 
solved this difficulty by treating certain terms as undefined.  Point, line and 
surface have been recognized as undefined terms in geometry.  In algebra the 
terms set, number and variable are undefined. 
 
(b) Definitions: After taking some undefined terms we can now frame the 

definitions of technical terms.  This we can do with the help of undefined 
terms, not-technical language and other defined terms.  For example in the 
case of a triangle “If A,B and C are three non-collinear points, then 
triangle ABC is the union of the line segments AB, BC and AC.”  Note 
that in this definition of triangle, we have used the terms – collinear, point, 
union and line segment. 

 
(c) Postulates: As soon as we have collected a number of undefined and 

defined terms we are in a position to make all the statements which we 
want to prove in the subject.  Each statement to be proved is known as a 
proposition.  While proving a proposition we base our arguments on the 
previously proved statement.  But going back in the chain of propositions 
we reach the earliest ones prior to which no previously proved statement is 
available.  For proving such initial propositions we have to depend upon 
some self-evident truths which are accepted as such without proof.  These 
self-evident truths are known as postulates.  These are the first principles 
which can be taken for granted.  They are assumed to be true without any 
necessity of explanation or proof. 

 
 Early Greeks tried to make distinction between postulates and axioms.  
The postulates were considered to be general truths common to all studies and the 
axioms as the truths relating to the special study at hand.  Later on these concepts 
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were modified.  Postulates were considered as permissible constructions and all 
other initial assumptions were taken as axioms.  However, in modern 
mathematics, no distinction is made between the two.  The words postulates and 
axioms are used synonymously. 
 
 Some of the postulates are given below: 
 

(i) A straight line may be drawn from any point to any other point 
(ii) A finite straight line may be produced to any length in that line. 
(iii) A straight line has one and only one middle point. 
(iv) Two straight lines cannot intersect at more than one point. 
(v) All right angles are equal. 
(vi) A triangle has interior and exterior angles. 
(vii) There is one and only one straight line through a point parallel to a 

given line. 
(viii) A circle can be drawn with any point as center and with any length of 

radius. 
(ix) Two circles intersect at two points. 
 

 Euclid regarded most of the other initial assumptions as axioms and called 
them common notions.  These were accepted as true because of their conformity 
with common experience and sound judgment.  The important notions are given 
below: 

i) Things equal to the same thing, are equal to one another. 
ii) The whole is equal to the sum of its parts and is greater than part. 

iii) If a > b, b > c, then a > c. 
iv) Magnitudes of figures, which can be made to coincide with one 

another, are equal. 
 

1.2 NEED AND IMPORTANCE OF TEACHING 
MATHEMATICS 
 

1.2.1 Use of Mathematics in Daily Life 

   In this world of today nobody can live without mathematics for a single 
day.  Mathematics is intimately involved in every moment of everyone’s life.  
Right from human existence on this earth, it has been a faithful companion.  
When man first wanted to answer the question: (How many? How big? How 
long? etc.) he invented arithmetic . Algebra was devised to simplify arithmetical 
computations.  For measurement and form, geometry was invented.  To find the 
position of high mountains and stars trigonometry was invented and developed 
and so on in the case of numerous other branches of mathematics.  The 
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knowledge of this subject was born out of felt needs of man.  This knowledge is 
therefore indispensable.  As the needs grow, the knowledge is bound to grow. 

 There is a definite need of mathematics in anybody’s life-long planning 
and day-to-day planning.  A human being is always after profitable and increasing 
returns.  A mathematical approach is essential for any progress.  Any approach 
devoid of mathematical considerations is likely to lead to decline.  If anybody 
wants to make a success of his life, he must have recourse to mathematics. 

 Day-to-day evaluation in life or daily self-evaluation and over all life 
evaluation provide us assessment, judgment, guidance and direction for future.  
This evaluation will have to be mathematical in nature to a great extent. 
 

 Even the most ordinary citizen has got to calculate his wages and purchase 
of  things from the bazaar.  A person may be a mere housewife, farmer, labourer, 
shopkeeper, tailor, clerk, vendor, salesman, accountant, mason, driver, carpenter, 
or booking clerk, some knowledge of mathematics is absolutely necessary for 
him. 
 The entire atmosphere is surcharged with mathematics.  The price rates, 
discounts, commissions, rebates, interests, taxes, shortages, production, 
distribution, inflation etc. are the issues with which everybody is intimately 
concerned.  There is no escape from mathematical intricacies of life and 
livelihood. 
 All the illustrations and arguments in favour of practical value of 
mathematics can be utilized and repeated to justify the place of the subject in 
everyday life. 
 
 

1.2.2 MATHEMATICS AND OTHER SUBJECTS 
(CORRELATION) 
 
 The major aim of education is the unification of knowledge existing in 
different branches of learning.  To achieve such unification a conscious effort has 
to be made by teachers teaching various subjects.  It is only by such a joint 
venture that we will be able to achieve the goal of unification of knowledge and 
bridge the gap that separates them. 
 
a) IMPORTANCE OF CORRELATION 
 No subject can be taught in isolation particularly ‘mathematics’.  To take 
the learning process to its desired end we have to take full advantage of various 
correlations and applications of mathematics.  For our convenience we have 
divided mathematics in different branches of study.  However a conscious effort 
is made now a days to integrate various branches of mathematics and to treat the 
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subject as a synthetic whole.  Teaching of mathematics is done keeping in view its 
correlation with other subjects.  It helps in understanding of subject matter by the 
students.  It is possible to correlate different experiences and at the same time, 
allow different aptitudes and inclinations to work with coordination and 
correlation.  The mind of the students’ works in such a manner that he can 
understand a subject that is being taught, keeping in view its correlation with 
other subjects.  Such a teaching brings about a healthy development of 
personality. 
 
b) TYPES OF CORRELATION 

 The three important types of correlation are: 
i. Correlation of different branches of mathematics. 
ii. Correlation of mathematics with other subjects. 
iii. Correlation of mathematics with daily life. 

 
 
i. Correlation between different Branches of Mathematics 
 Mathematics is not one subject.  It is actually a combination of many of 
subjects, such as, Arithmetic, Algebra etc.  Apart from the branches of 
mathematics, there is – Higher Mathematics, which includes Statistics, Hydro-
dynamic, Mechanics etc.  Truly speaking all these branches of mathematics are 
correlated.  In a simple manner, it can be stated that several difficult questions of 
arithmetic can be solved through the equations and principles of Algebra.  On the 
other hand Lowest Common Multiple, Highest Common Factor, Fractions, 
Square, root etc in algebra are based upon the rules of arithmetic.  That is also true 
about Algebra while finding out the area of a particular triangle or a quadrangle, 
the principles of arithmetic can be applied.  The basic rules of arithmetic like 
addition, subtraction, square-root etc are found in all branches of arithmetic. 

 Higher mathematics has a lot of bearing upon the elementary rules and 
regulations of mathematics.  If a student of a higher mathematics is not well 
aware of the rules and regulations of mathematics, he shall not be able to solve the 
problems of higher mathematics.  Thus, it may be said that different branches of 
mathematics like Geometry, Algebra, Hydro-dynamics, Statistics and Dynamics 
etc are very much correlated.  While teaching mathematics, it is desirable to make 
it clear to the students that, this correlation shall be helpful in their future study.  
Correlation with the topic in hand should also be made clear to them.  If this 
correlation is made clear, they shall be benefited by it at future stages besides the 
present. 
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ii. Correlation between different topics of a particular chapter or branch 
of mathematics.  What is true about different branches of mathematics is also 
true about different topics of a chapter of mathematics.  A specific chapter of 
mathematics, say LCM has the relationship with the rules of addition and 
subtraction.  Like wise in Algebra, to solve an equation we make use of the 
principle of simplification.  During teaching of mathematics, an attempt be made 
by the teacher to make clear such a correlation between different topics of a 
particular chapter.  This facilitates the study and helps the students in 
understanding the subject. 
 
iii. Correlation of Mathematics with other Subjects and Aspects of Life 
 The correlation of one subject with other is of two types: 

a. Direct  
b. Indirect 

 
 
 a) Direct Correlation of Mathematics with other Subjects 

 
 Mathematics has a direct bearing on subjects of pure sciences such as 
physics, chemistry, etc.  It has a bearing on social sciences as well.  Mathematics 
has correlation with different subjects such as: 
 

i. Correlation Of Mathematics With Physical And Biological Sciences 
ii. Correlation Between Mathematics and Physics 
iii. Correlation Between Mathematics and Chemistry 
iv. Correlation Between Mathematics and Biology 
v. Correlation Between Mathematics and Engineering 
vi. Correlation Between Mathematics and Agriculture 
vii. Correlation Between Mathematics and Social Science 
viii. Correlation Between Mathematics and Economics 
ix. Correlation Between Mathematics and Psychology 
x. Correlation Between Mathematics and Logic 
xi. Correlation Between Mathematics and Philosophy 
xii. Correlation Between Mathematics and Fine Arts 
xiii. Correlation Between Mathematics and Geography 
xiv. Correlation Between Mathematics and History 
xv. Correlation Between Mathematics and Drawing 
xvi. Correlation Between Mathematics and Languages 

 
 
 



 11

For comprehensive study, please go through: 
 
Sudhir Kumar (1993) Teaching of Mathematics, Anmol 

Publications Private Ltd. New Dlehi, 
India. 

pp.27-36 

 
b) Indirect Correlation of Mathematics with other Subjects and Aspects 

of Life 
 

 This is considered to be more physical and interesting method.  In this an 
attempt is made to give reference to certain other subjects while teaching a 
particular topic or subject of mathematics.  It helps to make subject more 
interesting.  An attempt be made to make references only to such things which are 
known to the students.  It serves a dual purpose. Firstly, it helps the students in 
understanding the topic in hand and secondly it helps the students to acquire a 
broad and comprehensive outlook 
 
 Furthermore, please read: 
 
Kulbir Singh Sidhu 
(1989) 

The Teaching of Mathematics, Sterling 
Publishers, Private Ltd. New Delhi, India 

PP.65-
77 

 
 

1.3 OBJECTIVES OF TEACHING MATHEMATICS 
1.3.1 Domains of Objectives 
 Taxonomy of educational objectives provides a three-domain scheme 
(Cognitive, Affective and Psychomotor) for classifying all possible instructional 
objectives.  Each domain is subdivided into a series of categories that are arranged 
in hierarchical order-from simple to complex.  A review of these categories and 
the illustrative objectives in behavioral terms accompanying them should aid in (i) 
identifying objectives for a particular instructional unit, (ii) stating objectives at 
the proper level of generality, (iii) defining objectives in the most relevant 
behavioral terms, (iv) checking on the comprehensiveness of a list of objectives, 
and (v) communicating with others concerning the nature and level of learning 
outcomes included in a list of objectives. 
 
 For detailed study of the objectives, please go through: 
 
Manpal Singh Modern Teaching of Mathematics, Anmol 

Publications PVT. LTD. New Delhi 
PP.149-
205 
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1.3.2 General Objectives of Teaching Mathematics 
 
 The general objectives of Teaching Mathematics are listed here briefly: 

i. To enable the child to solve mathematical problems of his daily life. 
ii. To develop in the child an acquaintance with his culture. 
iii. To provide a suitable type of discipline to the mind of the learner. 
iv. To prepare the child for technical professions such as those of 

accountants, auditors, bankers, surveyors, cashiers, engineers, 
scientists, statisticians and mathematics teachers. 

v. To prepare the child for economic, purposeful, productive, creative 
and constructive living. 

vi. To develop in the child a sense of appreciation of cultural arts. 
To prepare the child for secondary as well as higher education in 
sciences, economics, engineering, psychology, etc. 

vii. To develop the habits of concentration, self-reliance and discovery. 
viii. To create in the child love for hard work. 
ix. To develop in the child the powers of thinking and reasoning. 
x. To develop the learner’s power of expression. 
xi. To enable the child to understand and enjoy popular literature. 
xii. To develop in the child a scientific and realistic attitude towards life. 
xiii. To bring about all-round, harmonious development of the personality 

of the child. 
 
 

1.3.3 Specific Objectives of Teaching Mathematics at Secondary Level  
  
 Teaching of Mathematics at Secondary level enables the children to : 
 

i. Understand the concepts of real numbers, exponents and radicals. 

ii. Understand and explain operation on sets, certain plane and binary 

relations. 

iii. Understand the notions of factorization, greatest common devisor, 

least common multiple, matrices and circle. 

iv. Apply basic mathematical concepts in daily life. 
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v. Have knowledge of different geometrical and trigonometrically 

concepts and apply to different problems of daily life. 

vi. To collect and handle, present and analyze data. 

 

1.3.4 Writing Instructional Objectives 
 

The following "GENERAL" rules should prove useful in writing 
instructional objectives 
 

 Be Concise: at the most, objectives should be one or two sentences in 
length.  

* Be Singular: An objective should focus on one and only one aspect of 
behavior.  

* Describe Expected behaviors: An objective should indicate the desired end 
product, not merely a direction of change or a teacher activity.  

* Be Realistic: An objective should focus on observable behavior, not on 
teacher illusions or indefinable traits.  

 Use Definite Terms (VERBS!!!): Terms such as "write, define, list and 
compare" have definite meanings, whereas terms such as "know, 
understand, and apply" have a multitude of meanings. 

 
In Bloom's Taxonomy of Educational Objectives he defines three broad 

categories in which objectives can be written. Keep in mind that the term 
"taxonomy" is referring to the principles of ‘classification’, which he describes in 
his book. Bloom defined three broad categories and within each of them there is 
further differentiation: Just as we can categorize life forms into broad categories 
such as dogs, birds, etc., each of these categories could be further differentiated 
into beagles, hounds and terriers or cardinals, blue jays, eagles. The three board 
categories are: 

 
 Cognitive Objectives (usually associated with specific domains of 

knowledge) 
 Affective Objectives (Usually associated with feelings and emotions.)  
 Psychomotor Objectives (Usually associated with body movement.) 
 

The next few pages elaborate on each of these three areas of instructional 
objectives.  
 



 14

COGNITIVE OBJECTIVES 
 
i. KNOWLEDGE. The simplest cognitive behavior, knowledge, involves 
the recall of information. Objectives concerned with the individual's knowledge of 
terms and facts, knowledge of methods and criteria for handling terms and facts, 
and knowledge of the abstractions of a field are properly classified in this 
category. Most achievement test items measure objectives at this level. 
ii. COMPREHENSION. Objectives classified as "comprehension" 
require the ability to reorganize, restate, and interpret the facts, the methods and 
criteria for handling facts, and the generalizations and abstractions of a field. 
iii. APPLICATION. When instructional objectives are directed toward the 
utilization of knowledge in a new and different situation, they may be classified as 
"application" objectives. Test items in this category require examinees to make 
decisions in new situation which must be translated first into situation which are 
identical or parallel to those presented in the course content. 
iv. ANALYSIS. The analysis category contains objectives which require 
the individual to determine the elements of some problem or theory under 
consideration, the relationship among the ements, and the relationship of the 
elements to the whole. This level can be characterized as taking the "whole" of a 
problem and braking it down into its various parts to extract meaning from the 
situation. Breaking it down into its various parts to extract meaning from the 
situation. Test items of this type require examinees to isolate specifics in an 
overall problem situation, and use the inter-relationships among the specifics to 
solve the given problem. Items of this type are difficult to construct, particularly 
in the multiple-choice-selection type format. 
v. SYNTHESIS. Objectives classified as synthesis include behaviors like 
the development of a plan or a set of abstract relations. This level can be 
characterized as taking the various parts of a problem and putting them together to 
derive meaning from the situation. Test items of this type require examinees to 
organize specifics into an overall problem statement, and from this statement draw 
conclusions or generalizations. Most items of this type are in the "Essay" format. 
vi. EVALUATION: Objectives requiring the evaluation or judging of 
theory or products according to internal evidence or external criteria are properly 
classified as evaluation objectives. Measurement at this level requires utilization 
of the lower level mental skills (knowledge, comprehension). The student is 
required to decide between right and wrong, good and bad, relevant and 
irrelevant. These decisions require knowledge and ability to analyze and 
synthesize data in the forming of sound, logical judgments. Items of this type are 
often quite difficult to construct because the necessity of being able to defend one 
alternative as a better response to an item than all other possible alternatives. 
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Because of the difficulty often encountered in determining the proper 
classification of objectives and to aid in the writing and classification of test 
items, some people believe it is advantageous to use a THREE-CATEGORY 
classification system including: 

 Knowledge,  
 Understanding  
 Application 

Within this system knowledge is defined as the ability to recall previously learned 
information, whether it be facts, trends, or generalizations; Understanding is 
defined as the ability to restate and interpret information; and Application 
includes any intellectual activity more complex than simple understanding, such 
as application of principles to a new problem, analysis, synthesis, and evaluation. 
The scheme for this system as compared to the six category one is as follows: 

Six Category System Three Category System 
KNOWLEDGE KNOWLEDGE 
UNDERSTANDING COMPREHENSION 
APPLICATION APPLICATION 
ANALYSIS CONSIDERED APPLICATION 
SYNTHESIS CONSIDERED APPLICATION 
EVALUATION CONSIDERED APPICATION 

  

Verbs, which may be useful for writing instructional objectives for Cognitive 
objectives: 
 
 

KNOWLEDGE COMPREHENSION ANALYSIS SYNTHESIS 
Define Restate Distinguish Compose 
Memorize Discuss Analyze Plan 
Repair Describe Differentiate Propose 
Record Recognize Appraise Design 
List Explain Calculate Formulate 
Recall Express Experiment Arrange 
Name Identify Test Assemble 
Relate Locate Compare Collect 
Underline Report Contrast Construct 
 Review Criticize Create 
 Tell Diagram Setup 
  Inspect Organize 
  Debate Manage 
  Inventory Prepare 
  Question  
  Relate  
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  Solve  
  Examine  

 
APPLICATION EVALUATION 
Translate Judge 
Interpret Appraise 
Apply Evaluate 
Employ Rate 
Use Compare 
Demonstrate Value 
Dramatize Revise 
Practice Score 
Illustrate Select 
Operate Choose 
Schedule Assess 
Shop Estimate 
Sketch Measure 

 
Verbs associated with Affective Outcomes in no special order: 
 
Select Choose Subscribe Test 
Seek Persist Sleep Recommend 
Visit Adopt Challenge Annotate 
Defend Obey Jon  
Offer Propose Persevere  
Question Query Try  
Quality Design Accept  
Share Dispute Evaluate  
Advocate Volunteer Support  
Gather 
(information) 

Participate Promote  

Argue (a 
position) 

Ask Yawn  

Object (to an 
idea) 

Submit Attempt  

Keep (preserve) Investigate Organize  
Weigh (as in 
judge) 

Reject Praise  

Delay (response) Criticize Specify  
Spend (money) Suggest Consult  
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EDUCATIONAL OBJECTIVES IN THE AFFECTIVE DOMAIN 
i. RECEIVING: Being aware of or paying attention to something.  
Example: Recognizing that there may be two sides to a story; knowing that there 
are differences among people of different cultural backgrounds. 
 
ii. RESPONDING: Making an active and willing response to something.  
Example: Obeying playground rules; reading books for pleasure. 
 
iii. VALUING: Consistently demonstrating interest in a particular activity 
so that ongoing involvement or commitment in the activity is reflected.  
Example: Writing a letter to a newspaper regarding an issue one feels strongly 
about; consistently eating a balanced diet. 
3. ORGANIZATION: Integrating a new value into one's existing set of 
values and building a value system.  
Example: Forming judgments about the directions in which society should move; 
setting priorities for one's life. 
4. CHARACTERIZATION BY A VALUE OR VALUE COMPLEX: 
Consistently behaving in accordance with an organized value system and 
integrating that system into a total philosophy of life. 
Example: Perceiving situations objectively, realistically, and with tolerance; 
relying increasingly on the scientific method as a means of answering questions 
about the world and society. 
 
 
EDUCATIONAL OBJECTIVES IN THE PSYCHOMOTOR DOMAIN 
 

i. REFLEX MOVEMENTS: Responding to a stimulus involuntarily, 
without conscious thought.  

Examples: Ducking to avoid being hit by an oncoming object; shifting weight to 
help maintain one's balance 

 
ii. BASIC-FUNDAMENTAL MOVEMENTS: Making basic voluntary 

movement directed toward a particular purpose.  
Examples: Walking; Holding a pencil. 

 
iii. PERCEPTUAL ABILITIES: Responding appropriately to 

information  
received through the senses.  
 

Examples: Following a moving object with one's eyes; maintaining eye-hand 
coordination. 
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iv. PHYSICAL ABILITIES: Developing general abilities in the areas of 
endurance, strength, flexibility, and ability.  
Examples: Running a long distance; exercising with weights; changing direction 
quickly. 
  

v. SKILLED MOVEMENTS: Performing a complex action with some 
degree  

      of proficiency or mastery  
Examples: Swimming; throwing a football, sawing a piece of wood. 

vi. NON-DISCURSIVE COMMUNICATION: Communicating 
feelings and emotions through bodily actions. 
Examples: Doing pantomime; dancing to communicate the mood of a musical 
piece. 
                                                                                                                              
1.3.5 How to Write Instructional Objectives? 
Instructional objectives. 
 
It is easy to confuse outcomes with objectives. They both start with the letter “O,” 
and people have a tendency to use them interchangeably. However, there is a 
difference, and the difference is important for teachers to understand because 
outcomes help teachers determine what is worth learning, and objectives help 
teachers design effective instruction. 
 
A performance outcome represents a description of a particular behavior or 
performance a learner is expected to possess forever following an instructional 
experience.  
Instructional objectives expand upon performance outcomes by specifying the 
[classroom] conditions under which performances or behaviors will occur during 
practice and assessment, as well as any criteria learners must meet which indicate 
that specific knowledge, skills, and attitudes have been learned.  
 
 

 Examples: 
Performance Outcome: Students will add double-digit numbers. 
Instructional Objective: Given two double-digit numbers written in equation form, 
the students will add them together. 
  
Performance Outcome: Students will design controlled experiments. 
Instructional Objective: Given a problem and hypothesis, the students will design 
a controlled experiment that includes a control group that is not subject to the 
independent variable, an appropriate dependent variable, and at least three 
extraneous variables held constant between all experimental groups. 
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Performance outcomes and instructional objectives can be identical (when no 
conditions or standards are needed). 
 
Construction of  instructional objectives? 
Step One: Determine Performance: The performance is a description of the 
behavior that learners are expected to perform (measurable, observable). 
Step Two: Identify and Describe the Conditions (“Given”): Conditions represent a 
description of the circumstances under which the performance will be learned 
and/or carried out (practice and assessment or evaluation). 
Step Three: Identify and Describe the Standard (Criterion): A standard is a 
description of the criteria for acceptance of a performance as sufficient, indicating 
mastery of the objective. A standard is stated in the objective only when 
necessary…when the stated performance requires qualification to it. For example, 
the objective “Given an object with clearly-defined linear sides, students will 
estimate the object’s length within 10 mm of its actual length.” The standard 
“…within 10 mm of its actual length” helps define the performance “estimate.” 
  
One of the biggest problems with poorly-written objectives is the choice of words 
used to indicate the type of performance expected. The following chart lists some 
of the more common unclear words used in goals and objectives, as well as more 
specific, better alternatives. 
 
Common Ambiguous Words  "Better" Performance Words 
Know Choose (or select) 
Understand Solve 
Determine Identify 
Appreciate List 
Grasp the significance of Apply 
Become familiar with Assemble 
Become aware of Adjust 
Learn Align 
Demonstrate […an understanding of] Any of the above 

  
Three-part Instructional Objective Examples: 
The students will tell the time represented on an analog clock to the nearest 
minute. 
"tell the time" represents the performance 
"analog clock" represents the condition 
"to the nearest minute" represents the standard 
A poorly-written objective dealing with the same topic would be "The students 
will know how to tell time."  
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The following represent some poorly-written outcomes and objectives taken from 
different commercially-produced instructional material sources:  
The students will demonstrate knowledge of the principles of magnetism.  
The students will be able to recognize that the practical application of democratic 
ideals requires time, adjustment, and continuous effort.  
The students will understand the use of commas.  
The students will recognize an autobiography.  
Employees will demonstrate positive habits of the mind.  
Further Examples:  
Bad: The student will demonstrate metric measurement of length.  
Better: Given a metric ruler, the students will measure the length of common 
linear objects to the nearest millimeter.  
Bad: The students will learn about objectives.  
Better: The student will construct well-written instructional objectives.  
Bad: The students will solve addition problems with 80% accuracy.  
Better: The student will correctly solve at least 8 out of 10 addition problems that 
require borrowing.  
Best: Given two numbers not written in equation form, the students will place the 
numbers in equation form and add them together (some will require borrowing). 
 
 One of the most common problems with objectives is the use of 
superfluous wording which often makes the actual performance fuzzy. For 
example, “Students will learn how to...” tends to emphasize the teaching rather 
than the learning (permanent change in behavior). Another common problem with 
poorly-worded objectives is the description of instruction as part of the condition. 
“After viewing a filmstrip...” or “given a math worksheet...” simply indicate that 
students will be given some type of instruction. Duh.  
Translating performance outcomes into instructional objectives  
 
Step One: Describe (to yourself) the manner in which the performance outcome 
will be practiced and ultimately assessed within the parameters of the learning 
environment and context described.  
Step Two: From this description, determine the performance conditions. [Not 
usually needed if the outcome type represents verbal information or concrete 
concepts].  
Step Three: If needed, determine any standards needed to qualify the performance 
in light of the conditions established. 
 
Example:  
 
Performance outcome: Calculate distance using the Pythagorean theorem  
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In the learning context: Students will be calculating the height of rockets 
constructed during a physical science lesson. They will determine the distance 
from the launch pad and (using a protractor) determine the length of the 
hypotenuse of the right triangle formed between the rocket at its zenith, the launch 
pad, and themselves.  
Instructional Objective: Given the distance from an observer and a rocket launch 
pad (meters) along with the length (meters)of the hypotenuse for the right angle 
formed between the observer, the launch pad, and the rocket at its zenith, the 
students will calculate the height of the rocket to the nearest meter. 
  
For further reading: 
Mager, R. 
(1997) 

Preparing Instructional Objectives: Lear Siegler, 
Inc./ Fearon Publishers Belmont, California 

PP.1-12 

 
1.4 Self-Assessment Questions 

1. “Mathematics is a science of all sciences and an art of all arts”. 
Comment on it and justify this statement. 

2. Discuss and explain that mathematics has been a playback 
pioneer in the scientific advancement of the modern 
civilization. 

3. What is the relationship of mathematics with other subjects of 
the high/ higher secondary school curriculum? Give 
illustrations. 

4. Mathematics has contributed immensely towards the 
enrichment and advancement of all the modern sciences?  
What is your opinion about it? 

5. Even the social sciences of the modern era are becoming more 
and more mathematical.  What is your acquaintance with this 
fact? 

6. Write short notes on: 
i. Relationship of Mathematics and Physics 

ii. Relationship of Mathematics and Economics 
iii. Relationship of Mathematics and Fine Arts 
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2.1 INTRODUCTION 

 For teacher of every subject, method is important.  Method is nothing but a 
scientific way of presenting the subject, keeping in mind the psychological and physical 
requirements of the children. 
 For effective learning of mathematics the method has to be as good as the content.  
It is through method only that it is possible to make a subject interesting and useful.  
Without a method, teaching would be hard.  The arrangement of the subject and its 
presentation is very important for successful teaching. 
 Method of teaching mathematics differs from stage to stage and from age group to 
age group. The method to be adopted depends upon many factors, which include the 
environment and the familiar situations or experiences that are to be correlated 
effectively.  While teaching a set of pupils with varying interests, aptitudes and altitudes 
one has got to be aware of the psychological basis of teaching learning process. 
 The term ‘method’ can be thought of as the most effective and economic way of 
learning to take place among students.  Communication of ideas and development of 
concepts in a precise manner based on a logical development of subject is the most 
important prerequisite in teaching a subject like mathematics. 
 Generally students are afraid of studying mathematics.  There are various reasons 
for this, method is one of them.  Students tend to learn mathematics through a meaningful 
approach to mathematics rather than by a mechanical process. 
 Teaching is thus the most difficult task and every body is not fit to be a teacher.  
Some persons may have a ‘flair’ for teaching and such persons have the ability to awaken 
interest and catch the attentions of the students.  Some others who are not so fortunate 
can improve their teaching through practice if they are fully acquainted with various 
methods of teaching.  In order to make children learn effectively the teacher has to adopt 
the right method of teaching.  For choosing right method for a given situation, the teacher 
must be familiar with different methods of teaching.  In this chapter an effort will be 
made to discuss some common methods used for teaching of mathematics. 
 
 
OBJECTIVES OF THE UNIT 

After studying the unit, the students will be able to: - 
1. understand different methods of teaching Mathematics; 
2. apply different methods of teaching Mathematics effectively; 
3. understand and apply programmed Instruction; 
4. prepare lesson plans. 

 
 
 
 
 
 

 



 

2.1. Inductive Method 

 Inductive method is based on the process of induction.  It leads from concrete to 
abstract, particular to general and from examples to general rules.  In this we first take a 
few examples and then generalize.  Thus it is a method of constructing a formula with the 
help of a sufficient number of concrete examples.  Induction means to provide a universal 
truth by showing that if it is true for a particular case, it is true for all such cases.  A 
formula or a generalization is thus arrived at through a convincing process of reasoning 
and solving problems. 
 For example if we wish to frame the formula (a-b)2 =a2 – 2ab +b2.  Let the 
students actually multiply (a-b) x (a-b) and find out the product. They may then be asked 
to find the answers for (p-q)2, (l-m)2 etc., by actual multiplication.  After this they may be 
asked to observe results and be helped to make generalization to get the required formula. 
 Many other examples can be quoted in support of inductive method. 
Simple Interest = Principal x  rate x  time 
     100 
 
Average  = Sum of terms 
    Number of terms 
 

2.1.1 Merits of Inductive Method 
i. It is a psychological method and in this method the interest of the student is 

sustained till the end. 
ii. It helps in understanding because the students come to know how a particular 

formula has been framed. 
iii. It is a natural method of making discoveries.  Majority of discoveries have 

been made inductively. 
iv. Since it is a logical method so it suits teaching of mathematics. 
v. It encourages active participation of students and thus stimulates self-effort on 

their part. 
vi. It discourages cramming and also reduces homework. 
vii. It does not burden the mind.  Formula becomes easy to remember. 
viii. It is based on actual observations, thinking and experimentation. 
ix. This method is found to be suitable in the beginning stages.  All teaching in 

mathematics is inductive in the beginning. 
x. It helps in increasing student-teacher contact. 

 

2.1.2 Demerits of Inductive Method 
i. This method is limited in range and is not suitable for all topics.  Certain 

complex and complicated formulae cannot be generalized in this manner. 
ii. It is time consuming and laborious method. 
iii. Inductive reasoning is not absolutely conclusive because the generalization 

made with the help of a few specific examples may not hold well in all cases. 
iv. We don’t complete the study of a topic simply by discovering a formula but a 

lot of supplementary work and practice is required for fixing the topic in 
learner’s mind. 



 

 

2.1.3. Application of Inductive Method 
 Its application has to be restricted and confined to understanding of rules in the 
early stages.  This method is quite useful in lower classes where certain simple 
generalization is to be made.  At the advanced stage it is not so useful.  This method is 
psychological and gives very good results if followed by the deductive method. 
 

2.2. Deductive Method 
 Deductive method is the opposite of the inductive method.  It is based on 
deduction. In this method we proceed from general to particular and from abstract to 
concrete.  In this method the rules are given at the very outset.  The students are asked to 
apply these rules to solve more problems.  In this method the students accept the formula 
as pre-established and well-established truth, e.g. the formula. 
 Simple Interest = Principal x  rate x  time 
      100 
can be used by the students to solve problems. 

 
a) Merits of Deductive Method 

i. It is a short and time saving method. 
ii. This method suits all types of students. 
iii. This method is suitable for all topics. 
iv. This method provides sufficient practice in the application of various 

mathematical formulae and rules. 
v. The speed and efficiency increases by use of this method. 
vi. It completes the process of inductive.  Probability in induction gets converted 

into certainty by this method. 
 

b) Demerits of Deductive Method 
i. It is not a psychological method. 
ii. It encourages cramming. 
iii. It taxes mind of students. 
iv. Students get disinterested, as they are only passive listeners. 
v. It puts more emphasis on memory. 
vi. It is not found quite suitable for the development of thinking, reasoning and 

discovery. 
 

c) Place of Deductive Method 
 It is a method of work and practice.  While applying deduction, great care should 
be exercised so that no wrong creeps in.  This method works well with average students 
and teachers.  This method provides skill, speed and efficiency in solving problems.  
Most teachers follow this method, and even textbooks are written according to this 
method.  However, this method gives good results if it is preceded by inductive method. 
 Thus we find that induction and deduction are complementary.  So beginning 
should be made with the inductive method, which should then be followed by a sufficient 



 

drill work by deductive method. This promotes speed, accuracy and command of the 
subject.  So understand mathematics inductively and apply deductively.  Best results are 
given by induction-deduction combination. 

2.3. Analytical Method 
To have in-depth knowledge, please go through following pages: - 
Sudhir Kumar (1993) Teaching of Mathematics, 

Anmol Publications PVT 
Limited, New Delhi 

PP.77-79 

 
 

2.4. Problem-Solving Method 

 This method, generally referred to as problem method consists in training the 
pupils to solve problems.  This method is based upon the process of finding out the 
results by attaching a problem in a number of definite steps.  In this method the student is 
involved in finding out the answer to a given problem and thus actually it is a discovery 
method. In the words of Yoakum and Simpson, “a problem occurs in a situation in which 
a felt-difficulty to act is realized.  It is a difficulty that is clearly present and recognized 
by the thinker.  It may be purely mental difficulty or it may be physical and involve the 
manipulation of data. The distinguishing thing about a problem however, is that it 
impresses the individual who meets it as needing a solution”. 
 

a) Procedure 
  

The method proceeds in various steps discussed in the following lines. 
Recognizing the problem: First of all, we sense the presence of a problem and then 
identify the problem. 
Defining the problem: The problem is then defined very precisely and accurately. 
Collecting relevant data: Then all sorts of relevant data, which can be helpful in solving 
the problem, are collected and arranged in proper order. 
Organizing the data: The data is then organized in such a way that it can lead to the 
solution of the problem. 
Formulating the tentative solution: On the basis of the organized data, the student 
formulates tentative solutions of the problem. 
Arriving at the correct solution: Out of the tentative solutions, a correct solution is 
found out by a process of reasoning. 
Verifying the results: In mathematics, we do not accept a conclusion without proper 
verification.  The students are required to verify the conclusion by reversing the process 
of reasoning. 

To illustrate the method let us assume the problem as the one of finding the area 
of four walls of a room.  In this we recall the previous knowledge about area of rectangle 
because the total area is equal to the sum of area of four rectangular walls.  This can be 
verified by actual calculations and the formula so derived may be used in future. 
 



 

b) Merits of Problem-solving Method 
i. It prepares the students in problem solving.  This training in solving problems 

is quite useful in solving problems in actual life. 
ii. It stimulates thinking, reasoning and imagination of the students. 
iii. It develops a habit of doing work independently in the students. 
iv. This method of teaching is quite suitable for mathematics as mathematics is 

full of problems. 
v. It stimulates intellectual curiosity and motivates the students to exert further. 
vi. In this method there is ample scope for individual work as a student is free to 

solve as many problems as he likes. 
vii. It develops in the student a habit of self-study. 
viii. While learning by this method the student learns by doing and so the 

information is retained by him for a longer period of time. 
ix. There is a close teacher pupil contact. 
x. It develops qualities such a patience, cooperation, self-confidence etc. 
xi. It provides to students training in technique of information processing. 
xii. It helps to develop intellectual honesty in students. 
xiii. In helps the students to learn relationship pattern among things and variables. 
xiv. It provides the students training in the methods and skills of discovering new 

knowledge in mathematics. 
 

c) Demerits of the Problem-Solving Method 
i. It is a long drawn out and time consuming method. 
ii. It is not suitable for all topics in mathematics. 
iii. This method is suitable only for Intelligent and creative students. 
iv. This method is not suitable for students in lower classes. 
v. This method requires special preparation on the part of the teacher.  An 

average teacher may find difficult to adopt this method. 
vi. The content of mathematics cannot be organized according to requirements of 

this method. 
vii. Suitable textbooks for use of this method are not available. 

 

d) Application 

 This method trains the students in problem solving.  They learn to sense, analyze, 
reflect, organize and solve the problems.  It helps us at every step in our teaching learning 
process.  The teacher should carefully select the problems, which are real and have 
definite educational values.  The teacher should also prepare himself well for the success 
of the problem solving method. 

 

2.5. DRILL METHOD 

For thorough study, please go through:- 



 

Sudhir Kumar (1993) Teaching of Mathematics, 
Anmol Publications, PVT 
Ltd. New Delhi 

PP.79-93 

 

2.6. Project Method 

 Dewey, the American philosopher, psychologist and practical teacher, gave this 
method.  The project method is a direct outcome of his philosophy.  According to Dr 
Kilptrick, “A project is a unit of whole hearted purposeful activity carried on preferably, 
in its natural setting”.  According to Stevenson “A project is a problematic act carried to 
its completion in its natural setting”.  According to Ballard,       “A project is a bit of real 
life that has been incorporated into the school”. 
 The project method is not relatively new.  Project equivalents are advocated for 
the adolescent period by Rousseau in Emile (BK-III).  A project plan is modified form of 
an old method called “concentration of studies”.  The main feature of “concentration of 
studies plan” is that some subject is taken as the core centre and all other school subjects 
as they arise are studied in connection with it. 
 Project method is based on the following principles: 

i. Learning by doing. 
ii. Learning by living. 
iii. Children learn better through association, cooperation and activity. 

In this method, a project is taken, which is then completed in a natural and social 
setting.  As the project is carried to completion, the students learn so many things. 

a) Procedures 
 Project method generally involves the following steps: 

i. Providing a situation: The teacher provides a situation wherein the students 

feel like working on certain projects. 

ii. Choosing: Then students are helped to choose a project linked to their need. 

iii. Planning: Pupils then discuss how that project is to be executed?  Steps of the 

procedure are planned and noted down. 

iv. Executing: The project is then executed as planned.  Every body contributes 

his share of work. 

v. Evaluating: The project is then evaluated and the possible knowledge is 

reviewed. 

vi. Recording: The knowledge gained is then recorded for future reference. 

The following examples illustrate the method. 

Example: Problem. Opening a cooperative store: 

 While opening and managing the store, the students learn the elements of 
shopping such as buying, selling, weighing, measuring and preparing bills, preparing 



 

budgets, different ways of saving leading to the learning of topics like simple interest, 
stocks and shares, insurance etc. 
Example: Problem. Celebration of Republic Day: 
 In addition to the knowledge of other subjects, the students may learn the 
following facts of mathematics: 

i. Calculating the estimated expenditure, 
ii. Tapping various resources of expenditure, 
iii. Make the adjustments in expenditure while preparing the budget, 
iv. Keeping an account of receipts and expenses, 
v. Making purchases. 

 

b) Merits of Project Method 
i. It arouses interest of the students. 
ii. It provides knowledge in the integrated form. 
iii. The facts learnt are easily remembered. 
iv. There is an opportunity for mutual exchange of views. 
v. In this method the student is free to work according to his capacity. 
vi. It teaches the student the dignity of labour. 
vii. It helps in developing self-confidence and self-discipline in the student. 
viii. The project is not forced on the student rather it is chosen by him so he is 

motivated to learn. 
 

C) Demerits of the Project Method 
i. It provides the knowledge of mathematics in a very haphazard way but as 

mathematics is a sequence subject so its teaching must be systematic.  Thus 
this method is not quite suitable for teaching of mathematics. 

ii. It does not provide the necessary drill work, which is essential to have mastery 
of the topic. 

iii. It does not suit the fixed curriculum. 
iv. It is quite lengthy, time consuming and expensive method. 
v. In this method there is a chance that some students may shirk work. 
vi. Since each student has to perform certain specified duties for the completion 

of the project, the learning will not be uniform. 
 

d) Place of Project Method in Mathematics 
 This method is not suitable for teaching of mathematics and so must not be used 
as a regular method of teaching.  The subject is learnt only incidentally and there is no 
sufficient drill work, which is essential for mastery of a topic in mathematics.  
Mathematics being a sequence subject cannot be taught by this method.  Moreover, it is 
not possible to cover all the topics through this method. 
 However, the projects are useful to arouse interest, to encourage initiative and to 
provide a sense of achievement to the students.  These integrate the knowledge of 
mathematics with other subjects.  These also provide real life situations to apply the 
learnt facts of mathematics. 
 Some small projects can be occasionally undertaken to provide necessary 
supplements to regular teaching.  Costly projects should be avoided.  The teacher should 



 

select certain projects, which can be undertaken in the school, without upsetting regular 
teaching of the subject. 
For further study about methods of teaching Mathematics, please go through:- 
Sudhir Kumar (1993) Teaching of mathematics, 

Anmol Publications, PVt 
Ltd, New Delhi 

PP.53-91 

 

2.7. PROGRAMMED INSTRUCTION 
a) Teaching Machines 
 A ‘teaching machine’ is a device for presenting a learning programme. 
 In order to understand the place of the teaching machine in the range of audio-
visual aids in education, it is necessary to know the meaning of Programmed Learning. 

b) Programme 
A ‘programme’ is a course of study set out in detail – step by step and so graded 

that an individual student can assimilate the information on his own.  Each step is in the 
form of a question or an item of information, which requires a response from the student.  
The nature of the response determines the next step in the course or programme.  The 
number and frequency of incorrect responses determine the rapidity of the student’s 
progress through the programme.  Therefore, each students can, proceed at his own 
individual pace. 
 

c) Programmed Instruction 

The process of teaching by means of detailed, graded programmes is called 
programmed instruction. 

The first programmes were in book form, as many still are today.  This has certain 
disadvantages.  The constant reference backwards and forwards to different pages, 
according to student response, can be confusing and distracting.  Furthermore, access to 
the whole programme, to all the pages of the book, encourages some students to avoid the 
consequences of an incorrect response, and so undermine the whole purpose of the 
programme. 

To avoid this abuse the programme can be enclosed in a box.  The student sees 
only one step at a time.  He writes his response and turns up the next step.  He can see his 
last response but cannot alter it, and is committed to it.  This box, this device for 
presenting a learning programme, was the first type of teaching ‘machine’.  Like the 
original book type, it is still popular. 

Programmes of learning which cater for the varied progress of individual students 
must be complex, and it is only nature that the means of presentation of these 
programmes has also become complex.  Teaching machines vary in complexity from the 
‘box’ to the large, expensive, electronic device which presents the programme on film, 
and which requires the student to press buttons, according to his responses, so that the 
next relevant frame of film can be presented. 

Programmed learning, whether the programme is presented on a roll of paper, in a 
box, or on film by an electronic machine, or by any other device, is a means to allow 



 

individual students to teach themselves, at their own rate of progress; and this rate of 
progress is determined by their own individual response to each step in the programme. 

Devices for presenting these programmes – teaching machines – are widely 
regarded as being within the range of visual aids to education.  They vary so much in 
complexity and design that it is not possible to go into detail within the scope of this 
book. 

Teaching machines have a significant contribution to make in meeting the need 
for more and better education.  The essence of their success lies not so much in the 
machine as in the programme which the machine presents.  Educators would be wise to 
consider in what ways programmed instruction can assist them, before determining what 
‘machine’ is appropriate to the task of presentation. 
 For ruther reading in Programmed Instruction, principles of programmed 
instruction and advantages of programmed instruction please go through the following: 
S.S. Chauhan Innovations in Teaching-Learning Process, Vikas 

Publishing House Pvt. Ltd., New Delhi. 
pp.65-87 

 

2.8 COMPUTER ASSISTEd INSTRUCTION (CAI) 
 The greatest contribution of present day technology is the development of 
computer and its use in all sectors of life.  Computer-assisted instruction (CAI) has 
emerged as an effective and efficient media of instruction in the advanced countries of 
the world.  It is being used to impart formal and non-formal education at all levels and in 
all  areas.  Though, in our country, at present we have introduced the use of computer in 
limited areas such as data processing and decision-making but in future we hope that it 
will be used in formal and non-formal education to cope with the challenges of a 
technologically oriented society. 
 The invention of computer has made an increasing and powerful impact on the 
working methods of research and development in the fields of science and technology.  It 
has revolutionized every day life in the advanced countries of the world.  The computers 
are being used in almost all the areas of life, for instance, transportation, communication, 
national defense, material production, scientific research and education in western 
countries. 
 There are few centers in India where computers have been installed for some 
limited purposes such as data processing for research, decision-making and maintaining 
student’s record.  These have not been yet introduced computer in teaching learning in 
the classroom.  Several years of experimentation and planning are needed before 
computer-assisted instruction system becomes operational on mass scale. 
 

i) Origin 

 Computer-assisted instruction (CAI) is a natural outgrowth of the application of 
the principles of programmed instruction to provide individualized instruction to meet the 
special needs of individual learners.  To accomplish this objective, it needs some efficient 
and flexible device that can store gigantic amount of organized information and use 
selected portion to meet the needs of individual learner. A computer is such a device, 
which can cater to the needs of individual learners by storing huge amount of 



 

information.  It can process the information suiting to the needs of individual learner.  It 
can serve to a great variety of educational needs, which range widely with respect to 
educational levels, subject matter, style of instruction and level of learning from simple 
drill and practice to problem solving.  In short, we can say that CAI covers the whole 
educational spectrum and is gaining more recognition as an important and useful tool in 
the teaching of various subjects. 
 The origin of CAI was, probably, an attempt by some technicians to see if a 
machine could be programmed to interact with a human.  In the beginning, very simple 
programmes were tried out on machines such as printing of prestored questions accepting 
multiple-choice answers and judging answers for correctness.  The first major pioneering 
attempt in CAI occurred after a decade around 1961 when the University of Illinois 
produced Programmed Logic for Automatic Teaching Operations (PLATO).  Thus, 
historically, the use of computer in general education is under development from early 
societies.  Though there are controversial and conflicting interpretations as regards the 
use of computers in education and training but even then CAI has become a valuable 
educational recourse. 
 The second landmark in CAI is the development of computerized tutorials in 
arithmetic and reading for elementary school children by Patrick Suppes of Stanford 
University in the year 1966.  After the successful use of these programmes, a number of 
efforts have been made to develop programmes for CAI and great improvement has been 
made in the technical aspects of computer. 
 At present almost all large universities in USA; armed services, big industries and 
firms have installed computers. 
 

ii) Two Points of Views 
 There are two contradictory views as regards the use of computer in general 
education.  One point of view is that computer-assisted instruction facilities instant access 
to information with infinite patience and accuracy, and it provides opportunity for 
systematically organized maximum learning for all learners.  It provides complete 
individualizing instruction.  The researchers and educators who have full faith in 
computer-assisted instruction (CAI) claim that the use of CAI is inevitable in education 
and training because no human teacher ever born, no method or media yet tried, can 
match the computer’s capabilities.  The increasing amount of information and lack of 
qualified teachers necessitate its use.  The second point of view held by critics is radically 
different from the first.  The critics see computer as an agent of destruction of human 
qualities.  They claim that no computer can ever match the spontaneity, the versatility and 
the emotional caring of a human teacher.  Computer-assisted instruction, according to 
them, mechanizes human brain and human beings are converted into machines. 
   

iii) Types of CAI Programmes 
1. Logo.  Feurzeing and Papart at MIT developed this system.  Logo is a simple 
programming language, which can be taught to children.  The programme provides 
instruction, which can be used to produce pictures on an oscilloscope or make a little 
mechanical robot.  The children who learn Logo make up their own programmes to draw 
flowers or faces or generate designs on the screen.  The computer is used in more or less 
same way. Often the children suggest their own tasks and then write appropriate 



 

programmes.  The supposed value of the programming activity is that Logo problems can 
be described in terms of procedures, a procedure being a set of instructions like a cooking 
recipe. 
2. Simulation.  The second general category of CAI work is gaming and simulation.  
Plato III and Plato IV exemplify this use of the computer in programmes, which enable 
the student to mount an experiment in symbolic form.  For example, in teaching genetics, 
experiments involving the breeding of fruit flies are often used.  The breeding process 
takes about three weeks or much longer if your flies die or fail to breed.  The Plato 
programme generates population of fruit flies with known characteristics, which can be 
selectively crossbred.  The computer, in fact, constructs the new population according to 
the known rules of genetics and it does it very fast indeed.  Similar work is in progress in 
other subjects of science. 
3. Controlled Learning.  The third general type of CAI activity is what might be 
called “controlled learning.”  It includes both drill and practice; drill and practice 
programme is supplementary to the regular curriculum taught by the classroom teacher.  
The class room teacher may specify the sequence of topics in advance and may also 
introduce the basic concepts.  The students, later on, review and practice fundamental 
skills on an individualized basis at instructional terminals.  The record of individual 
student’s performance is furnished to the teacher for evaluation. Patrick developed a drill 
and practice programme in elementary mathematics for children at University of 
Stanford. 
 The functional instructional programmes provide the complete information 
arranged in instructional sequence.  Most of the CAI programmes are tuitional in nature, 
which have been, designed either as special supplementary or full course.  Tuitional 
programmes are usually prepared for schools, which have the highest pupil-teacher ratio, 
or for special context areas where expertise is not available.  Controlled learning is no 
more than a branching programme but it can involve the use of interesting adaptive 
strategies. 

iv) Basic Assumptions of CAI 
 The system of CAI has been developed on some sound assumptions, which have 
made it popular and acceptable in education and training at different levels and areas.  No 
doubt, it holds great potential for education of the future, if properly and effectively used.  
Following are some of the basic assumptions of CAI. 

The first assumption is that the computer-assisted instruction (CAI) can be 
arranged for 4000 students simultaneously.  It can cope with the problem of quality and 
quantity in education.  In CAI more flexible kind of branching is possible because the 
computer can make complex branching decisions based on the student’s performance.  
One can learn at his own pace, receive immediate personalized feedback and freely 
choose the content, sequencing and degree of difficulty of instruction.  It has completely 
individualized instruction. 
 The second assumption is that in CAI each learner’s performance during the 
course and on the test is automatically recorded and can be fed back to the teacher so that 
he may promptly evaluate the learner’s performance and use the data in designing the 
best teaching strategy for the learner in future.  The teacher can be relieved from much of 
the daily routine redundancies. 



 

 The third assumption is regarding the presentation of variety of subject materials.  
It has been experimentally proved in several studies conducted on CAI that any lesson in 
any subject can be programmed for CAI provided that the lesson strategy can be 
explicitly defined and lesson material represented in words, pictures and experiments to 
be presented to the students.  It is the general opinion of educationists in the West.  CAI 
is emerging as a widely used, versatile and effective educational tool to meet the 
educational problems of highly industrialized society. 

v) Role of the Teacher in CAI 

 The introduction of computer in general education in advanced countries has 
created fear in the teacher community that the use of CAI in teaching learning will 
relegate the place of the teacher and to some extent eliminate teachers from teaching 
scene.  But the fear is baseless because as a matter of fact the CAI may become a 
powerful tool for the teacher in the instructional process.  No doubt, the role of the 
teacher has changed from his conventional assignment of delivering lectures to a guide 
and a problem solver but the fear of elimination of the teachers is baseless and 
unfounded.  The CAI directly interacts with the students individually and with the 
teacher.  Human teachers have to play their role in CAI.  They cannot be eliminated from 
instructional process. Thousands of teachers working in schools and colleges constitute a 
large educational resource.  CAI if ever introduced in general education; it should be 
brought in such a way that it increases the scope and quality of teacher’s contribution to 
teaching-learning process. 
 In CAI the teacher has the chance to use new tools, which will enhance his 
individual satisfaction and will increase his efficiency.  The teacher will be liberated from 
his routine duty.  The CAI will prove a powerful device in the sense that it can compute 
accurately and rapidly huge data.  It can produce elaborate graphs and drawing and can 
perform sophisticated retrieval of information from large data bank. 
 CAI is compatible with live teaching.  It can promptly evaluate the performance 
of individual student.  The teacher can devote his time for more creative work. 
 

vi) Experts Needed in CAI 
 CAI needs the services of the following types of experts. 
1. Computer engineer.  He is a technician thoroughly familiar with the basic 

principles and techniques of programming and with the basic principles 
involved in designing all components of a computer system 

2. Lesson writer.  He is an expert who is well versed in lesson writing.  
Experienced teacher of several years may work as lesson writer.  He is 
familiar with the theories of learning applied to human behaviour.  He must be 
acquainted with the psychological developments of students at different age 
levels. 

3. System operator.  He is interface between the whole CAI and each user of the 
system.  He knows the system thoroughly can cope with all commonly 
occurring failures of software and hardware in the system. 

 

vii) Limitations of CAI 



 

CAI is becoming a great potential tool for education and training.  It must 
overcome many handicaps which are inherent in its functioning.  The following are the 
limitations of CAI as pointed out by research workers in the filed. 

i). The peripheral equipment puts constraints in the ways on which a student can 
interact with the computer.  At present he has to make a physical or mechanical 
response by typing on a teletype or by touching appropriate spots on screen with a 
light pen.  Speech or writing analysis by computer, in a useful form, seems to be 
many years away. 

ii) Most applications require the computer to recognize students’ responses by 
matching them in some way to set of presorted exemplars.  At its simplest this, 
becomes multiple choice questioning, but more sophisticated systems are now in 
general use and these rely on character string matching and so allows responses in 
natural language. 

iii) It is alleged that the warmth and emotional climate which is created by teacher in 
direct classroom interaction with the students is absent in CAI.  The computer fails 
to appreciate the emotions of students. 

iv) Commenting upon the limitations of computer, Longuit-Higgins put it “the 
human student is a rather rich information source.  Reducing him to a short of 
mores code consisting of a string of multiple choice answers we lose a lot of this 
information and so reduce the possibility of understanding his difficulties.”  
Computer programmes of conventional type do not work like human beings at all.  
One has to have an idea of what human beings do before tackling the difficult task 
of making a computer behave like one.  CAI programmes do not in themselves 
solve psychological or educational problems.  They just demonstrate that the 
problem has or has not been solved. 

v) Computer assisted instruction fails to develop essential features of language 
competency where the ability to generate or construct meaningful sentences is 
essential.  The ability to perform a complex task depends on hierarchical structure 
rather like a computer programme with its stored sub-routines and an executive, 
which brings them into play when needed.  Performing a complex task is a 
constructive process guided by a set of rules rather than a minutely controlled 
sequence of stimuli and responses. 

vi) One of the major problems in the CAI study is fatigue.  As a result of experimental 
studies conduced in Japan for the purpose of comparing effects of the CAI study 
with those by lecture, it was founded that the CAI study was superior than 
conventional one and that the study hours were reduced to almost half of those of 
lecture. 
From an analysis made on questionnaire survey conducted after completion of 
study, it was also found that the CAI study was more pleasant than conventional 
one by lecture and easier to understand. 
However, as negative opinions for the CAI study, it was pointed out that some 
students got more tired (38 percent) than conventional study or felt like quitting the 
study half-way (64 per cent). 

vii) Another limitation of CAI is that it cannot appreciate the student’s artistic endeavor 
and can not strengthen his friendship and deepen his perception of those around 
him.  In CAI children may sit still for as long as possible, open their cerebrums 



 

wide and receive regular and rapid spoonfuls of what someone else has deemed best 
for them to know.  This kind of forced feeding is the antithesis of the thinking of 
such prominent educators as Dewey, Piaget and Bruner etc., and it is 
understandable why this mechanical approach to education is under criticism. 

SOME OTHER METHODS 
 Some other methods being used in teaching of mathematics are: 

i. Genetic method 
ii. Play way method 
iii. Montessori method 
iv. Textbook method 
v. Analytical Method 
vi. Synthetic Method 
vii. Drill Method 

 
For in depth study of these methods please study following book: 
 
Sudhir Kumar 
(1993) 

Teaching of Mathematics, Anmol Publications, Pvt. Ltd. 
Daryaganj, New Delhi, India. 

PP.73-
92 

 
 

2.9 PLAN IN TEACHING OF MATHEMATICS 
2.9.1 Need and Importance of Lesson Planning 
 A proper planning of the lessons is key to effective teaching.  The teacher must 
know in advance the subject matter and mode of its delivery in the class room.  This 
planning will give the teacher idea of how to introduce the topic, how to develop the key 
concepts, how to correlate the concepts to real life situations and how to conclude the 
lesson. 
 L.B. Stands conceives a lesson plan as ‘Plan of Action’ implemented by a teacher 
in the classroom.  G.H. Green says, “The teacher who has planned his lesson wisely 
related to his topic and to his class will be in a position to cater the classroom without any 
anxiety, ready to embark with confidence upon a job he understands and prepared to 
carry it to a workmanable conclusion.  He has foreseen the difficulties that are likely to 
arise, and prepared himself to deal with them.  He knows the aim of his lesson; is 
intended to fulfill and he has Marshalled his own resources for the purpose.  And because 
he is free of anxiety, he will be able coolly to estimate the value of his work as the lesson 
proceeds, equally aware of failure and success and prepared to learn from both”. 
 

2.9.2.  FEATURES OF A LESSON PLAN 
 In writing a lesson plan the following points be written down: 

i) Data 
ii) Period 
iii) Class 
iv) Duration of period 
v) Subject 
vi) Topic 
vii) General objectives 



 

viii) Specific objectives 
ix) Previous knowledge of the students 
x) Teaching aids and materials to be used 
xi) Introduction 
xii) Statement of object 
xiii) Presentation 
xiv) Generalization 
xv) Recapitulation 
xvi) Black board summary 
xvii) Homework 

 

2.10 PRINCIPLES AND STEPS OF LESSON PLANNING 
 Important steps are discussed below: 

i. Introduction: It is the most important part of lesson plan.  It pertains to 
preparing and motivating students to the lesson content by linking it to their 
previous knowledge, by arousing curiosity, and by appealing to their senses.  For 
this the teacher uses the method of questions and answers having a bearing on the 
previous knowledge of the students.  This should not take more than 7-8 minutes. 

ii. Presentation: It involves stating of the object of the lesson.  The teacher 
should state the object in such a way that it may not pose a problem before the 
students.  This statement should be short, definite and attractive.  The teacher 
should then expose the students to the new information.  While writing this part 
the teacher may divide his plan in two parts. In one part, the subject or topic to be 
taught should be presented in a systematic manner.  In the second part, the method 
of teaching may be stated.  Used of teaching aids should be made during 
presentation of learning material along with student’s participation in the lesson 
through questions.  An attempt be made to associate the learning material to daily 
life situation by citing examples and by drawing comparison with the related 
concepts. 

iii. Generalization: When the topic has been made clear to the students, the 
teacher should make an effort to draw generalization with the help of definition, 
principles etc.  The students may be encouraged to draw generalization 
themselves.  In other words, the students must realize that they have got new 
knowledge and are able to apply it. 

iv. Application: In this step an effort is made to apply the knowledge gained to 
certain situations.  This is likely to result in reinforcing the new knowledge on 
students. 

v. Re-capitalization:  Re-capitulization is assessing the effectiveness of your 
lesson by asking the students the questions on contents of the lesson.  The 
questions should be related to the topic. 

vi. Blackboard Summary: After finishing the topic, the teacher should write 
down the summary of the topic or the lesson on the blackboard.  This should be 
done with the help of the students.  Summary should be short and definite. 

vii. Home Task: In order to strengthen the knowledge and the experiences, the 
students should be given some home task.  The students should be asked to write 
out certain things or do some practical experiments. 



 

 

2.11 EXEMPLARY LESSON PLANS 
LESSON PLAN-I 

Class IX       Time: 40 minutes 
Date:        Period: 
Subject: Mathematics      Topic: Number system 
General Objectives: 

i. To develop the reasoning power of the students and to bring about their 
intellectual development. 

ii. To impart to students the knowledge of mathematics so they can use that in 
their actual life. 

iii. To enable the students to solve different situations in life wherein the 
knowledge of mathematics is required. 

 

Specific Objective 
 To acquaint the students with the number system 

Apparatus 
 Ordinary classroom, chalk, duster, etc 

Previous knowledge 
 The students know certain numbers and are also familiar with elementary 
operations. 

Introduction of the Lesson 
 To introduce the lesson and to test the previous knowledge of the students, 
following questions will be put to them: 

i. Write two numbers, one before and another after 6. 
[5 and 7] 

ii. Write a number laying between 2 and 3. [2.5] 
iii. What is (2.5) equal to? [-3] 
iv. What type of number is this? 

When no satisfactory answer is given to question (iii) and (iv) the teacher will 
introduce the topic by announcing today we shall study about number system in 
detail. 

 

Presentation 

Matter B.B. Summary 
What are natural numbers? The numbers of 1,2,3,4….are called natural 

numbers. 
Is zero a natural number? No, zero is not a natural number and it 

denotes nothingness. 
What are whole numbers? When the natural number include zero, these 

are called whole numbers. 
What is 2.5? It is not a positive whole number. 
What do you mean by system of If the number system includes negative 



 

integers? integers it is called system of integers.    --5, 
-4, 0, 1, 2… 

What are rational numbers? In a system of integers division is not always 
possible and we sometimes have numbers of 
the type p/q where q#0 and p, q are integers.  
All such numbers are called rational 
numbers. 

What types of numbers are included in 
system of rational numbers? 

It includes all positive and negative integers 
including zero.  It also includes fractional 
numbers. 

 

Sectional Re-capitulation 
i. What type of numbers are the following? 
a. 1,2,3….60,61    (Natural numbers) 
b. 0,1,2….50    (Whole numbers) 
c. -5, -4….0,1,2,3,4,5   (Integers) 
d. -40, -39….3/2, 7/2…   (Rational numbers) 

 

Step 2 

Can we represent rational numbers on a 
straight line? 

Yes, points on a straight line can represent 
them? Fix the point ‘o’ as origin on a line? 

 The length OA can be fixed equal to a unit 
length (OA=1) and can plot various points (-
1, -2…, 1, 2…) on the line. 

How can a rational number 4/5 be 
represented on this line? 

To represent 4/5 divide OA in 5 equal parts 
and take 4 such parts to right of A to get the 
required point. 

How to get –4/5? Similar procedure as above be carried out 
but to left of ‘O’. 

Is 2 a rational number? No, it is an irrational number. 

What is the system of real numbers? The enlarged system of numbers which 
includes irrational numbers also, is called 
the system of real numbers. 

 

Recapitulation 
Real Numbers 

 
 

Rational Numbers      Irrational Numbers 
 
 
 
Integers   Whole numbers  Natural numbers 



 

-4, -3, …0, 1,2,…   0,1,2….   1,2,3,…. 
 
 
Homework: Solve the sums 1,3,5,6 of exercise 2. 
 
 For further practice please go through the following book: 
Sudhir Kumar 
(1993) 

Teaching of Mathematics, Anmol 
Publications Pvt. Ltd. Deryaganj, New Delhi, 
India 

PP.278-283 

 
 Furthermore, please read: 
Kulbir Singh Sidhu 
(1989) 

The Teaching of Mathematics, Sterling 
Publishers Pvt. Ltd. New Delhi, India 

PP.360-380 

 
For have deep insight in Teaching Methods, please have a look into: 
Michael J. Dunkin The International Encyclopedia of Teaching 

and Teacher Education, Pergomon Press, 
Oxford, UK 

PP.214-218 

 

 
SELF-ASSESSMENT QUESTIONS 

 
1. Prepare a lesson plan on any one of the following topics: 
a. Identify K (a+b+c) = Ka+Kb+Kc 
b. Area of a circle 
c. Angle – sum of a triangle 
2. Draw up a list of steps, which should be observed while preparing a lesson plan in 

mathematics.  Give reasons for each and every step? 
3. Give the lesson plan of any topic actually taught by you to the students. 
4. What points should be kept in mind while observing and criticizing a lesson in 

mathematics. 
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INTRODUCTION TO THE UNIT 

Instructional Material-Related aspects 

 To understand the nature of instructional material, there are some other 
aspects, which need clarification, such as: - 
a. Education, Training and Schooling 

Education differs from training in that education includes the total 
development of the person; training focuses on specific habits and skills necessary 
for the accomplishment of a particular job.  Training may not have the liberating 
effects of education.  Training may be a necessary prerequisite to further education, 
but alone, training is not sufficient for the maximum development of the individual. 

Often the terms education and schooling are used as if they were 
synonymous.  However, schooling is one important part of education; the formal 
part.  Education includes the informal as well as the formal aspects of living.  The 
informal opportunities for learning are present in many situations of one’s daily 
living: talking to one’s parents, watching television, attending an evening lecture, a 
Friday sermon, etc. Many times the educational influence of these informally 
organized learning experiences are more influential than some of the routine learning 
experiences in school. 
 Schooling, if it is significant, should affect the interpretation which one gives 

to other educative experiences.  To a very large degree it is the teacher in the 

classroom who opens up vistas for learning during the many hours of other educative 

influences on the pupil.  The subject matter of the school must blend into a 

meaningful pattern for the effective education of the person. 

b. Education and Teaching 

Teaching is concerned with doing something for an individual, which will 

result in something done to the individual.  Education is what takes place within the 

individual.  Teaching in school is formal action to bring about a greater opportunity 

for the student’s becoming educated.  Teaching is society’s way of insuring that the 

young will be alerted to the cultural heritage as a base for continuing and improving 

the culture.  In your undergraduate work, you will use some of the fundamental 

processes of becoming educated, which you have learned by having been taught. 

c. Teaching or Instruction 

“Teaching” or “Instruction” means the professional planning, arranging of 

materials, and use of appropriate visual aids to make sure the necessary stimuli are 

present to provoke the desired responses.  Knowledge and learning do not “rub off” 

on the student in some kind of mysterious transmission process from the teacher.  To 
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the casual observer in the classroom, the teaching function is like an iceberg; seven-

eight of it is not noticeable.  The betting odds are strongly against any significant 

learning taking place when the teacher breezes into the classroom and starts talking 

where s/he left off the day before. 

Furthermore teaching is the art of assisting another to learn.  It includes the 

providing of information (instruction) and of appropriate situations, conditions, or 

activities designed to facilitate learning. (Yamamoto, 1969) 

d. The Procedures of Instruction  

 The instructional process as a whole may be thought of as a set of procedures 

designed to bring about the kinds of events just described.  Once the structure of a 

learning sequence has been planned in accordance with the principles, the task of 

instruction for each intellectual skill becomes one of gaining and controlling 

attention, informing the learner of expected outcomes, and so on.  Each of these 

functions is essential; should any one of them be omitted, learning would occur only 

with difficulty. 

 For in-depth study, please go through: - 

Robert M. Gagne 

1970 

The conditions of 

learning, second edition, 

Holt, Rinehart and 

Winston, London 

PP.302-321 

 

 It is the age of rapid change in every walk of life.  Similarly many changes 

have taken place in education i.e. the task of the teacher’s, development of 

instructional materials, process of education and different approaches to education.  

For detailed study, please go through: 

Edgar Dale (1969) Audio-Visual Methods in Teaching. Third edition, 

The Dryden Press, Holt, Rinehart and Winster, 

New York 

PP. 6-9 
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In this unit nature and importance of instructional material in teaching 

mathematics has been explained. Also, different aspects of instructional material 

have been elaborated. Further more, different types of instructional material have 

been discussed in detail. It also illustrates the preparation of instructional material. 

 

OBJECTIVES OF THE UNIT 

After studying the unit, the students will be able to: - 

1. Know the need and importance of the instructional material. 

2. Be aware of different types of instructional material. 

3. Prepare instructional material for mathematics 

 

 

3.1 NEED AND IMPORTANCE OF INSTRUCTIONAL MATERIAL 

To understand the need and importance of Instructional Material, we 

will have to understand the linkages between the following: - 

i. Communication and Instruction 

 The essential ingredient in a dynamic society is communication.  Indeed, a 

society is people in communication.  In an enlightened society the people are in 

touch with each other, are freely communicating important ideas.  When the lines of 

communication are clogged by prejudice, culture bias, or suspicion, we have a static 

or reactionary society.  When the communication lines are open to a rich variety of 

ideas, new and old, we have a dynamic, progressive society.  This principle of 

communication is equally valid when applied to instruction. 

ii. Teacher and Instruction 

 This means that the modern teacher and curriculum maker must pay greater 

attention to the psychology of the individual learner and to the logic of the subject 

matter itself.  The local method of organizing mathematics for a mature learner may 

not be psychologically best for an immature high school student.  It means, also, as 

N.L. Gage of Stanford University has repeatedly pointed out, that we need to study 

smaller segments of learning sequences where the variables are less complex.  
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Audiovisual materials will play an important role in developing these units or 

modules of instruction. 

 Not only are we theorizing more effectively about a technology of 

instruction, we are also experimenting in schools and colleges with the systematic 

arrangement of experiences for individuals; with sharply different backgrounds and 

competencies.  The computer, for example, is increasingly used to study how to 

individualize instruction, and to test methods of instruction.  

iii. Media for Instruction 

 The phrase instructional media is used here to refer to the various kinds of 

components of the learning environment that generate stimulation to the learner – in 

other words, communicate with him.  In this broad sense, the teacher is usually a 

major source of such stimulation.  Besides the teacher, there are various objects and 

devices, ranging from books to television and VCRs that have this general function 

of providing inputs to the learner.  There is no intention here to detract from the 

teacher’s importance by considering his function of stimulus generation along with 

that of inanimate systems.  Naturally, inanimate systems can perform their function 

effectively only when their stimulus contents are designed by people who also have 

in mind the purpose of instructing.  However, it is illuminating to distinguish all the 

sources of stimulation for the learner in the situation immediately surrounding him, 

and thus to include the teacher as one of these. 

For further study, please go through the following book: - 

Sudhir Kumar(1993) Teaching of Mathematics, 

Anmol publications PVT 

Ltd, Daryaganj, New 

Delhi, India 

PP.105-117 

 

3.2 TYPES OF INSTRUCTIONAL MATERIAL 

 Media for instruction have formed a part of the learning environment for 

many, many years.  Besides the teacher, these include printed or written media 

provided by chalkboards and books, natural objects that are directly imported into 
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the instructional situation, and photographs or drawn representations.  Newer media 

for instruction are motion pictures, whether presented by means of a movie projector 

or a television system, and teaching machines, which may be considered a means of 

combining the characteristics of books and pictures with certain other instructional 

functions.  

3.2.1  Need and Importance of Audio-Visual Aids 

 One of the major conclusions of different researches is that films and other 

graphic materials have proved to have value for instruction at all grade levels and for 

certain parts of a great many school subjects. 

 Properly prepared audiovisual materials can help us teach our subject matter 

with increasing effectiveness at all levels of learning.  The fundamental idea of 

audiovisual instruction, then, is no longer on trial, just as education through textbook 

and laboratory techniques is, practically speaking, no longer on trial.  We use 

audiovisual materials confidently as part of a modern educational system. 

 The facts that these studies reveal, should be of significant assistance to 

supervisors and curriculum specialists and to the classroom teacher who is charged 

with direct responsibility for the use of these instructional media.   

 Further more if we are to develop any meaningful ideas about audiovisual 

education we should, of course, consider it in the context of education generally.  In 

other words, we should incorporate the data just considered with the general 

principles of learning and concept development.  With these ideas in mind, we may 

now understand that audiovisual materials can do the following: 

 

a) Heighten Motivation for Learning 

We have already seen that motivation; the desire for learning is an essential 

element in meaningful instruction.  And we have also observed that audiovisual 

materials can do much to increase a child’s motivation.  The resulting education 

becomes emotionally stimulating as well as intellectually rewarding.  Why should 

this be so? 
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 It is observed that the continuous attention given to a film, a telecast, a radio 

program, or a well-executed demonstration is due to an interaction of the following 

factors: 

 Its concreteness and interest 

 The continuity of thought that is fostered when words are coupled with 

explanations in pictures or sounds. 

 The studied care and artistry that have gone into the particular presentation. 

 The listed elements can do much to heighten motivation. 

 b) Provide freshness and variety 

 Certainly one of the most effective ways to heighten the motivation of 

students is to provide them with experiences that are fresh, exhilarating, delightfully 

new and varied.  This freshness and variety may be numbered among the most 

important contributions that audiovisual materials can make to our teaching. 

 Sometimes your students will be bored with your teaching, just as you may 

have grown drowsy and restless when listening to a lecture or when reading a 

textbook.  Few of us like to do the same thing day after day; we prize novelty, 

sometimes even for its own sake.  We all need variety and change.  When these are 

lacking, we may lose interest in a particular presentation; our boredom overcomes 

our desire for education.  Monotony, then, can be a powerful deterrent to learning.  

Recognizing this, the wise teacher will make use of varied materials to avoid 

instruction that is monotonous, repetitious, and dull.  A change of style and pace 

refreshes learning. 

c) Appeal to Students of Varied Abilities 

A systematic use of varied audiovisual materials can make subject matter 

clear and appealing to students of diversified backgrounds and varying abilities.  

Thus, audiovisual materials can foster effective learning not only for the child who 

reads and writes easily, but also for the student who is not verbally gifted. 

d) Encourage Active Participation 

 Any of us who have watched children react with delight to a meaningful 

motion picture may well agree that audiovisual materials can do much to encourage 
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active participation in the learning process.  This activity, of course, may take many 

forms.  Students may heighten their sense of involvement by engaging in 

stimulating, provocative discussion after watching the televised coverage of a 

political convention.  Or, when they are observing a demonstration, they may note 

what the demonstrator is doing and saying, and then take a moment to repeat the 

explanation in their own words. 

 Such involvement allows children to make immediate use of their learning as 

they apply it in meaningful ways to new situations and unexpected events.  And there 

is something about audiovisual materials that encourages this participation that 

actually often makes involvement inevitable. 

e) Give Needed Reinforcement 

 Closely bound up with all the ideas we have been considering is the well-

known ability of audiovisual materials to provide reinforcement – meaningful 

rewards for learning.  Psychologists recognize the importance of reinforcement.  And 

they understand that the best reward is often the one that the learner finds within 

himself. 

 The student obtains such reinforcement in his learning when he finds out how 

well he is doing, and when he discovers ways in which he can improve his 

performance.  Many of the newer instructional media are built around this principle 

of reinforcement.  Programmed instruction, “talking typewriters,” and computer-

assisted instruction provide many ways in which the learner is rewarded by finding 

out how well he has learned.  But simpler materials can also provide this essential 

reinforcement.  When a youngster fits together the parts of a model, for example, he 

frequently finds a meaningful reward in his sense of the new skill he has achieved.  

He may begin to feel a hidden power stirring within him the ability to grow and to 

learn.  

f) Widen the Range of Student Experience 

An essential element in concept development is the ability to generalize the 

capacity for applying one’s knowledge to a new situation.  But it is obvious that a 

child cannot increase his capacity unless he is called upon to deal with a wide range 



 

 

10

10

of new experiences.  And it is equally clear that the more extensive the child’s range 

of experience, the broader and more meaningful will be his ability to generalize, his 

powers for developing meaningful concepts. 

g) Assure Order and Continuity of Thought 

Concept building of course, is in no sense a random accumulation of 

diversified experiences.  There must be an order, a logic that is implicit in the 

process.  In this regard audiovisual materials can be especially beneficial. 

 A well-prepared television program, motion picture, or filmstrip presents its 

subject matter in a logical, carefully structured fashion.  Relationships between 

various elements of the materials are clearly indicated and important similarities and 

distinctions vividly illustrated.  Furthermore, the instructional message emphasizes 

the continuity of a particular topic, its interconnections with many other aspects of 

the subject matter, and the important role that it should play in a learner’s 

progressive development. 

 In this way, the clarity and concreteness characteristic of the best 

instructional materials can foster a child’s sense of patterns or structure in the 

experiences he observes.  He learns to achieve a clear understanding of significant 

likenesses and differences.  He analyzes the various ideas that are presented in a well 

organized recording or television program.  And he develops an awareness of 

ordered systems and meaningful combinations among the elements that go to make 

up his world. 

h) Improve the Effectiveness of other Materials 

In some cases, surely, it is difficult to find a single textbook that will meet the 

needs of all students in any given class situation.  Sometimes the book includes too 

many different concepts, with inadequate illustrations and explanations.  But even 

excellent textbook must frequently be supplemented with meaningful discussions, 

demonstrations, and displays.  Audiovisual materials can provide a rich variety of 

sensory experience to amplify and reinforce the concepts that have been presented in 

a textbook.  Indeed, many educators now provide specifically for the up-to-date 

curriculum systems they have proposed.   



 

 

11

11

 We may make use of filmstrip at one point in our lesson because this 

particular material would be most suited to the presentation of our topic at the time.  

Later, though, we might reinforce the filmstrip message by highlighting certain 

aspects of it through a vivid bulletin board exhibit or by arranging a demonstration to 

re-emphasize through action some of the information and ideas that we initially 

presented.  In a collection of varied and integrated learning activities, each method of 

teaching makes its own particular contribution in cooperation with several other 

media of instruction. 

For studying about classifying audiovisual materials and having knowledge about the 

factors influencing communication, please read: - 

Edgar Dale (1969) Audiovisual methods in 

teaching, third edition, the 

Dryden press, Holt, 

Rinehart and Winston, 

New York. 

PP.10-29 

 

3.2.2 PRESENTATION IN PRACTICE 

Five Basic Steps 

 There are five basic steps to represent an instructional material. These can  

serve as an outline of a well-tried and proved technique.  If the steps are carefully 

followed, it will mean an end to “one-way” communication. 

a) Prepare the audience: Put them at ease and show your personal interest in 

them.  Explain how they will benefit from an understanding of the subject.  Suggest 

specific points for attention and observation.  It is always a great help if the audience 

is prepared and knows what to look for: this is of special importance when films are 

used as the instructor will not normally be able to interrupt and explain or call 

attention to any point once the screening has commenced. 

b) Present the material. It is important to avoid a too rapid presentation of 

visual material, and the instructor, naturally already familiar with his material, may 

find that for this reason alone he is making insufficient allowance for his students to 
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assimilate material, which is new to them.  Care must therefore be taken over the rate 

of presentation. Variation of pace will both stimulate and add interest but, like the art 

of storytelling, it will be best developed as a personal technique. 

c) Application: It is this stage that the students should be encouraged to 

examine and apply their new knowledge.  In the sphere of formal education this 

could take the form of a written exercise, but in the more relaxed atmosphere of 

cooperative education, a conversational approach would naturally be more 

acceptable.  The aid will really have been used to create a talking point and stimulate 

thinking.  It is of course under such conditions that prospective cooperators begin to 

find their own answers to their own problems.  The skillful teacher will so guide 

them that they provide him with the solution he requires.  Real knowledge and 

understanding frequently follow from the discussion and expression of ideas.  All 

forms of presentation will be more successful if active participation rather than 

passive observance is the aim. 

d) Test: A deliberate attempt should be made to assess the comprehension of 

the subject if this has not become apparent in the preceding stage.  Assess your own 

effectiveness by means of a tactful and informal use of question and answer. 

e) Review: Once weaknesses are determined, the subject may be reviewed and 

the visual aids used yet again where appropriate.  Some audio-visual aids may be 

subject to revision at this stage if this will make them more effective. 

 

3.2.3 POINTS WORTH REMEMBERING 

i) Use an aid, which can be seen by all members of your audience.  Be 

prepared to view it critically from a distance, and make sure that all 

words are readable. 

ii) Make sure that all can hear without difficulty. 

iii) Make sure all present can see both the speaker and the visual material. 

iv) Do not present too much material at once. 

v) Leave the aid on view for an appropriate length of time.  Remember that 

you may be familiar with an aid because you devised it and are constantly 
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using it. ; Others are not.  Give them time to assimilate the material you 

present to them. 

vi) Do not leave a poster or chart on permanent display for too long.  It will 

lose its effectiveness and may even detract from the value of material 

displayed at a later date. 

vii) Make sure your ideas are presented in a logical sequence. 

viii) Ensure, by experiment and test that the pictures are not subject to 

misinterpretation.  This is particularly important with pictures of a 

diagrammatic type depicting movement and action. 

ix) Face your audience, not your visual aid. 

x) Do not continue talking to your trainees when you have turned away from 

them to change part of your visual presentation.  They may not hear you. 

xi) Never apologize for an aid.  If it only approximates to your exact 

requirements, do not use it. 

xii) Never use an aid which is likely to offend or annoy.  It is always useful to 

get a second opinion on your aid from a person or persons who will not 

give personal praise. 

A visual aid or audio-visual aid is only a tool in the hands of the teacher. It is 

also worth remembering that no aid will be of real value unless it is presented with 

enthusiasm. 

 

3.3 PREPARATION OF INSTRUCTIONAL MATERIAL FOR 

MATHEMATICS 

 

Preparing Instructional Materials 

Educators are generally well versed in managing content, and it is likely that 

instructional materials will reach their production stage with the content issues 

clarified.  

However, there are production issues that have to be considered for their educational 

impact on any material.  
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These are illustration, the relationship of illustration to words, and colour, 

particularly in the printing process.  

Best Illustrations  

The following guidelines apply to instructional material for participants who may not 

have a high level of visual or pictorial literacy:  

 Avoid pictures with depth.  

 There should be a moderate amount of detail.  

 Eliminate background and unnecessary detail.  

 The important objects should have enrichment of detail: texture, gradients of 

texture, shading, etc.  

 Portrayal should be realistic, no impressionism or expressionism. 

 The following are ranked in order of usefulness:  

a) Blocked-out photographs (photographs with the background eliminated). 

They provide good contrast, realistic cues and details for identification of the 

objects portrayed, and the neutral background eliminates distracting details  

b) photographs  

c) silhouettes (Portrait) 

d) line drawings, especially in the form of diagrams or cartoons, are visual 

shorthand impoverished of all details 

Pictures can be more expressive and informative using some features of Egyptian art. 

That is, drawing in two dimensions rather than using perspective to create three-

dimensional effects.  

Other tips include the following:  

 Use consistent physiognomy, clothing, complexion, etc. in depicting people.  

 Action should be simplified.  

 Behaviour should be depicted in accordance with the viewers' and not the 

producer's traditions.  

 Pictures of people and places should be relevant to daily life and environment 

for proper recognition (be in the correct cultural context).  
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 Colours and shapes must be carefully chosen because of symbolic meanings 

attributed to colours and shapes which can distort the intended meaning. The 

use of symbols, themselves, can also be tricky and may be best avoided. 

 

Illustrations versus Words  

Illustrations are interesting in their own right, compared with words that are 

not particularly interesting as things in themselves, but it is the ideas conveyed by the 

words that matter. Thus, they may attract or distract the reader.  

Colour  

In some cases, colour may be unnecessary and can cause problems. Some points 

to consider are:  

 Do not use too many colours or too few (e.g. when using it to depict or 

represent several functions).  

 Colour codes must be understood and these are culturally constructed 

although there do appear to be some more universal constructs.  

 8.5 percent of all men and 0.5 percent of women are colour blind.  

 If the material refers to a colour, it should have a name in the language of the 

learner. 

Colours and Printing  

The following happens with certain colours when printed:  

 Pale colours are almost invisible for words or fine lines.  

 Dark colours appear almost black for words or fine lines.  

 Bright colours dazzle for words or fine lines. 

For contrast, black on white is best. Legibility of printed text suffers on coloured 

paper or when used over illustrations or photographs. Strong colours or black and 

white patterns distract if too close to text.  

Materials producers should allow for what will happen to the page if it is 

photocopied, unless they are able to control whether it is copied or not. Educational 

materials are likely to be copied, and it may be that this will be encouraged to extend 

their usefulness and range of distribution.  
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CONCLUSION 

 We live in an industrial society in which modern inventions seem to have 

created educational problems faster than we can solve them.  But this same industrial 

society has also provided the means for solving problems.  Some of the means would 

include computers, programmed instruction, inexpensive paperback books, radio, 

recordings, motion pictures, and television.  We also have techniques in printing and 

duplicating such as offset printing, thermal and electrostatic copiers through which 

we can obtain inexpensive duplications such as paperback books and overhead 

transparencies. 

 Further, the inadequacies of instructional communication have promoted 

educators to look for better solutions.  As a result of their study, we have an 

increasing body of useful research concerning the instructional and the 

communication process.  A revolutionary change will occur in the schools when 

audiovisual materials are closely coordinated and integrated with other media of 

communication.   
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Introduction to the unit 
 
Assessment is a process of determining “what is”. Assessment provides faculty members 
administrators, trustees, and others with evidence, numerical or otherwise, from which 
they can develop useful information about their students, institutions, programmes, and 
courses and also about themselves. This information can help them make effectual 
decisions about student learning and development, professional effectiveness, and 
program quality. Evaluation uses information based on credible evidence generated 
through assessment to make judgments of relative value: the acceptability of the 
conditions described through assessment. 
 

The statement “If you don’t have any goals to assess, you do not have anything to 
assess” expresses the close relationship between goals and effective assessment. It is goal 
achievement that effective assessment is generally designed to detect. An effective 
assessment programme helps a college’s or university’s administrators and faculty 
members understand the outcomes – the results – their efforts are producing and the 
specific ways in which these efforts are having their effects. 
 
This unit No.4 elaborates Assessment and evaluation; states scope and objectives of 
assessment. Further more, different types of tests have been discussed. It also mentions 
planning and constructing tests. 
 
 
 
Objectives of the Unit 
 
After going through the unit, the students will be able to: - 
 

1. Understand and discuss two terms i.e. Assessment and Evaluation. 
2. Comprehend different modes of assessment. 
3. Prepare essay-type and Objective-type tests. 
4. Plan and construct tests 

 
 
 
 
 
 
 
 
 
 
 
 
 



 4

 EVALUATION AND ASSESSMENT 
 
 
a) Definition 
  Assessment lies at the core of learning. It is also a major current issue and an area 
where rapid changes take place. 
 
 Before we go any further we need to be clear in our own minds what is meant by 
assessment in education. What are the differences between evaluation, assessment, 
testing and examinations? 
 
 The broadest of these terms is evaluation. Evaluation includes the process of 
identifying what are the actual educational outcomes, and comparing them with the 
anticipated outcomes, but goes beyond this. For evaluation involves judgments about the 
nature, value and desirability of educational outcomes. 
 
 Assessment is an all-embracing term. It covers any of the situations in which 
some aspect of a student’s education is, in some sense, measured, whether this 
measurement is by a teacher, an examiner or indeed the student himself or herself. 
Broadly speaking, assessment is concerned with how well the student has done with 
weather it was worth doing in the first place. Evaluation cannot take place without 
assessment and assessment, which is completely divorced from evaluation, is a half 
measure. 
 
 Assessment is often equated with tests and examinations. This is misleading, 
since neither is essential to assessment. A test is a particular situation set up for the 
purpose of making an assessment, while an examination is just a large scale test, or a 
combination of several tests and other assessment procedures.  
 
 SCOPE AND OBJECTIVES OF ASSESSMENT 
 
Why Assess? What are the main purposes of assessment? What should be assessed? 
What should be the scope of assessment? Who is to be assessed, and when, and by 
whom? How would we assess? These are some of the questions related clearly to the 
scope of Assessment. 
 
Some of the objectives of assessment may be: 
 

(i) To judge the level of achievements by the learner 
(ii) To predict further behavior 
(iii) To monitor students progress 
(iv) To motivate students 

 
For detailed study, please go through the under mentioned book. 
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 Unless we learn about why we are assessing, we are unlikely to make the right 
decisions about when, and how, by whom. 
 
4.2.1 Formative and Summative assessment 
 
One fundamental decision we need to make is weather the assessment is Formative or 
summative? 
 
Formative assessment: - 

  Assessment is integral with the learning and takes place throughout 
learning. Assessment gives the teacher and the learner feedback, information about 
weather the learning objectives are being reached. It provides information on areas of 
weakness, and also on strengths and potential. For students is a form of attention and 
encouragement, and an important ingredient of motivation. The more immediate 
feedback,  the more useful the information. 

   
  The teacher too needs constant feedback on weather the 

teaching/learning objectives are achieved. Much of his or her day-to-day teaching 
strategy will depend on this information. 

 
Summative Assessment: - 

  Summative assessment, however, is concerned with the final 
summing up. The judgments it makes are for the benefits of people other than the learner. 
Usually the concern is to differentiate between students, so that the selection can be 
made. This type of assessment often comes at the end of the course, or a school, or a 
career. The difference, however, lies less in the timing than in the intentions of the 
assessor. 

 
Summative assessment is strongly established in most schools. It is entrenched in 

the public examination system. Parents, employers and the public attach great importance 
to it in general. There is a real danger that the a assessment tail may wag the curriculum 
dog: that summative assessment, particularily external examinations, may determine 
rather than reflect the nature and methodology of the curriculum. 

 
Assessment is undertaken because we are interested in outcomes and in standards. 

This depends on making comparisons. The performance of students may be compared 
with that of other members of their class, or of their year, or with what are understood to 
be the norms of performance for (say) all 16-years olds. This is known as norm-
referenced-assessment. Alternatively the comparison may be with the student’s previous 
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standard performance. Many of the comments on the behaviors in school reports for 
example, are self-referenced (sometimes known as positive referencing). Increasingly 
common is comparison between the student’s performance and the standards set (criteria) 
for the achievements of learning objectives. This is known as criterion referenced 
assessment. 
 
4.2.2 Information for Decision-making 
 
            Too often a great deal of time and efforts go into devising, administering and 
making students work, tests and examinations, but little attention is paid to presenting 
assessment in a way which makes a full interpretation and effective action possible. 
 
 Assessment provides the information upon which many decisions are based. 
These decisions include student’s decisions (affecting their attitude to their work, and 
persona, curricular and vocational choices); teacher’s decision about methods, materials 
and approaches; and school decisions about organization, curriculum and guidance. 
 
 Assessment, however, has far-reaching effects. For individuals, assessments, 
particularly public examinations, profoundly affect life chances, not just in the first year 
after leaving school, but ten, twenty or even forty years later. 
 
 The general public looks to assessment to provide information of various kinds. 
Public examinations provide ranking and selection criteria for employers; for higher and 
further education and in the eyes of community, provides validation of the education 
system and generally recognized qualifications. A school’s success in the assessment 
stakes may also influence prospective parents. 
 
 Various assessment procedures – standardized tests, administered nationally and 
regionally- are used by official bodies to monitor standards or evaluate the effectiveness 
of some particular method or policy. Indeed, the effectiveness of the curriculum needs to 
be constantly monitored in the interests of public accountability and to provide 
information for educational planning and policymaking. They will be in differing states 
of readiness for change, both in terms of their attitudes to innovation and in terms of their 
technical and professional competence to put new methods into practice. 
 
 
 
4.2.3 Some Assessment Techniques 
 

Next we turn to a detailed consideration of some assessment techniques. 
These techniques include objective tests, structured questions and essays and extended 
assignments and projects. 
 
  Most books about assessment have been concerned with formal tests and 
examinations, and display a preoccupation with measurement. In practice a great deal of 
assessment is obtained informally, without tests, for example, thorough observing the 
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student through informal conversations, unrecorded classroom questioning. And much of 
the value of the assessment lies in its private uses. Such activities help build up a more 
complete picture of the student and his or her capabilities, with constant feedback to both 
student and teacher. However, the dangers of relying too heavily on what could be little 
more than subjective and untested impressions should also be borne in mind. 
 
4.2.4 Assessment Strategies 
 

Should we base our assessment strategy on a familiar non-referenced 
framework? That is, should the basis for comparison between the students with the object 
of assessment being to produce a rank order on ‘norms’ or how far each student is from 
the average? Or should we base our assessment strategy on criteria- that is, on statements 
about learning objectives, so that the student’s success is measured by how far he/she 
succeeds in mastering the learning objectives specified in the criteria? 
 
  We then turn to a consideration of two assessment strategies that may 
complement each other or may be alternatives:  the traditional examination and the newer 
profile. Profiles are detailed comprehensive statements, usually systematic and open, 
about a student’s achievements. They may include examination results but go beyond 
these to assess competencies and capabilities, skills, learning experiences and aptitudes 
and attitudes. Profiles tend to be linked with continuous assessment, and can be used both 
formatively and summaratively. 
 
  The weight attached to examinations as an assessment strategy will 
depend to an important extent on your philosophy of education. The decision to adopt 
profiling will also depend on weather you believe that profile offers a more valid and 
reliable method of assessing learning outcomes which one would see as educational, but 
non-examinable, objectives. 
 
4.2.5 SOME OF THE MAIN THEMES OF ASSESSMENT 
 
(i) The basic aim of assessment is to promote student’s learning. Assessment can 
only be justified if it benefits, either directly or indirectly our students’ learning. It is not 
an end in itself. There are dangers in over assessment. Assessment should always have 
clear purpose. 
(ii) We need to be clear about aim and objectives: We must be clear about exactly 
what we intend to assess: about what the objectives of teaching are: and which learning 
outcomes we need to assess, and far what purpose. 
(iii) Fitness for purpose is the key: The methods of assessment chosen should be 
appropriate to the reason for the assessment and the type of information being sought. It 
should be relevant to the skill or the content area being assessed and to the nature of the 
subject. 
In practice the choice of the technique is often best approached by eliminating the 
inappropriate techniques. For example a written test for a practical skill, which has been 
learnt through practical methods, is inappropriate. 
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(iv) Validity and reliability are key considerations: We should be guided in our 
choice of technique by the intended learning outcomes and the need for an assessment 
which is reliable and consistent. It is not only a matter of what we want to assess, but also 
of what actually is being assessed. 
(v) Lastly, assessment is not just something tackled on to the end of a course or 
unit: It is part of the learning process and must be planned as such. This means that if 
you make changes in assessment methodology it will have a curriculum repercussion- for 
example, you will need to change your assessment. 
 
4.2.6 The Limitations of Assessment 
   

There are many excellent reasons for assessment. It is an integral part of the 
learning experience. It is an indispensable tool for the teacher. The tools of assessment 
are crude and imperfect, and they often deal with factors that are intangible and very 
difficult to measure. 

 
Prospective employers should be warned that usefulness of the result is 

limited. First, because the predictive value of a particular class of degree cannot be 
guaranteed; second, because the actual measurement is extremely rough; third, because 
the classified degree may be measuring qualities which are not necessarily relevant to the 
purposes an employer may have in mind. 

 
Assessment in particular, is a developing area of education with much field 

work and research still to be done, both by the teachers within schools and by 
educationalists. Rapid developments in assessment will test and challenge the 
professionalism, experience and expertise of teachers and schools, and tie ability to 
respond positively and creatively. 

To have in-depth vision of assessment and evaluation, please go through:- 
 
Fredrek j. Macdonald 
and Wadsworth 

Educational Psychology Second edition, 
publishing Company,  
Inc: Bellmont California, USA 

Pp.579-602 

 
 
4.3 Modes of Assessment 
 

By ‘mode’ we mean the general nature, style and character of the assessment and 
(by implication) its values, emphasis and intentions. Thus ‘mode’ is the overall form of 
assessment, where as the ‘technique’ of assessment, is more narrowly, the methods, tools 
or instruments employed in the assessment, whatever the mode. An analogy may help to 
clarify the distinction. Painters use certain techniques, tools and materials- brushes, 
paints, schoroca, or pen and ink and so on- but working in an entire different genre or 
modes: use similar techniques or tools- multi-choice questions or essay questions, for 
example,- within quite different ‘modes’, You may decide on continuous assessment as 
the mode test suited to one course, while preferring end of the term examinations for 
another course. In both you may use similar techniques- for example, a comprehension 
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exercise – but when and why you use this technique, how to use it and what to do with 
the result may be fundamentally different. 
 
a) A Choice of Modes 
 

There are too many techniques of assessment. The choice of technique is wide, 
and will be the subject to detailed discussion. If you are only using one or two modes you 
may well be failing to meet some of your curricular objectives, and is worth considering 
weather a different or additional support – a different mode may be useful. 
 
 Our choice of mode determines many aspects of assessment. First, it determines 
when the assessment takes place: at the end of term or throughout the course? The mode 
will depend who is the assessor – the teacher or an external examiner? The mode 
depends, too, on assumptions about who should be the main beneficiary: is the 
assessment mainly to help student with his learning or to decide who is to get a place at 
the university, a job or an entry to an‘O’ level course? Is the assessment to help you 
evaluate your teaching or demonstrate to the public, parents, employers of Government 
that the school is doing a good job? The choice of mode will decide how we assess, what 
we assess and what we do with assessment. Behind these choices is the most important 
question of all why we assess. 
 

The assumptions behind some traditional choices of modes (for example formal 
written examination for most, but not all students at 16+) are being questioned by much 
recent public discussion. It is not simply the dissatisfaction is felt about some of the 
techniques employed, through these are questioned. For example, doubts are expressed 
about whether multi choice questions do not trivialize learning and weather essays in 
examination can fairly simple a two year course. But more fundamentally the whole 
characters and values – the mode of the assessment is being re-examined. 
 
Different modes of assessment do not fit into easily labeled compartments; just a few 
teaching styles can be immediately classified. At best we can identify certain tendencies 
or characteristics, which differentiate one style from another, and add up to a difference 
of modes. Many of the mode mentioned below do, in fact, overlap or merge with each 
other. 
 
 Some modes, particularly the more traditional, you will recognize immediately. 
Others may be un familiar. No one is ‘best’ for all situations 
 
 Some of the modes have been paired and contrasted to emphasize the differences 
in approach. In many instances most of the contrasting modes may be appropriated at 
different times in a course you are teaching, for different purposes. Your choice of mode 
will depend on fitness of purpose. This includes the nature of the subject, the aims and 
objectives of the course and  the purpose of students,  and your own personal teaching 
style. 
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 Here, then are some of the questions a practicing teacher might ask for himself or 
herself about the choice of modes. 
 
b) Formal or informal? 
 
Should the mode of assessment be formal or informal? 

 
The most formal assessment of modes is the public examination. School 

examinations, and tests, are also deliberately contrived situations, as are auditions for 
orchestras, or job interviews. 

 
Informal assessment takes place inevitably most of the time. We are continually 

summing one another up. Much of a teacher’s interaction with his or her students is 
informal assessment – a word of praise or sarcasm, a smile or a rebuke, convey a 
valuation of the student or his or her work. 

 
We can also use planned or informal assessment as part of an assessment strategy. 

For example, your recorded observations may be much more valid assessment than a 
formal examination when you are assessing a students ability than a formal examination 
when you are assessing a students ability to make a weld, to respond to music through 
dance, to converse in French or use a reference library. 
 
4.4 Types Of Test 
 
What are Objective Tests? 
What is an objective test? Simply, an objective test is a test which is free from any 
subjective bias – either from the tester or marker. (Confusingly in education jargon, the 
adjective ‘objective’ usually means ‘not subjective’, while the non ‘objective’ usually 
means an aim, a goal, target or intention. It is not about course objectives – aims, 
intended learning outcomes, etc. but about testing which is free from subject elements. 
There can only be one right or objective answer to such an objective test. Objective tests 
can take various forms, but invariably they require brief answers with little or no writing. 
A simple tick or a quick oral answer may be enough. 
 
 Let’s look at some of different type of objective testing. 
 First – and very common used by teachers as part of their day to day teaching – is 
simple recall. The teacher asks a short question, expecting a quick one-word answer or a 
simple statement completed. 
 
Example: Simple Recall 
i. Direct question  –what is an acute angle? 
ii. Expected answer  –an angle less than 90 degree is called acute angle. 
iii. Incomplete statement  -measurement of a triangle is called----------- 

Expected answer   trigonometry 
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 Rather more complex than tests for simple recall are the following types of 
questions, which are grouped under the heading: Choice Response. These may be 
subdivided into four varieties: multiple choice, true/false, matching block, multiple 
completions. 
 
i. Multiple Choice 
 

For the multiple choice the candidate must select he thinks is the correct answer 
from a given list of possible answers: 

 
EXAMPLES: 

 
An acute angle is  
A= 90 
B= less than 90 
C= greater than 90 
D= greater than 120 

  
The directive part of a multiple-choice question, giving information or 

instructions, is known as stem. The key is the correct answer and wrong options are the 
distracters. 

To answer the question a candidate would underline, or alternately, write b in a 
space. 
  
ii. True/False 
 

In the true/false variety, a statement is given either in plain language or 
numerically. The candidate then has to decide whether it is true or false and indicate 
accordingly 

Example: True/False 
 
 If A={0,2,4} and   
     B={0,3,5,7} then 
  
AB= 

 
True  False 

     (     )            (       ) 
 
Expected answer= False 
Here the probility of guessing a correct answer is as high as one in two. 

 
iii.  Matching Block 
  
 This type of question involves the matching of one list against the contents of 
another to show correct relationship. 
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 Example: 
 

 List-1  List-II  
1. 1,2,3,4,5, .       a. E 
2. 2,3,5,7,11…       b. The description form of a set 
3. AUB       c N 
4. The set of first five numbers       d. St. Lawrence 
5. 0+2,+4,+6…..       e. Tabular form of a set 
6. 1,2,3,4………       f. Commutative property 
        g. -1,-2,-3,-4…. 

  
 
                In the match panel below enter the letter from list II to indicate the river on 
which each of the seaports in list I are situated. 
 

1.  
2.  
3.  
4.  
5.  

 
              One list must have a greater number of items than the other to prevent correct 
answers being obtained by elimination. 
 
 
iv.       Multiple Completions 
 
            This is a more elaborate version of the multiple  choice format. While there is still 
only  one correct answer, the candidate may be required to select more than one of the 
options. S/He is, therefore, compelled to consider carefully each piece of information 
given before arriving at decision. 
 
 
 These higher order forms of objective questions can be used to test more than 
mere factual knowledge. 
 
Example: After 1992 De Val era launched a “Cold War” against Britain in which he took 
some of the following actions. 
 

i. He imposed economic sanctions on trade with Britain 
ii. He forbade Irish immigrants to come to Britain 
iii. He deprived the Irish Governor-General of his power 
iv. He militarized separate citizenships for Eire 
v. He threatened to attack on Britain 
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Answer: 
 

a. i,  ii and iv 
b. i,  ii and v 
c. i,  iii and v 
d. ii, iii and iv 
e. iii, iv and v 

   
Key is c, Distracter – a, b, c, d and e. 
 
 
 Another form of objective test is simple sentence or paragraph completion. The 
student may be asked to fill in the blanks with words or phrases taken from a given list. 
The student will be successful if he can recall factual information; understands this 
information, and has grasped the trends and sequences. 
 
v.        ADVANTAGES AND DISADVANTAGES OF USING OBJECTIVE TESTS. 
 
    One problem immediately presents itself with any form of choice response, which 
is guessing. Instructions not to guess are impossible to enforce and it is equally 
impossible for a marker to tell whether answers have or have not been guessed. This is 
particularly true of True/False tests where a candidate has a 50/50 chance of making a 
correct guess. 
 

To counter this it is possible to apply correction formulae to all raw scores: S=R-
W (where S is the correct score, R the number of correct responses and W the number of 
wrong responses). If this is done candidates would be told in advance. However, many 
would argue that it is not worth the time effort to do this. Moreover, a candidate who 
makes an intelligent guess deserves credit, while a candidate who guesses blindly is not 
likely to do well and will be penalized by other non-objective parts of the assessment. 
 
However, there are several positive advantages in using objective tests.  
 
 Probably the most obvious advantage is the speed at which they can be marked. 
Marking does not need any special skills. So can be done by anyone, including students 
who have just sat in the test. Moreover, as questions are short and easily answered, 
knowledge of large syllabus content can be sampled. By using such tests to sample 
content knowledge, there is time available to use other assessment techniques to test other 
skills. Objective tests also given an ;opportunity to students who are poor writers to 
demonstrate their knowledge without subjective elements creeping in. Teachers and test 
constructors find writing of objective tests a bit difficult, but just because of this 
difficulty it means that tests tend to be carefully scrutinized and thus less subjective. It 
therefore follows that well-written objective tests are likely to be highly valid and reliable 
in testing recall of syllabus content. 
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 However, objective tests are not appropriate for all occasions: whereas they are 
excellent for sampling knowledge. It is much more difficult to construct them to test 
higher order skills. They can never test written expression, or ability to argue in your own 
words. If well written however, they can test higher order skills. 
 
 The over-use of objective tests at the expense of other forms of assessment, which 
can be biased, and invalid. But probably the main disadvantage of objective tests is the 
difficulty in writing good ones. Just as well written tests are highly valid, so badly written 
objective tests are highly invalid. So how can you set about writing a good one? 
 
 
 For further study please go through the following 
 
Herbart J. Klausmeier 
William Goodwin (1966) 

Learning and Human Abilities, Harper 
& Row publishers, New York London 

Pp-641-651 

 
 
4.5 PLANNING AND CONSTRUCTING TESTS 
 
Bloom’s taxonomy for test development. 
 
a. To measure knowledge  

For common terms, facts, principles, procedures; ask these kinds of questions:  
Define, Describe, Identify, Label, List Match, Name, Outline, Reproduce, Select, State. 
 
Example: “List the steps involved in titration  
 
b. To measure comprehension 

For understanding of facts and principles, interpretation of material; ask these 
kinds of questions:  
Convert, Defend, Distinguish, Estimate, Explain, Extend, Generalize, Give examples, 
Infer, Predict, Summarize. 
  
Example: “Explain a polygon 
 
c. To measure application 

For solving problems, applying concepts and principles to new situations; ask 
these kinds of questions: 
Demonstrate, Modify, Operate, Prepare, Produce, Relate, Show, Solve, and Use. 
 
Example:  Construct a triangle according to the given side? 
 
d. To measure analysis 

For recognition of unstated assumptions of logical fallacies, ability to distinguish 
between facts and inferences; ask these kinds of questions: 
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Diagram, Differentiate, Distinguish, Illustrate, Infer, Point out, Relate, Select, Separate, 
Subdivide. 
 
Example: Distinguish between a trapezoid one parallelogram. 
  
   
e. To measure synthesis 

For Integrating learning from different areas or solve problems by creative 
thinking; ask these kinds of questions: 
Categorize, Combine, Compile, Devise, Design, Explain, Generate, Organize, Plan, 
Rearrange, Reconstruct, Revise, Tell. 
 
Example:  “How would you restructure the school day to reflect children’s 
developmental needs?” 
 
f. To measure evaluation 
For Judging and assessing; ask these kinds of questions: Appraise, Compare, Conclude, 
Contrast, Criticize, Describe, Discriminate, Explain, Justify, Interpret, Support. 
   
Example:  Explain different steps in the construction of a tangent to a circle 
 
  Many educators have found it difficult to apply this six-level taxonomy, 
and some educators have simplified and collapsed the taxonomy into three general levels 
(Crooks, 1988) 
 
The first category of knowledge (recall or recognition of specific information). The 
second category combines comprehension and application. The third category is 
described as “problem solving” transferring existing knowledge and skills to new 
situations. 
 
4.5.1 Developing Essay-Type Tests. 
 
When writing essay items, try to: 
 
 Keeping in mind whether the learning objective you are measuring requires the 

higher-order thinking process of analysis, synthesis or evaluation. This will help you 
with the wording of the question. Since essay items require more student time to 
answer, they are most effectively used to test higher-order thinking skills that are 
difficult to test with multiple choice. 

 Write the question in such a way that the task is clearly defined for the students. 
 Try to use novel material or have students apply knowledge to new situations rather 

than simply list or recall text or class materials 
 Phrase questions to encourage use of higher-level cognitive processes: compare, give 

reasons for, give original examples of, explain how, predict what would happen if, 
criticize, illustrate, differentiate, read the attached and evaluate. 
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 Be sure the essay question asks for the specific behavior that you want the student to 
display. 

 Indicate for a question dealing with a controversial issue that it will be evaluated in 
terms of the logic and presentation of evidence for a position rather than the position 
taken. 

 Adapt the length and complexity of the question to the level of the students. 
 Provide an indication of how questions will be weighted by giving the number of 

points for each question. (This allows students to plan their time). 
 In general when you are using the performance on the essay items for the purpose of 

grading students, all students should be required to answer the same questions.  This 
is especially true if subject-matter competence rather than general writing ability is 
being assessed and your grading in the course is based on a comparison of students 
with each other. 

 
With essay items, it is also a good idea for you to specify the ideas that you will 

be looking for when scoring if you are going to use an analytic scoring method. This will 
assist you in determining the total number of possible points for each question and will 
enable you to make adjustment if the weighting is not what you had intended. 
 
Scoring Essay Exams: 
 
There are two methods of scoring essay items, the analytic approach and the holistic 
approach  
 
Analytic Method: 
 
To use the analytic method, you develop a list of the major elements you believe students 
should include in the ideal answer. It was suggested above that this be done before the 
test is printed so that you can determine the point value of the item and the suggested 
length and so adjustment can be made if necessary. 
 
You may find that the analytic approach is easier to employ when the essay item requires 
a restricted or short answer. You can decide to give partial credit for each element in your 
list or simply to give full or no points for each item. This may be difficult to do if you are 
teaching this material for the first time since you will not be aware of the types of 
answers students will give. You may want to read a sample of the papers to check on 
your scoring scheme and make necessary adjustments. If you keep track of how students 
perform on each element in your list, you can identify the points that are weak and need 
to be reinforced in your teaching. If you provide the students with the elements of the 
ideal answer, they can gain information about their strengths and weaknesses. 
 
Holistic Method: 
 
The holistic approach in scoring essay items involves your reading an entire response and 
assigning   it to a category identified by a score of grade. You can develop a description 
of the type of response that would illustrate each category before you start, and then try 
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out this draft version using several actual papers. After reading  and categorizing all of 
the papers, it is a good idea to re-examine the papers within a category to see if they are 
similar enough in quality to receive the same points or grade. It may be faster to read 
essays holistically and provide only an overall score of grade, but students do not receive 
much feedback about their strengths and weakness. Some instructors who use holistic 
scoring also write brief comments on each paper to point out one or two strengths and or 
weaknesses so that students will have a better idea of why their response received the 
score it did. 
 
Guidelines to Scoring Exams: 
 
Regardless of whether you decide to use an analytic or holistic method of scoring, there 
are several guidelines to consider with respect to the scoring of essay tests. 
 
 Develop scoring criteria or model answers 
 If there are several essay questions, score all of the student’s responses to one 

question at a time.  This improves consistency and reduces any “carryover” effects. 
 Decide whether you are going to score factors other than content, such as spelling 

language usage, and organization. Make sure that your students are aware if you are, 
and give a separate score for these factors. 

 Score essay responses anonymously to avoid any bias resulting from your familiarity 
with students and their previous work. One idea is to have students write their names 
on the back of the answer sheet or booklet. 

 Periodically check to see whether you have applied the criteria in the same way to 
later scored answers as to earlier scored ones. 

 If you have a large number of papers to score, stop when you get tired  so that your 
frame of mind will not cause your scoring to be inconsistent. When you start again, 
read over the last few papers you scored to be sure that your scoring was objective. 

 Provide students with feedback so that the test provides an opportunity for students to 
learn their strengths and weakness.  You can provide short written comments or 
verbal feedback to students in a brief conference. 

 
It is obvious that you will need to spend a great deal of time and effort to do a 

thorough job in scoring essay items. You may want to start out by using short-answer 
essay items and as you feel more comfortable with the process refining your items to 
require a more extended answer. Use essay items judiciously; consider whether you can 
test the learning objective you have set with complex multiple-choice items instead. If 
you decide that essay items are the best way to test student understanding of your 
learning objectives, give yourself enough time for the scoring of the test so that your 
information about students will be as reliable and valid as possible. 
 
If you are developing problem-based test items, consider the following: 
 
 Develop problems that test students on the strategies and concepts they have been 

taught in ways similar but not identical to the problems that they have covered in 
class or homework assignments. 
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 Do not let the setting for the problem become so complex that your scenario will 
confuse students who know how to solve the problem. 

 Review your problem to make sure that all of the students will have the contextual 
knowledge assumed. 

 Work out the solution yourself to help you decide how conceptually complex it is. If 
there are a number of sub-problems embedded in the problem, you may want to 
provide some of the assumed information such as formulas. 

 Think about how much time students will need to think through and solve the 
problem (This will be longer than the time it takes you to solve the problem since you 
are much more familiar with the concepts being tested). 

 
Text Length and Time Allotted: 
 
In writing test items, you must consider the question of text length. Consider both the 
length of the class and the regarding level of your students. You do not want students to 
feel rushed and frustrated because they were not able to demonstrate their knowledge of 
the material in the allotted time. Some general guidelines regarding time requirements for 
high school student test taker (as reported by Nitko in 1996) are as follows: 
 

Task Approximate time per item 
True/False items  20-30 seconds 
Multiple choice (factual) 40-60 seconds 
Multiple choice (complex) 70-90 seconds 
Matching (5 stems/6 choices) 2-4 minutes 
Short answer 2-4 minutes 
Multiple choice (with calculators) 2-5 minutes 
Word problems (simple math) 5-10 minutes 
Short Essays 15-20 minutes 
Data analysis/graphing 15-25 minutes 
Extended essays 35-50 minutes 

 
 
If you are combining multiple-choice and essay items, these estimates may help you 
decide how many to include. One mistake often made by first time teachers is having too 
many questions for the time allowed. 
 
Exam Security: 
 
If you are teaching a large class with close seating arrangements and are giving an 
objective text, you may want to consider administering several versions of your text to 
decrease the opportunities for cheating. Multiple versions have become quite easy to 
develop with the availability of word processing software. You simply create versions of 
your test with different arrangements of the items. It is not even necessary to change the 
position of the correct response for each item. You can also then print these versions on 
different colors of paper so that it is obvious to students that they have a different test 
than the person sitting beside them. 
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4.5.2 Developing Objective Tests 
 
Objective tests measure both your ability to remember facts and figures and your 
understanding of course materials. These tests are often designed to make you think 
independently; so don’t count on recognizing the right answer. Instead, prepare yourself 
for high-level critical reasoning and make fine discriminations to determine the best 
answer. The most common objective tests questions are multiple choice, true false, and 
matching items. Doing well on these questions requires that you not only master the 
information but also interpret the test-maker’s intentions. You know you have mastered 
the information if you can: 
 
1. Recall specific terms, facts, names, and other key words; become proficient in the 

language of the course 
2. Distinguish the in ways which ideas, facts, theories, or other observations differ from 

each other and categorize ideas, facts, theories, or other observations according to the 
ways these are similar. 

3. Answer the questions and solve the problems in the text and create your own 
questions or problems. 

 
a) Preparing for Objective Tests: 
 
1. Review notes and text(s) – list the major concepts that have been covered. 
2. Highlight the topics that were stressed. Note why they were stressed. 
3. Think vocabulary. Every field of study has its own vocabulary, so identify words and 

terms used to represent specific concepts (i.e., the word “paradigm” in a social 
science course), and treat them as you would be a foreigner. Make flash cards of 
frequent drills, and try to use these words whenever you work with course- related 
materials. 

4. Compare and contrast. Sometimes objective questions can be used to test your ability 
to distinguish concepts, ideas, theories, events, and facts from each other. Construct 
diagrams, charts, tables or lists to summarize relationships. 

5. Recite for precision. Review your retention of the information by recalling it often. 
Use odd moments, in addition to 15-20 minute review sessions, to say or write out 
complete ideas and facts. It is very important to verbalize the recalled information 
completely, and in a detailed manner so that you will have a precise idea of your 
mastery of the material. 

 
b. Taking Objective Tests: 
 

1. General Tips. 
 

 Plan your time. Allow more time for high point value questions; reserve time at the end 
to review your work, and for emergencies. 

 Check with your instructor whether or not you can write on the test. 
 Before starting the test, turn it over and jot down all the facts and details you are trying to 

keep current in memory. Look the whole test over, skimming the questions and 
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developing a general plan for your work. If any immediate thoughts come to you. Jot 
them down in the margin. 
 Read the directions very carefully. Look for time limits, specific answering 

procedures (i.e. answer 3 out of the 4 questions below), how questions will be graded. 
 Start with the section of the test that will yield the most points, but begin working 

with the easiest questions to gain time for the more difficult ones and to warm up. 
 Work quickly, check your timing regularly and adjust your speed when necessary. 
 Do not get stuck on one question at the cost of losing time for another only. 
 Avoid reading into the questions. When you find yourself thinking along the lines you 

begin modifying the question, the answer you will come up with will be different 
from the one on the teacher’s key. Interpret questions literally. 

 Choose the answer the test-maker intended-stay within the scope of the course. If you 
know facts that are beyond the level of sophistication of the text,1) record the 
intended answer, and 2) point out the possible ambiguity and make a case for a 
different answer either in the margin of the text or during the next regular class. 

 Mark key words in every question to help find the key words ask yourself WHAT, 
WHO, WHERE, WHEN AND HOW? 

 
2. Multiple choice questions. 
 
 Probably the most commonly used objective question, the multiple choice question, 

consists of two parts: 
1. the stem – the statement or question. 
2. the choices – also known as the distracters, There are usually 3 to 5 options, 

that will complete the stem statement or question. 
 
You are to select the correct choice, the option that completes the thought expressed in 
the stem. There is a 20% chance that you will guess the correct choice if there are 5 
choices listed. Although multiple choice questions are most often used to test your 
memory of details, facts, and relationships they are also used to test your comprehension 
and your ability to solve problems. Reasoning ability is a very important skill for doing 
well on multiple-choice tests.  
 
 Read the stem as if it were an independent, freestanding statement. Anticipate the 

phrase that would complete the thought expressed, and then compare each answer 
choice to your anticipated answer. It is important to read each choice, even if the first 
choice matches the answer you expected, because there may be a better answer listed. 

 Another evaluation technique is to read the stem together with each answer choice as 
if it were a true-false statement. If the answer makes the statement a false one, cross it 
out. Check all the choices that complete the stem as a true statement. Try to suspend 
judgment about the choice you think are true until you have read all the choices. 

 Beware of words like not, but except. Mark these words because they specify the 
direction and limits of the answer. 

 Also watch out for words the always, never, and only. These must be interpreted as 
meaning all of the time, not just 99% of the time. These choices are frequently 
incorrect because there are few statements that have no exceptions. 
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 If there are two or more options that could be the correct answer, compare them to 
each other to determine the differences between them, and then relate these 
differences with the stem to deduce which of the choices is the better one.  

 If there is an encompassing answer choice, for example “all of the above”, and you 
are able to determine that there are at least two correct choices, select the 
encompassing choice. 

 Use hints from questions you know to answer questions you do not. 
 If you do not find an answer, try to relate each answer to the stem to evaluate which 

one logically completes the thought. 
 Make educated guess-eliminate options any way you can 
 
3. True-False Questions 
 
 True-false question has only two options. Your odds are always 50-50 with this type 

of item. Typically, test-makers tend to focus on details in true-false questions. 
 Test makers often mismatch items or names with inappropriate events or definitions. 
 In order for statement to be true, it must be so 100% of the time. Thus you must 

evaluate the trueness of WHO, WHAT, WHY, WHERE, WHEN and HOW for each 
statement. 

 Beware of words that qualify and give specific meanings, Words like some, usually, 
not usually denote true statements, but be sure to interpret each statement as a special 
case. 

 Another type of word, such as always and never, should be interpreted as meaning 
without exception. If you can think of an exception, the statement is false 

 
4. Matching Questions 
 
 Matching questions give you some opportunity for guessing. You must know the 

information well in that you are presented with two columns of items for which you 
must establish relationships. If only one match is allowed per item then once some 
items become eliminated, a few or the latter ones may be guessed. 

 The relationship is the crucial factor in a set of matching items. Usually the 
relationship is common to all included items. For example all the items in Column B 
define the terms in Column A, or the individuals named in Column A wrote the books 
listed in Column B.  

 For every match you make, cross out the items in both columns (unless there is more 
than one match possible. 

 Begin with the lengthier column containing the information, evaluating the items in 
the column with shorter descriptions for a match, this way you save time by not 
constantly having to re-read the lengthy statements. 

 
4.5.3 Analysis of Test Items 
 
After you get your graded test back, analyze the questions. If you do not get your test 
back, visit your professor in his/her office where the test will be kept on file and ask for 
your graded answer sheet to analyze your performance on the text. 
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 Read all comments and suggestions. 
 Look for the origin of the questions. Did they come from the notes or the book(s)? 

From the class or the lab? 
 Look at the questions you missed. Verbalize the rationale for the correct answer. 

figure out why the correct answer was better than your answer. 
 Did you really know the answer to a question but you failed to read it carefully 

enough to recognize it? 
 Were there any areas tested you failed to prepare for? Why didn’t you? 
 Did you misread any question? 
 Check the level of difficulty, or the level of detail of the text questions. Were most of 

the questions over precise details, or were they over main ideas and principles? Did 
most of the questions come straight from the material covered or did the test maker 
expect you to be able to analyze and/or evaluate the information? 

 Were you able to finish the test within the time given? 
 Did you have a difficult time during the test because you were too anxious to focus on 

the question? 
 
For further understanding the preparation of tests, please study the allied material: - 
 

Barren berg and Prosser, 1991; 
Counseling and Psychological service, 
University of North Carolina 

Test-Taking strategies, Glencoe/ 
MacGraw-Hill, Inc. 122 Avenue of the 
Americas, New York 
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INTRODUCTION TO THE UNIT 

 

 The idea of a set is not only a basic concept, it is also an extremely simple 

concept, small children with their sets of bricks, sets of cards, sets of coloured beakers, 

etc are well able to associate things of a kind, often before they can count. At the 

secondary stage the idea is capable of development along many fruitful lines. Indeed, if 

mathematics is to grow into an exciting world of patterns, relationships and structures 

instead of a succession of tricks and techniques, it must be child centered and grow out of 

simple concepts such as this. 

. We do not define a set but we clarify our idea of a set to this extent: a set is a 

collection of well-defined objects thought of as a whole. For example, we may consider a 

set of spanners, a set of tools, a set of girls’ names, the set of positive integers, a set of 

people or the set of ways in which we can arrange the digit 1,2,3. The objects, numbers, 

etc, Comprising the set are generally called the elements of the set and they may be finite 

or infinite in number. 

 In this unit different concepts relating to Sets have been discussed i.e. different 

styles of describing a set, different properties of sets, and kinds of sets etc. Similarly, 

Ordered pairs, the Cartesian product, Cartesian coordinate system, and Binary relations 

have also been elaborated. Further more, different functions have been explained in the 

unit. 

Objectives of the Unit 

After studying the unit, the students will be able to: - 
1. understand and explain different characteristics of a set. 
2. understand Union and Intersection of different sets. 
3. understand and explain ordered pairs, Cartesian coordinate system and 

binary relations. 
4. apply the concepts while working on sets. 
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5.1 WRITING A SET IN BUILDER NOTATION FORM 

 A set may be expressed either by listing, i.e. giving a list of its elements, or by 

giving a concise, unambiguous description of its elements. 

 Thus, for example, if A is the set of digits, J the set of integers, P the set of 

positive integers, we have  

 

A= {0,1,2,3,4,5,6,7,8,9,} 

or A = {a  a is a digit} which reads  “A is the set of element a such that a is a digit”. 

 

 J = {…-2,-1.0,2,…} or {n  n is an integer}, 

 P = {1,2,3…} or {p    p is a positive integer} 

 

 In the case of A, “2 is an element of the set A” or, in standard notation, 2 e A. 

Similarly, -1  J, 3 J etc. But –2  P and 5  J. 

Furthermore, set will usually be denoted by capital letters 

   A, B, X, Y, … 

Lower case letters will usually represent the elements in the sets. 

a. b. x. y. … 

If we define a particular set by actually listing its members, for example, let A consist of 

the numbers 1,3,7, and 10 then we write 

   

     A={1,3,7,10} 

 

 That is, the elements are separated by comas and enclosed in brackets {  }. We 

call this the tabular form of a set. But if we define a particular set by stating properties 

which its elements must satisfy, for example, let B be the set of all even numbers, then 

we use a letter, usually x, to represent an arbitrary element and we write:  

 

B= {x   x is even} 
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which reads “B is the set of numbers x such that x is even” We call this the set-builder 

form of a set. Notice that the vertical line “  ” is read “ such that”.  

For comprehensive understanding of set related concepts, please study: - 

 

Sudhir Kumar (1993) Teaching of Mathematics 

Anmol Publications, Pvt. 

Ltd. New Delhi 

PP-195-201 

 

Seymour L1pschutz 

          (1981) 

Theory and Problems of set 

theory, Schaum’s online 

series McGraw-Hill, Intern-

ational Book Company, 

Singapore 

PP-1-4 

 

 

Also, please consult the following: - 

 

Mary P. Dolciani, William 

Wooton, Edlion F. 

Becken- Bach, Bernard 

Feldman, William G. 

Chinn and Walter J. 

Markert. 

Modern School Mathem-

atics, Houghton Mifflin 

Company Boston. 

PP. 1-9 

 

 

Also go through: 

 

G.D. Buck well 

(1986) 

Workout Mathematics 

GCSE, Macmillan 

Education Ltd. London 

PP. 3-5 
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5.2     PROPER AND IMPROPER SIBSETS 

Proper subsets 

 For two sets A and B, A is proper subset of B if  

 

(i) A is subset of B (ii) There exists at least one element in B which is not in A. 

Symbolically it is written as “A  B” and read as “A is proper subset of B” 

 

IMPROPER SUBSETS 

For two sets A and B, A is an improper subset of B if  

(i) A is a subset of B  

(ii)       “There does not exist any element in B which does not belong to A. 

So every set is an improper subset of itself. 

 

5.3 ALGEBRA OF SETS 

SET OPERATIONS 

 In arithmetic we learn to add, subtract and multiply, that is, we assign to each pair 

of numbers x and y, a number x + y called the sum of x and y, a number x-y called the 

difference of x and y, and a number xy called the product of x and y. These assignments 

are called the operations of addition, subtraction and multiplication of numbers. The 

operations of union, intersection and difference of sets, will assign new sets to pairs of 

sets A and B. These set operations behave in a manner somewhat similar to the above 

operations on numbers. 

 

5.3.1 UNION OF SETS 

 The union of sets A and B is the set of all elements, which belong to A or to B or 

to both. We denote the union of A and B by   

A U B 

Which is usually read “A union B” 
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Example 1. In the Venn diagram in Figure-1 we have shaded AUB, i.e. the area of A 

and the area of B. 

     

All shaded    

Example 2 . Let S= {a, b, c, d} and T = {f, b, d, g} Then 

    SUT ={a, b, c, d, f, g} 

Example 3: Let P be the set of positive real numbers and let Q be, the set of negative  

  real numbers Then PUQ, the union of P and Q, consists of all the real  

  numbers except zero.  

The union of A and B may also be defined concisely by 

   AUB = {X   X A or X  B} 

Remark: It follows directly from the definition of the union of two sets that AUB  

  and BUA are the same set, i.e., 

     AUB=BUA 

Remark:  Both A and B are always subsets of AUB. That is, 

    A  (AUB) and B   (AUB) 

In some books the union of A and B is denoted by A+B and is called the set-theoretic 

sum of A and B or simply A plus B. 

 

5.3.2 INTERSECTION OF SETS 

 The intersection of sets A and B is the set of elements which are common to A 

and B, that is those elements which belong to A and which also belong to B. We denote 

the intersection of A and B by A  B 

Which is read ‘A intersection B” 
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Example 4: In the Venn diagram in Fig. 2, we have shaded A  B, the area   

  that is common to both A and B. 

     

Shaded only common place       fig-2  

 Example 5: let S = {a, b, c, d} and T = {f, b, d, g,} then  

      S  T = {b, d} 

 Example 6: Let V= {2,4,6,….}, i.e. the multiples of 2 and let W = {3,6,9,…}. 

   i.e. the multiples of 3. Then 

   V  W = {6,12,18,…} 

The intersection of A and B may also be defined concisely by  

  A  B = {x     x  A, x  B} 

Here, The comma has the same meaning as “and”. 

Remark: It follows directly from the definition of the intersection of two sets that   

    A  B =  B  A 

Remark: Each of the sets A and B contains A  B as a subset, i.e.  

     (A  B)  A and (A  B) B 

Remark: If sets A and B have no elements in common, i.e. if A and B are disjoint, 

then the intersection of A and B is the null set, i. e A  B =  

 

5.3.3 DIFFERENCE OF SETS 

 The difference of sets A and B is the set of elements which belong to A but which 

do not belong to B. we denote the difference of A and B by 

        A–B 

Which is read “A difference B” or simply “A minus B”. 
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Example 7: In the Venn diagram in Fig. 3 we have shaded A–B, the area in   

  which A is not significant part of B. 

        

       Fig.-3 

Example 8: Let  S  = {a, b, c, d} and T= {f, b, d, g} then 

     S –T = {a, c} 

Example 9: Let R be the set of real numbers and let Q be the set of rational   

  numbers. Then R– Q consists of the irrational numbers. 

The difference of A and B may also be defined concisely by 

   A– B = {x   x  A, X  B}  

Remark : Set A contains A– B as a subset, i. e 

    (A– B)  A 

Remark : the set A– B, A  B and B–A are mutually disjoint, that is, the 

intersection of any two is the null set. 

 

5.4 PROPERTIES OF SET OPERATIONS 

5.4.1   Commutative property of Union and Intersection 

(i) Commutative Property of Union 

For any two sets A and B. 

  AB=BA 

For example if A= a and B = a, b then 

AB = a   a, b 

                      = a, b 

And  BA = a, b   a 

           = a, b 

Hence AB  = BA 
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(ii) Commutative Property of Intersection 

For any two sets A and B. 

AB  = BA 

For example   If A =    a and B =  a, b then 
 

AB = a  a, b 
          = a 

 
and   BA = a,b  a 

                                  =  a 
Hence  AB =   BA 
 

5.4.2 Associative Property of Union and Intersection 
 

(i) For any three sets A, B and C 

A (BC) = (AB) C 

For example If A= a, B =  a,b and C = a,b,c then 

  A (B  C) = a   (a, b   a, b,c) 

            = a a,b,c 

            = a,b,c 

  and   (A B)   C =(a a,b   a,b,c) 

                                              =a,b   a,b,c 
             =a,b,c) 
  Hence       A (BC)    =(AB) C 
 

(ii) Associative Property of Intersection 

For any three sets A, B and C 

A(BC)       =(AB) C 

 

 For example if A = a, B =(a, b and C = a, b, c  then 

 A(BC)            =  a a, b  a,b,c) 

        =  a a,b 

      =  a 

and   (AB)C            =  a a,b  a,b,c) 



 11

 A(BC)            =  a  a,b,c) 

       =  a 

Hence   A(BC)       =(AB) C 

 

5.4.3 Distributive Property of Union Over Union 

For any three sets A, B and C 

A  (B  C)    =(AB)  (AC) 

 

5.4.4 Distributive Property of Intersection Over Union 

For any three sets  A, B and C 

   A(B C)    = ( A  B)  ( AC)  
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SELF-ASSESSMENT QUESTIONS 

1. Verify the commutative property of union and intersection for the following sets: 
 

(i)  A=  1,2,3,5, B=4,6,8,10    (ii)  A= N, B= Z 
(iii) A=      R     0, B=R 
 

2. Verify the following properties for the sets given below: 
 

(i) Associative Property of Union (ii) Associative Property of 
Intersection  (iii) Distributive Property of Union over Intersection 
(iv) Distributive Property of Intersection over Union 

 
(a)      A=1,2,3,4,    B=3,4,5,6,7,8,9    C=6,7,8,9,10 
(b)      A=,               B= 0             C=0,1,2 
(c)      A=N,                B=Z,                        C=Q 
 

3. If   A=1,2,3,4,5, then verify that  
(i)  A     =A  (ii) A A=A    (iii)   AA=A 

 
4. Deduce from the relevant properties of intersection and union that  
     A(AB)=A (AB) 
 
For in depth study of Union, Intersection and Difference of Sets, please go through 
following book: - 
 
D.T.E. Marjoram 
(1966) 

Modern Mathematics in 
Secondary Schools, 
Pergamon press, New 
York 

PP. 3-5 
And 14-18 

 
 

5.5 Ordered Pairs 
The ordered pair (a, b) stands for the pair of two numbers (or things) in which the 
order of a and b is maintained. The first element of this pair is a and the second is 
b. From the definition it is clear that if a and b are  different then. 
      

   
 
In other words (a, b) and (b, a) will be equal only if a=b. 
Thus (2,3) and (3,2) are two different ordered pairs. 
 We already know that 2,3= 3,2. 
 These are two equal sets, because in a set the change in the order of 
elements does not change the set. Thus there is a clear distinction between an 
ordered pair and a set of two elements. 
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5.6 Cartesian Product 
 

The Cartesian product of any two sets A and B is a set whose elements are 
ordered pairs such that the first element of each ordered pair belongs to set A and 
the second element belongs to the set B. The Cartesian product of A and B is 
written symbolically as AxB. 

 
     It is read as “A into B is the set of ordered pairs (x , y) such that x is an element of 
A and y is an element of B. It is clear that if, A # B 
 

Then   
 
Remarks: 

1)   x A= = Ax 
2) If the number of elements in sets A and B are m and n 

respectively, then the number of elements in Ax B is m x n 
Example 1. If a =0,1  and B=1,2 , find AxB and BxA 
 
Solution: Here   AxB = (0,1), (0.2), (1,1), (1,2 
                       And    BxA = 1,0),(1,1) (2,0), (2,1) 

  Note that   

 
 
For further study and practice, please go through: 
 

Punjab textbook Board, Lahore Mathematics 10 
Part-1 

PP.19-26 

 
 

5.7 Cartesian Co-ordinate System for a Plane 
 
          A one-one correspondence may be established between the set of all points in a 

plane and the set of all elements of R .In other words, for every ordered pair of real 

numbers, there is a point in the plane and for every point in the plane there will be 

ordered pair of real numbers. 

 In a plane select two lines such that one is horizontal and the other vertical. These two 

lines intersect each other at a point) called the origin. The horizontal and the vertical lines are 
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called the x-axis and the y-axis and are denoted by ‘XOX’ and ‘YOY’ respectively. The plane, 

in which the axes lie, is called the xy-plane or Cartesian plane. 

 A specified distance on these axes is usually taken as unit in terms of which the 
distances of a point from these axes are measured. 
 
 With every point P in a plane, we associate an ordered pair (x, y), where x is the 
distance of the point P from the y-axis and y is its distance from the x-axis. 
 

5.8 BINARY RELATIONS 
 
Relation, a mathematical concept is a set of ordered pairs. More precisely, the concept is 

called binary relation, but usually “binary” is omitted. Relation is defined in a branch of 

mathematics called set theory, a vital branch underpinning all branches of mathematics 

and those fields that use mathematics. One interprets a relation as a relationship from the 

first coordinate to the second coordinate of the ordered pair. Three particularly useful and 

pervasive types of relations are “equivalence Relations”, (partial) orderings, and 

functions. These three are found in every branch of mathematics. 

 

Let X and Y be sets. A relation, R, from X to Y is a subset of the Cartesian product X × 

Y. (Recall that elements of X × Y are called ordered pairs.) Let x be an element of X and 

y be an element of Y. The notation (x, y) is an element of R and x R y (say x is in relation 

R to y) are equivalent. 

 

If X = Y, then R is called a relation on X and is, of course, a subset of X × X. 

 

The domain of R, denoted by dom R, is the set of elements in the first component of 

every ordered pair in R. The range of R, denoted by ran R, is the set of elements in the 
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second component of every ordered pair in R. Examples will elucidate. 

Elementary Examples of Relation 

Let X and Y be sets. The trivial relation is the empty set, which is, of course, a subset of 

every set including X × Y. (Note that every element of the empty set is an element of X × 

Y vacuously.) Because the empty set is a subset of every subset of X × Y, the trivial 

relation is a subset of every relation from X to Y. Also, the domain and range are both 

equal to the empty set. 

The Cartesian product, X × Y, is also a relation. It is obviously the largest relation from X 

to Y since, by definition of relation; it contains every relation from X to Y. Also, the 

domain is X and the range is Y. 

If X = Y, then the relation of equality is another example of a relation. Denote the 

relation of equality by I. Let x and y be in X. Define I as follows: x I y if x = y (in X). 

Consequently, every element in I is an ordered pair that has the same first and second 

component and every element in X forms such an ordered pair in I. In symbols,  

I = {(x, x): for all x in X}. Here, dom I = ran I = X. 

Subset membership is another relation. Let X be a set. Let P (X) be its power set. Define 

Ε, the subset membership relation from X to P(X), as x Ε A if x belongs to the subset A. 

Here, dom Ε = X; ran Ε = P (X) \ {ø} where ø is the empty subset of X. Note that the 

empty set is excluded from the range because there are no elements that have set 

membership in it. 

5.8.1  DOMAIN AND RANGE OF BINARY RELATINS 

Notations 

When we have a function f, with domain D and range R, we write: 
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If we say that, for instance, x is mapped to x2, we also can add 

 

Notice that we can have a function that maps a point (x,y) to a real number, or some other 

function of two variables -- we have a set of ordered pairs as the domain. Recall from set 

theory that this is defined by the Cartesian product - if we wish to represent a set of all 

real-valued ordered pairs we can take the Cartesian product of the real numbers with 

itself to obtain 

.  

When we have a set of n-tuples as part of the domain, we say that the function is n-ary 

(for numbers n=1,2 we say unary, and binary respectively). 

 

5.9 FUNCTIONS 

A function is a relationship between two different sets of numbers. We call this also a 

mapping. A function essentially maps a number in one set to another number in another 

set. 

We write functions as: 

f(x)  

This function is called f, and it takes a variable x. We substitute some value for x to get 

the second value, which is what the function maps x to. 

Notice that when we talk about a function it is important to keep in mind that a function 

maps values to one and only one value only. Two values in one set could map to one 

value, but one value must never map to two values: that is called a relation, not a 

function. 

For example, if we define 

f(x) = x2  

then we have 

f( - 1) = 1  

f(1) = 1  

f(7) = 49  

f(1 / 2) = 1 / 4  
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and so on. f, in this instance, maps numbers to their squares. 

We can generalize this concept to sets as well. Instead of mapping single elements of the 

set, we speak of mapping an entire set to another. In doing so, we consider some special 

terminology and notations. 

 

Range, image, codomain 

If D is a set, we can say 

 

which forms a new set, called the range of f. D is called the domain of f, and represents 

all values that f takes. 

In general, D is usually a subset of a larger set. This set is known as the codomain of a 

function. For example, with the function f(x)=cos x, the range of f is [-1,1], but the 

codomain is the set of real numbers. 

For further studies, please go through the following: - 

SEYMOUR LIPSCHUTZ 
(1981) 

Theory and Problems of Set 
theory 

PP. 45-47 

 

5.9.1 ONE –ONE FUNCTIONS 

 Let f map A into B. then f is called a one- one function if different elements in B 

are assigned to different elements in A, that is, if no two different elements in A have the 

same image. More briefly, f: A       B is one-one if f(a)= f(a/) implies a=a/ or, 

equivalently, implies   

Example  10: Let the function f: R  R be defined by the formula    

f (X)=X2  then f is not a one-one function since f (2) = f (-2) =4, that is, since the 

image of two different real numbers, 2 and -2 is the same number, 4. 

Example 11: Let the function f: R       R be defined by the formula f (x) = x3. Then f  

  is a one-one mapping since the cubes of two different real numbers are  

  themselves different. 

Example 12: The function f which assigns to each country in the world its capital city is 

  one-one since different countries have different capitals, that is, no city is  

  the capital of two different countries. 
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5.9.2 ONTO FUNCTIONS 

 Let f be a function of A into B. then the range f(A) of the function f is a subset of 

B, that is, f (A)  B. If f(A)=B, that is, if every member of B appears as the image of at 

least one element of A, then we say “f is a function of A onto B” , or “f maps A onto B” 

or “f is an onto function”. 

 

Example 13: Let the function f: R           R be defined by the formula    

  f(x) = x2. Then f is not the negative numbers do not appear in the   

  range of f, that is, no negative umber is the square of a real number.  

Example 14: Let f: A        B be the function in example 1.3; Notice that    

  f (A)={b, c}. Since \B= {a, b, c}, the range of f does not equal the   

  co-domain, i.e. f is not onto.  

Example 15: Let f: A        B be the function in example 1.5 Notice that  

    f(A) ={x, y, z}=B 

that is, the rang of f is equal to co-domain B. thus f maps A onto B, i.e. f is an onto 

mapping. 

 

5.9.3 Bijective Function 

As discussed earlier that a function is a mapping of elements in one set to another. Some 

functions have special properties: 

 injective  

 surjective  

 bijective  

A bijective function, is simply a function that is both injective and surjective. We can also 

say that the function sets up a one-to-one correspondence between its range and 

codomain. 

All these classifications do so on the basis and nature of the function's mapping. Let's 

examine these types. 
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Injective functions 

An injective function, also called one-to-one is a function that maps each element from its 

domain D to a unique element in its codomain. 

More precisely, for all distinct pairs x and x' in D, a function f is injective if and only if 

f(x) ≠ f(x'). 

In the arrow diagram, we observe that there are no two arrows pointing to the one 

element. 

An example of a function which is not injective is the function f(x)=x2. To prove a 

function is not injective, it will suffice only to show that for two specific distinct values 

say a and b, f(a)=f(b). For f(x)=x2, we can choose a=-1 and b=1. Observe (-1)2=(1)2, and 

we can conclude that f(x)=x2 is not injective. 

To prove that a function is injective, and if the function is differentiable, we can take the 

derivative of that function and if it is monotonic increasing (ie., the derivative is always 

positive), or monotonic decreasing (ie., the derivative is always negative), we can 

conclude that the function is injective. If the function is not differentiable, then we must 

show that for each value for x, the corresponding value f(x) must be unique. 

A function that is injective is the function f(x)=x+1. On obtaining the derivative of f, 

f'(x)=1, we observe that this function is always positive and thus is monotonic increasing. 

Thus we can conclude that the function is in fact, an injective function. 

This condition is sufficient but not necessary; for example, the function f(x)=x3 is 

injective, but is flat (its first derivative has a root) at x=0. 

 

Surjective functions 

A surjective function, also called onto, is a function such that for every element y in the 

codomain, there is an element x in the domain which is mapped to y. That is, the range of 

a surjective function is equal to the entire codomain. 

An example of a surjective function is f(x)=x3. Every element x has an associated value 

f(x). For example, with the function f(x)=2x-1, this is a surjective function since we have 

an inverse function g(x)=(x+1)/2. 
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An important note is related to the idea of the codomain previously mentioned. If we 

define to begin with, this function is not surjective, straight 

off the cuff we observe that there is no real number such that x2 is equal to -1, for 

instance. However if we restrict the function's codomain, so we obtain the slightly 

modified function , we obtain a surjection, since we have 

all real numbers being mapped to positive real numbers. 

This is why the idea of the codomain is important. If a function is not a surjection, we can 

often make it so by constricting the codomain so that the function becomes a surjection. 
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ANSWERS TO SELF-ASSESSMENT QUESTIONS 

 

Q-1 

i) AUB = BUA =   
ii) AUB = BUA =   N 
iii) AUB = BUA =   R 

Q-2 
 A) (i  (AUB) U C =AU ( BUC) =  1,2,3,4,5,6,7,8,9,10        0 

(ii) (A  B)  C = A  ( B C) =   
(iii) AU ( B  C) = (AUB)  (AUC) = 1,2,3,4,6,7,8,9,10 
(iv) A  (BUC) = (A B) U A C) = 3,4 

 
Similarly for (b) and (c) 

 

Q-3  (i) AU = A = 1,2,3,4,5 
  (ii) AUA      = A =1,2,3,4,5 
  (iii) A A     = A = 1,2,3,4,5 
Q-4   Please practice yourself. 
 
 
 
 
 
 
 
  
 

 

 

 

 

 

 

 

 

 

 

 



 22

Bibliography 

 

1. Sudhir Kumar (1993), Teaching of Mathematics Anmol Publications, Pvt. Ltd. 

New Delhi, PP-196-2001. 

2. Seymour L1pschutz, Theory and Problems set theory, schamn’s online series, 

McGraw-Hill Inter-national Book Company, Singapore, P-3. 

3. Mary P. Dolciani, William Wooton, Edlion F. Becken- Bach, Bernard Feldman, 

William G. Chinn and Walter J. Markert., Modern School Mathematics, 

Houghton Mifflin Company Boston, PP. 1-9. 

4. G.D. Buck well (1986), Workout Mathematics GCSE, Macmillan Education Ltd. 

London, PP. 3-5. 

5. D.T.E. Marjoram (1966), Modern Mathematics in Secondary Schools, Pergamon 

press, New York, PP. 3-5 and 14-18. 

6. Punjab textbook Board, Lahore, Mathematics 10, Part-1, PP.19-26. 

7. SEYMOUR LIPSCHUTZ (1981), Theory and Problems of Set theory, PP. 45-47. 

8. Karel Hrbacek and Thomas Jech’s, Introduction to Set Theory. 

9. Wanda Szmielew’s , On n-ary Equivalence Relations and Their Application to 

Geometry 

10. Paul Halmos’s, Native Set Theory. 

 

 

 

 

 



 

 

1

1

 
 
 
 
 
UNIT-6 
 
 
 
 
 
 
 
 
 
 
 
 

FACTORIZATION EQUATION 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Writer:  
Dr. Sabir Hussain Raja 

 
Reviewer:  

Dr. Iqbal Shah 
 
 
 
 
 
 
 



 

 

2

2

CONTENT LIST 
 
S.No.   Contents     Page Nos. 
 
 Introduction to the unit 
6.1 Calculations to the common Factor 
6.2 Improper fraction 
6.3 Compound fraction 
6.4 Equations 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 

3

3

INTRODUCTION TO THE UNIT 
 
Factorization means to split a number or a polynomial into simpler components. There 
are two types of factorization; Prime factorization and Composite factorization. 
Prime factorization is pretty simple  
 
Every whole number can be put into one of two categories:  prime or composite.  Prime 
numbers are numbers that you can't divide without getting a fraction, unless you feel like 
dividing them by themselves or by 1.  These are numbers like 3, or 5, or 7, or 19, or  
379721.  Composite numbers, on the other hand, can be split up into something 
smaller;  8 is 2 times 4, 4 is 2 times 2, 21 is 3 times 7,  and so on.  Thus, 8, 4, 21, and 100 
are all composite numbers.  It's easy to remember which word means which--composite 
has the word composed in it, and you can make composite numbers out of smaller 
numbers. 
 Similarly, a polynomial can be split into smaller factors. There are many mathematical 
formulae that can be applied for the purpose of factorization; e.g.: 
         2 

1) (a+b) = (a+b) x (a+b) 
   3                 2    2     3    3 

2) (a + b) = (a+b) x ( a+ b) x ( a+ b) = (a+b) x ( a  + b – ab) = a + b – 3ab (a+b) 
    2     2 
3) (a  -  b  ) = (a + b) x ( a- b) 
 
 In this unit detailed discussion has been done on calculation of common factor, 
improper fraction, compound fraction. It also explains equation and its kinds i.e. 
linear equation, simultaneous equation and quadratic equation. 
 
OBJECTIVES OF THE UNIT 
 
After studying the unit, the students will be able to: - 

1. Calculate G.C.D. and L.C.M. 

2. Distinguish improper and compound fractions. 

3. Explain different forms of equation. 

6.1 CALCULATIONS OF COMMON FACTOR 
 
GREATEST COMMON DIVISOR 
 
The greatest common divisor GCD (a.b) of two positive integers a and b, sometimes  

written (a, b), is the largest divisor common to a and b. For example GCD (3,5)= 1; GCD 

(12,60)=12 and GCD (12,90)=6; the greatest common divisor GCD (a, b, c…) can also 

be defined for three or more positive integers as the largest divisor shared by all of them. 
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LCM and GCF 

 
To find either the Least Common Multiple (LCM) or Greatest Common Factor (GCF) of 
two numbers, one always has to start out the same way: find the prime factorizations of 
the two numbers. Then put the factors into a nice neat grid of rows and columns, and then 
compare and contrast and take what needed. For example; 
 
*     Find the GCF and LCM of 2940 and 3150. 
 
 First, factorize: 
  
 2940=2x2x3x5x7x7 
  
 3150=2x3x3x5x5x7 
 
 Now write these factors out all nice and neat, with the factors lined up 
according to occurrence: 
  
 2x2x3x5x7x7 
 2x3x3x5x5x7 
 
 Note how the factors are listed very orderly. This orderly listing will do most of 
the work; 
 The GCF is the biggest number that will divide into both 2940 and 3150. in 
other words, it’s the number that contains all the common factors. So the GCF is the 
product of any and all factors that 2940 and 3150 share. Looking at the nice neat listing 
one can see that the numbers both have a factor of 2; 2940 has a second copy, but 3150 
does not, so one can only count the one copy toward GCF. The numbers also share one 
copy of 3, one copy of 5, and one copy of 7.  
 
 Then the GCF is 2x3x5x7=210. 
 
On the other hand, the LCM is the smallest number that both 2940 and 3150 will divide 
into. That is, it is the smallest number that contains both 2940 and 3150 that both 
numbers fit in to. Then it will be smallest number that contains one of every factor in 
these two numbers. Looking back at the listing, you’ll see that 3150 has one copy of the 
factor of 2; 2940 has two copies. Since the LCM must contain all factors of each number, 
the LCM must contain both copies of 2. However, to avoid over duplication, the LCM 
does not need three copies, because neither 2940 nor 3150 contains three copies. 
 
  
 This fact often causes confusion; so let’s spend a little extra time on this. 
Consider two smaller number, 4 and 8, and their LCM. The number 4 factors as 2x2’8 
factors as 2x2x2. The LCM needs only have three copies of 2, in order to be divisible by 
both 4 and 8. That is, the LCM is 8. You do not need to take the three copies of 2 from 
the 8, and then throw in two extra copies from the 4. This would give you 32. While 32 is 
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a common multiple, because 4 and 8 both divide evenly into 32, 32 is not the LEAST 
(smallest) common multiple, because you over duplicated the 2s when you threw in 
the extra copies from the 4 
  
 So, the LCM of 2940 and 3150 must contain both copies of the factor 2. By the 
same reasoning, the LCM must contain both copies of 3, both copies of 5, and both 
copies of 7:  
 Then the LCM is 2x2x3x3x5x5x7x7=44,100. 
Using this “factor” method of listing the prime factors neatly in a table form, you can 
always easily find the LCM and GCF. Completely factor the numbers you are given, list 
the factors neatly, find the LCM and GCF. Completely factor the numbers you are given, 
list the factors neatly, with only one factor for each column (you can have a 2s column, a 
3s column, etc, but a 3 would never go in a 2s column), and then carry the needed factors 
down to the bottom row. For the GCF, you carry down only those factors that all the 
listing share; for the LCM, you carry down all the factors, regardless of how few numbers 
contained that factor in their listening. 
 Find the LCM and GCF of 27,90, and 84, 
First, and the prime factorizations: 
Then list things out neatly: 
 Then the GCF and the LCM are given by: 
 Then the GCF is 3 and the LCM is 3,780. 
 Find the GCF and LCM of 3,6, and 8. 
 First factorize and list: 
 Then the GCF and LCM are given by: 
Note that 3, 6, and 8 share no common factors. While 3 and 6 share a factor, and 6 and 8 
share a factor, there is no prime factor that all three of them share. Since I divides into 
everything, then the greatest common factor in this case is just I. When 1 is the GCF, the 
numbers are said to be “relatively” prime;’ that is, they are prime, relative to each other. 
 
 Then the GCF is 1 and the LCM is 2 x 2 x 2 x 3= 24. 
If you need to find the LCM of two (or more) polynomials, you can do the exact same 
procedure as above: 
                3     2            3      2 
 Find the LCM of X+ 5x + 6x and 2x + 4x 
 
         3       2                 2 
First factorize the polynomials: x + 5x + 6x = x (x + 5x +6) = x (x + 2) (x +3),  
                        3      2       2 
and             2x + 4x =  2x (x +2).  
 
Then list these factors out, nice and neat. 
Then the LCM is the product of one entry from each column: 
             3        2 
Take two copies of “x”, because 2x + 4x contains two copies you don’t need three copies 
of “x”, because neither polynomial contains three copies. You need only one copy of X + 
2, because neither polynomial contains more than just the one copy. You need the 2 of 
the second polynomial and the x + 3 for the first polynomial. 
          2 
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 The LCM is 2x(x + 2) (x + 3). 
By the way, while you always multiply the factors together when you’re finding common 
denominators for regular fractions, you almost want to leave the common denominators 
for polynomial fractions in factored form. That is, you will need to  
multiply and simplify across the bottom (in this case, don’t multiply the x + 2 and the  
         2 
x + 3 to get x + 5x + 6). Remember: you’ll still need to try to reduce the polynomial 
fraction when you’re done simplifying across the top, so you’ll need the bottom in 
factored form in the end, anyway. 
 
For further study, please go through: 
 
Mathematics for classes IX 
and X 

Punjab Textbook Board, 
Lahore 

Pp.83-92 

6.2 Improper Fractions 

`Improper fractions have numerators that are larger than or equal to their denominators.  

Examples: 

11/4, 5/5, and 13/2 are improper fractions.  

6.3 Compound/Mixed Numbers 

Mixed numbers have a whole number part and a fraction part.  

Examples: 

are mixed numbers also written as 2 3/4 and 6 1/2.  

For further study, please read: - 

The Cambridge Pre-Ged 
programme in 
Mathematics 1972 

Cambridge Adult education 
Company 

PP. 94-101 

 
6.4 EQUATION 
 
An equation is a mathematical statement that has two expressions separated by an equal 
sign. The expression on the left side of the equal sign has the same value as the 
expression on the right side. 
 
Solving an Equation 
One or both of the expressions may contain variables. Solving an equation means 
manipulating the expressions and finding the value of the variables. 
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The examples might be: 
i) X = 4+8 
To solve this equation we would add 4 and 8 and find that X=12 
 
ii) X – 3 =5 
To keep an equation equal, we must do exactly the same thing to each side of the 
equation. If we add (or subtract) a quantity from one side, we must add (or subtract) 
that same quantity from the other side. 
To solve this equation we would add 3 to both sides. The equation would become x -3 
+ 3 = 5 + 3. This becomes x = 5 + 3 or x = 8. 
 
iii) 7X = 21 
To keep both sides of an equation equal, we must do exactly the same thing to each 
side of the equation. If we multiply (or divide) one side by a quantity, we must 
multiply (or divide) the other side by that same quantity. 
In order to solve this equation we would divide both sides by 7. The equation would 
become 7X / 7 = 21/7. When simplified, this would become x = 21/7 or X =3. It is 
possible to substitute the value of X back into the original equation 7x3=21. 
 
iv) 8x-2=14 
To keep both sides of an equation equal, we must do exactly the same thing to each 
side of the equation. First add two to each side of the equation so that 8X-2+2=14+2 
or 8X=16. If we multiply (or divide) one side by a quantity, we must multiply (or 
divide) the other side by that same quantity. 
In order to solve this equation we would divide both sides by 8. The equation would 
become 8X / 8 = 16/8. When simplified, this would become X = 16/8 or X =2. It is 
possible to substitute the value of x back into the original equation 8x 2-2=14. 

 
6.4.1 LINEAR EQUATION 

Writing and Solving One-Step Linear Equations In One Variable. 
 
Equations are statements, which say that two quantities are equal. Numerical equations, 
such as 10+9 = 19, include only numbers. Algebraic equation is like solving a mystery. 
You are seeking the value of the variable that will make the equation a true statement. 
For example, in the equation X + 9 = 11, the value of X = 2 makes the equation 2 + 9 = 
11 a true statement. Notice that the variable X in the equation is only raised to the first 
power. When the variable in an equation is raised to the first power, the equation is 
linear. When the variable in an equation is raised to a power greater than one, the  
                3 
equation is not linear. For example, the equation 9 – M = 1 is not linear because the 
variable M is raised to the third power. 
 
When solving a linear equation, there are three important ideas to keep in mind. The first 
is that you are trying to get the variable into one side of the equation, by itself. To do this, 
employ the second idea, that is, use the inverse operation to undo what was done to the 
variable. Look at the examples below: 
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Type of Equation Example Operation to 

Use 
Addition Equation M+ 5 = 8 Subtract 5 

Subtraction Equation T – 4 = 9 Add 4 
Multiplication Equation 4 S = 12 Divide by 4 

Division Equation X ÷ 7 = 5 Multiply by 7 
 
 
The third idea to keep in mind is that an equation is similar to a balance scale. You are 
given two quantities. Which are in balance. In order to solve the equation, you need to 
keep the equation balanced by doing the exact same thing to both sides of the equation. 
Therefore, if you add four to one side of the equation, you must add four to the other side 
of the equation to keep it in balance. 
 
So, writing an algebraic equation involves translating a written statement into algebraic 
form. The variable in the equation represents the number you want to find. 
 
It is very helpful to make use of the four-step process of problem solving when writing an 
equation: (1) understand, (2) decide, (3) solve, and (4) look back. 
 
6.4.2.  SIMULTANEOUS EQUATION 
 
“Simultaneous equations” are two or more equations, which have two or more unknowns 
to be found. 
 
Example 
A man buys 3 fish and 2 chips for Rs.2.80  
A Woman buys 1 fish and 4 chips for Rs.2.60 
How much are the fish and how much are the chips? 

First form the equations. Let fish be f and chips be c. 
We know that: 
3f + 2c = 280   (1) 
f + 4c = 260     (2) 
These two equations are both true at the same time, hence the name ‘simultaneous’.  
There are two methods of solving simultaneous equations. Use the method, which you 
prefer: 
 
Elimination 
The method of elimination involves manipulating the two equations so that one can be 
added/subtracted from the other to leave us with an equation with only one unknown. 
 
In the above example: 
Doubling (1) gives 
6f + 4c = 560   (3) 
(3)-(2) gives 5f = 60 (Subtracting 2 from 3) 
Therefore the price of fish is 60p 
Substitute this value into (1): 
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3(60) + 2c = 280            OR          2c = 100 
 c = 50 
 
Therefore the price of chips is 50 p  
 
Substitution 
 
The method of substitution involves transforming one equation into x = something or  
y = something and then substitution this into the other equation. 
 
So, 
 
Rearrange one of the original equations to isolate a variable. 
Rearranging (2): f= 260 – 4c Substitute this into the other equation: 
3(260 – 4c) + 2c= 280 
    780 – 12c + 2c = 280 
    -10c = 280-780 
    -10c = -500 
     10c=500 
       c = 50 
 
Substitute this into one of the original equations to get f = 60 
 
 
6.4.2 QUADRATIC EQUATION 
 
A quadratic equation is a second-order polynomial equation in a single variable x 
 

ax² +bx +c =0 

With   because it is second-order polynomial equation the fundamental theorem 
of algebra guarantees that it has two solutions. These solutions may be either real or 
complex. 
 
The roots of x can be found by completing the square. 

For example;   
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Solving for x then gives. 
 
 
For in-depth study about equations, please read: 
 
A textbook of Algebra and 
trigonometry, 1999 

Punjab textbook Board, 
Lahore 

PP. 106-129 

 
 
6.5 Application of Linear  & Simultaneous equation 
 

PRACTICE ON SOLVING SYSTEMS OF LINEAR EQUAT IONS 
 
For in-depth practice, Please go through the following book: 
 
A textbook of Algebra and 
Trigonometry-class IX, 
1999 

Punjab Textbook Board 
Lahore 

PP.106-116; 
PP.123-128 

 
 

 
 
 

EXERCISE 
 

Find the H.C.F. and L.C.M. of the following.                             

 1.  +  + X +1                   ;  -  + X – 1   

2. 6 + 7 - 9X + 2  ; 8  + 6  - 15  + 9X – 2 
3. Find the required polynomial. 

A =  -5X-14 ,    H = X – 7 ,           L =  - 10  +11X +70,  B= ? 

4. One algebraic expression is  + 3 - 4X –12 and the other one is  

 + 5 - 4X –20. Their H.C.F. is - 4. Find their L.C.M. 
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ANSWERS TO EXERCISE      
 

1.       +1, -1 

2. 2  +3X-2;  (4 -3X +1 ) (6 + 7  _9X +2) 

3. - 12X +35 

4. +8  +13  -16X -30 
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7.1 Introduction to the Unit  

Between 1614 and 1624, two European mathematicians, John Napier  (1550 – 
1617) and Henry Briggs (1516 – 1630) worked out that logarithms could be used 
to simplify calculations in physics and astronomy. There is good evidence that 
tables of the logarithms of sines and cosines were in use by the Arab astronomer, 
Ibn Jounis as early as the 13th century. 

Logarithms turned out to be one of the most important aids to computation before 
the arrival of computers and calculators. Tables of Logarithms were produced to 
aid computation. These tables continued to be used in Schools until the mid 20th 
Century. Indices can be applied to any base. The tables of logarithms most useful 
in computations use a base of 10. These are called Common Logarithms. Any 
base could be used in theory. Base 10 simplifies the work involved in calculations 
because our number system is base 10. We can apply the laws of indices as before 
to base 10.  

     
10 3 x 10 4 = 1,000 x 10,000 = 10 3+4 =  10 7 =  10,000,000 
The logarithm of 1000 to base 10 is 3 (Remember  10 3  = 1000) 
This is written  

  Log 1000  =  3 
       10 
   

Because base 10 is so important, it is assumed if no base is indicated. The above 
can also be written simply as 

 
    Log  (1000) =  3    
 

Note that the indices 3 and 4 tell us how many zeros the numbers 1,000 and 
10,000 contain. Here is a list of some whole number base 10 logarithms. 

 
 

Numbers Equivalent Logarithm 
10,000,000  10 7 7 
10,000,000 10 6 6 
100,000 10 5 5 
10,000 10 4  4 
1000 10 3 3 
100 10 2 2 
10 10 1 1 
1 10 0 0 
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Note that the logarithm of 1 is 0. This is because 10º = 1. This makes sense. When 
you multiply a number by 1 you do not change its value. Correspondingly, if you 
add 0 to the index you leave it unchanged. 

 
10 x 1 = 10 1 x 10 0 = 10 (1+0)  = 10 1 = 10 
This unit deals with Exponential shortcuts, explains Scientific Notation of 
numbers, Changing of Numbers from scientific Notation to Standardized Notation 
and Vice Versa. The unit also describes well the laws of Logarithm and how these 
can be applied to determine logarithm and Anti logarithm. 
 
Objectives of the Unit 
 
After going through the unit, the student teachers will be able to understand:- 
 

i) History and importance of Logarithms 
ii) Exponents 
iii) Scientific Notation of Numbers 
iv) Addition, subtraction, division and multiplication of exponents 
v) Conversion from scientific Notation to standard numbers and vice 

versa 
vi) Laws of Logarithms and their application 
vii) Different systems of Logarithms 
viii) The common logarithm Characteristic and Mantissa 
ix) Antilogarithms 
x) The use of logarithm 

 
7.2 Scientific Notation of Numbers 
 
Scientific notation of numbers is useful in two important ways. First, it allows us 
to abbreviate large numbers. Second, it makes very apparent the size of the 
number that has been abbreviated. 
 
For instance, imagine that you have three bills of Rs. 1000 each in your wallet. 
Thus you have Rs. 3000. This can be rewritten as     
     Rs. 3 x 10 3 
 
It is easy to see here that the amount of money that you have is in the Rs.1000’s 
range, not the hundreds (which would be 10 2, or the ten thousands (which would 
be 10 4. Now we will deal with the number 93000000. One million can be written 
10 6. And we have 93 of those millions. Thus we could rewrite 93000000 as   
  

93 x 10 6 
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Since 93000000 also represents 9.3 ten millions we could rewrite it as 9.3 x 10 7.   
Last way is the best way to write it since we have put all of the powers of ten into 
the exponent on the 10. We can just look at the “7” and know what neighborhood 
of size we are in. 
Scientific notation is also referred to as exponential notation. The notation is 
based on powers of base number 10. The general format looks something like 
this: 
N x  10 x  where N= number greater than 1 but less than 10 and  
  X = exponent of 10. 
 
Placing numbers in exponential notation has following main advantages. 
 

1. For very large numbers and extremely small ones, these numbers can 
be placed in scientific notation in order to express them in a more 
concise form. 

2. Numbers placed in this notation can be used in a computation with far 
greater ease. The Second advantage was more practical before the 
advent of calculators and their abundance. 

In scientific fields, scientific notation is still used. Let’s first discuss how we 
will express a number greater than 10 in such notational form. 
 

7.2.1.     Scientific Notation of Numbers Greater Than 10 
 
1. We first want to locate the decimal and move it either right or left 

so that there are only one non-zero digit to its left. 
2. The resulting placement of the decimal will produce the N part of 

the standard scientific notational expression. 
3. Count the number of places that you had to move the decimal to 

satisfy step 1 above. 
4. If it is to the left as it will be for numbers greater than 10, that 

number of positions will equal x in the general expression. 
 
As an example, how do we place the number 23419 in standard scientific 
notation? 
 

1. Position the decimal so that there is only one non-zero digit to its left. 
In this case we end up with 2.3419. 

2. Count the number of positions we had to move the decimal to the left 
and that will be x. 

3. Multiply the results of step 1 and 2 above for the standard form: 
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So we have: 2.3419 X 10 4 
 

7.2.2 Scientific Notation of numbers less than one 
 
We generally follow the same steps except in order to position the decimal with 
only one non-zero decimal to its left, we will have to move it to the RIGHT. The 
number of positions that we had to move it to the right will be equal to x. In other 
words we will end up with a negative exponent. 

 
Negative exponents can be rewritten as values with positive exponents by taking 
the inversion of the number. 

 
For example: 
 

10 -5   can be rewritten as 1/ 10 5    
 
Here is an example to consider: 
 
Express the following number in scientific notation: 0.000436 
 

1. First, we will have to move the decimal to the right in order to satisfy 
the condition to having one non-zero digit to the left of the decimal. 
That will give us:    4.36 
 

2. Then we count the number of positions that we had to move it, which 
was 4. That will equal –x or x = -4 
And the expression will be 4.36 X 10 -4    

 
7.2.3 Scientific Notation of numbers that are between 1 and 10 
 
In those numbers we do not need to move the decimal so the exponent will be 
zero. For example: 

 
7.92 can be rewritten in notional form as: 7.92 X 10 0 

 
SELF ASSESSMENT ACTIVITY NO.1 

 
Express the following numbers in their equivalent standard notational form 

 
1. 123,876.3 
2. 1,236,840 
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3. 4.22 
4. 0.000000000000211 
5. 0.000238 
6. 9.10 

 
 

7.3. Logarithms: 
 
Logarithms were invented independently by John Napier, a Scotsman, and by 
Joost Burgi, a Swiss. The logarithms, which they invented, differed from each 
other and from the common and natural logarithms now in use. Napier’s 
logarithms were published in 1514; Burgi’s logarithms were published in 1620. 
The objective of both men was to simplify mathematical calculations. Napier’s 
approach was algebraic and Burgi’s approach was geometric. Neither man had a 
concept of logarithm base. Napier defined logarithms as a ratio of two distances in 
a geometric form as opposed to the current definition of logarithms as exponents. 
The possibility of defining logarithms as exponents was recognized by John 
Wallis in 1685 and by Johann Bernoulli in 1694.  

 
Invention of the common system of logarithms is due to the combined effort of 
Napier and Henry Biggs in 1624. Natural logarithms first arose as more or less 
accidental variations of Napier’s original logarithms. Their real significance was 
not recognized until later. The earliest natural logarithms occurred in 1618. 
Logarithms are useful in many fields from finance to astronomy. 

 
A LOGARITHM is an exponent. It is the exponent to which the base must be 
raised to produce a given number. 
   3 
For example, since   2   =  8 
 
Then 3 is called the logarithm of 8 with base 2 
    3 =  log   8 
     2 
We write the base as a subscript  

Since  
 10 4 = 10,000 

 
Then   log 10000  = 4 
     10 

“The logarithm of 10,000 with base 10 is 4” whereas 4 is the exponent to which 
the base 10 must be raised to produce 10,000. 
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“10 4 = 10,000” is called the exponential form and “log 10,000 = 4” is called the 
logarithmic form. 
 

7.4.  The three laws of logarithms 
 
7.4.1 Logarithm of a Product 
 

1. log XY = log X + log Y 
   b    b    b 

The logarithm of product is equal to the sum of the logarithms of each factor 
 
7.4.2. Logarithm of a quotient 

 
   log X/Y = log X - log Y 
      b          b          b 

 
The logarithm of a quotient is equal to the logarithm of the mumerator minus the 
logarithm of the denominator. 
 
7.4.3        Logarithm of a power 

Log X n   =  n 
Log X  

     b                 b 
 

       

The logarithm of a power is equal to the exponent of that power times the 
logarithm 

 
7.4.4          Log  m  = log m / log b 

  b             a           a 
 

SELF-ASSESSMENT ACTIVITY NO.2 
 

1. Write the following in the form of sum or difference of logarithm. 
  

 i)                      ii)  log 40.44  x  3.2  / 655.4 

iii)                     
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2. Write the following in the form of single logarithm: 
1) log 88.44 log 66.76 
2) 2 – log X –3 log Y 
3) 1 / 3 log 7.44 – log 5 – log 7 

Please also read: 
 

Mathematics 9th & 10th 
1996 

Punjab Textbook Board 
Lahore 

PP-169-181 
 

 
7.5 SYSTEMS OF LOGARITHM 
 

a. Common logarithms. 
 

The system of common logarithms has 10 as its base. When the base is not 
indicated, 
Then the system of common logarithms – base 10 – is implied 
Here are the powers of 10 and their logarithms: 
Powers of 10 = 1/ 1000,  1/ 100,  1/ 10, 1 , 10, 100, 1000, 10,000 
Logarithms    =  -3,            -2,        -1,   0,    1,    2,      3 ,     4 
 
Logarithms replace a geometric series with an arithmetic series 

 
      b)  Natural logarithms 

 
The system of natural logarithms has the number called “e” as its base. (e is 
named after  the 18th century Swiss mathematician, Leonhard Euler). Base e is 
used in all theoretical work. It is called the “natural”: base because of certain 
technical considerations (A logarithm in the base e has the simplest derivative). 

 
e is an irrational number, whose value is  

  e = 2.718281828 
 

To indicate the natural logarithm of a number, we use the notation “In”. Thus,  
In x = The logarithm of x with the base e. 

7.5.1  Common Logarithm characteristic and Mantissa 
 

How to determine logarithm of a given number 
 

If x is a positive real number then log x can be written as 
Log x = characteristic of x + mantissa of x. 
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Remember that the base is 10 and we are considering natural logarithms or logs 
only. 
Characteristic of x is an integer that can be either positive or negative depending 
on whether x> 1 or 0< x <1 
Mantissa or x has to be read from the log tables. 

 
i) How to determine the characteristics of a number: 
 

If x> 1, then count the digits on the left of the decimal point; if the number of 
digits is y, then the characteristic is (y – 1) 
If 0 < x <1, then count the number of zeroes appearing in the right side of the 
decimal point; if the number of zeros is z, then the characteristic is n (z + 1). This 
is also written as (z + 1), read as (z + 1) bar. 

 
ii) How to determine the mantissa of a number: 

As mentioned earlier, the mantissa has to be read from a standard log table. Log 
tables consist of rows that go from 10,11, up to 99. The columns have values 
0,1,2, upto 9. Beyond the 10 columns, there is another column, which is known as 
the mean difference. For determining the mantissa, a particular row has to be read 
off and the mean difference has to be added from the table. 

 
The following has to be remembered: 

 

 Mantissa usually consists of a four-digit number, and it 
comes after the decimal point. 

 While determining the mantissa, the decimal point of the 
number has to be ignored. 

 Most of the log tables give values of mantissa up to four 
digits only. For more than a four-digit mantissa, we have to 
round off the last digit. 

 
Example 1: Find the log of 500.2 

 
Characteristics = 2. 
For mantissa, read from the table a number 5002. from the rows, choose 50 and 
read off from the number under the column 0. The number given in the log tables 
is 6990. Now  read, in the same row, the mean difference under 2. This number is 
given as 2. 
Mantissa = 6990 + 2 = 6992 
Thus log 500.2 = Characteristic of  500.2 + Mantissa of 500.2 

    =  2 + 0.6992 
               = 2.6992. 
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Example 2: Find the log of 72.98 
        Characteristic = 1. 
 

For mantissa, read from the table a number 7298. From the rows, choose 72, and 
read off from the number under the column 9. The number given in the log tables 
is 8627. Now read, in the same row, the mean difference under 8. This number is 
given as 5. 

Mantissa = 8627 + = 8632. 
Thus log 72.98 = Characteristic of 72.98 + Mantissa of 72.98 
   = 1 + 0.8632 
   = 1.8632 
 

Example 3:   Find the log of 0.0009887. 
Characteristic =  – 4. 
For mantissa, read from the table a number 9887. From the rows, choose 98, and 
read off from the number under the column 8. The number given in the log tables 
is 9948. Now read, in the same row, the mean difference under 7. Thus number is 
given as 3. 
Mantissa = 9948 + 3 = 9951. 
Thus log 0.0009887 = Characteristic of 0.0009887 + Mantissa of 0.0009887 

            = - 4 + 0.9951 
  

= - 3.0049 (The log of 0.009887 is also written as 
4.9951,  
     although its value is n3.0049) 

 
Example 4:  Find the log of 0.1234. 
Characteristic = -1. 
For mantissa, read from the table a number 1234. From the rows, choose 12   and 
read off from the number under the column 3. The number given in the log tables 
is 0899. Now read, in the same row, the mean difference under 4. This number is 
given as 14.  
Mantissa = 0899 + 14 =  0913. 
Thus log 0.1234          = Characteristic of 0.1234 + Mantissa of 0.1234  

              = -1 + 0.0913 
              = - 0. 9087  
 
The log of 1.234 will be 0.0913 
The log of 12.34 will be 1.0913 
The log of 123.4 will be 2.0913 
The log of 1234  will be 3.0913 
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       __ 
To keep consistency, the log of 0.12324 is written as 1.0913, (although its 
value is -0.9087). 
The log of 12344 will be as follows: this is a five-digit number, so the last 
that is the fifth digit will have to be rounded off. The fifth digit is 4, which 
is less than 5. So take the last digit as 0. Thus the mantissa of 12344 will 
be same as the mantissa for 1234. 
Log 12344 = 4.0913. 
The log of 12346 will be as follows: the last digit 6 is rounded off as 1 and 
is added to the second last number 4. Thus the last digit becomes 4 + 1 = 
5. So we have to find the mantissa for 1235, which is 0899 + 15 = 09814  
= 08914 
Log 12346 = 4.08914. 
 

7.5.2 Antilogarithms 
 
In work with logarithms there are two processes: 
 

a. Obtaining the logarithm of a number, given the number. 
b. Obtaining the number, given the logarithm. 

 
The second process, which is almost always the last step in doing a problem by 
logarithm is called finding the antilogarithm of the logarithm. It is the reverse 
process of finding the logarithm. On Calculators, it is sometimes called the INV 
or inverse of x 
Finding the logarithm,  base 10 for common logarithms x And e for natural 
logarithms. 
 
The antilogarithm of the logarithm of a number may be defined as the number, 
which equals the base raised to the power of the given logarithm. 
If log 74.9 = 1.8745 then 
 
   1.8745 = 74.9 
   10 
 
For example: if log x = 5.4800, find x. 
First find the given mantissa 4800, find x. 
First find the given mantissa 4800 in the tables. Of what number is it the 
mantissa? We see that it is mantissa of 302. The significant digits are 302. Use the 
characteristic to locate the actual decimal point. Starting from the imaginary 
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decimal point, go five places to the right to locate the actual decimal point. Thus x 
= 302,000.  
 
Verify the following: 
If log x = 7.2833    then x = 0.009192 
If log x = 9.7782    then x = 0.6 
If log x = 0.9036    then x = 8.01 
If log x = 4.9542    then x 90000 
 
7.6 COMPUTATION WITH LOGARITHM 
 
Computation 
 
Computation can be defined as finding a solution to a problem from given inputs 
by means of an algorithm. This is what the theory of computation, a subfield of 
computer science and mathematics, deals with. From thousands of years, 
computing was done with pen and paper, or chalk and slate, or mentally, 
sometimes with the aid of tables. 
The theory of computation began clearly in the twentieth century, before modern 
electronic computers had been invented. 
 
At that time, mathematicians were trying to find which math problems could be 
solved by simple methods and which could not. The first step was to define what 
they meant by a “simple method” for solving a problem. In other words, they 
needed a formal model of computation. These early researchers devised several 
different computational models. One model, the Turing machine, stores characters 
on an infinitely long tape, with one square at any given time being scanned by a 
read/write head. Another model, recursive functions, uses functions and function 
composition to operate on numbers. The lambda calculus uses a similar approach. 
Still others, including Markow algorithm and Post systems, use grammar-like 
rules to operate on strings. All of these formalisms were shown to be equivalent in 
computational power – that is, any computation that can be performed with one 
can be performed with any of the others. They are also equivalent in power to the 
familiar electronic computer, if one pretends that electronic computers have 
infinite memory. Indeed, it is widely believed that all “power” formalizations of 
the concept of algorithm will be equivalent in power to Turing machines, this is 
known as the Church-Turing thesis. In general, questions of what can be 
computed by various machines are investigated in computability theory. 
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8.1.Introduction to the Unit 

Trigonometry began as the computational component of geometry. For instance, one 
statement of plane geometry states that a side and two angles determine a triangle. In 
other words, given one side of a triangle and two angles in the triangle, then the other two 
sides and the remaining angles are determined. Trigonometry includes the methods for 
computing those other two sides. The remaining angle is easy to find since the sum of the 
three angles equals 180 degrees (usually written 180°).  
 
If there is anything that distinguishes trigonometry from the rest of geometry, it is that 
trigonometry depends on angle measurement and quantities determined by the measure of 
an angle. Of course, all of geometry depends on treating angles as quantities, but in the 
rest of geometry, angles aren't measured, they're just compared or added or subtracted.  

Trigonometric functions such as sine, cosine, and tangent are used in computations in 
trigonometry. These functions relate measurements of angles to measurements of 
associated straight lines. 

Historically, trigonometry was developed for astronomy and geography, but scientists 
have been using it for centuries for other purposes, too. Besides other fields of 
mathematics, trig is used in physics, engineering, and chemistry. Within mathematics, 
trig is used in primarily in calculus (which is perhaps its greatest application), linear 
algebra, and statistics. Since these fields are used throughout the natural and social 
sciences, trig is a very useful subject to know.  
 
Trigonometric tables were created over two thousand years ago for computations in 
astronomy. The stars were thought to be fixed on a crystal sphere of great size, and that 
model was perfect for practical purposes. Only the planets (Mercury, Venus, Mars, 
Jupiter, Saturn, the moon, and the sun) moved on the sphere. The kind of trigonometry 
needed to understand positions on a sphere is called spherical trigonometry. Spherical 
trigonometry is rarely taught now since its job has been taken over by linear algebra. 
Nonetheless, one application of trigonometry is astronomy.  
 
As the earth is also a sphere, trigonometry is used in geography and in navigation. 
Ptolemy (85-165) used trigonometry in his Geography and used trigonometric tables in 
his works. Columbus carried a copy of Regiomontanus' Ephemerides Astronomicae on 
his trips to the New World and used it to his advantage.  
 
Although trigonometry was first applied to spheres, it has had greater application to 
planes. Surveyors have used trigonometry for centuries. Engineers, both military 
engineers and otherwise, have used trigonometry nearly as long. Physics lays heavy 
demands on trigonometry. Optics and statics are two early fields of physics that use 
trigonometry, but all branches of physics use trigonometry since trigonometry aids in 
understanding space. Related fields such as physical chemistry naturally use trig.  
 



Of course, trigonometry is used throughout mathematics, and, since mathematics is 
applied throughout the natural and social sciences, trigonometry has many applications. 
Calculus, linear algebra, and statistics, in particular, use trigonometry and have many 
applications in the all the sciences.  
 
 In the unit consideration, trigonometric ratios, their calculation have been 
discussed and trigonometric identities have been explained. Further more, solution of 
triangles calculation of heights and distances have been elaborated. 
 
Objectives of the unit 

 
After studying the unit, the students will be able to: - 

 
i) Determine the trigonometric ratios of different angles. 
 
ii) Solve any given triangle. 
 
iii) Solve simple practical problems involving distance and height. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



8.2. TRIGONOMETRICAL RATIOS 
 
TRIGONOMETRICAL RATIOS 
 In a right angled triangle such as PQR shown below, the side PR is called the  

                                                                             

Hypotenuse. 
If we consider the angle a, the side PQ is called the adjacent side and QR is the opposite 
side. Similarly if we consider angle b, QR is the adjacent side and PQ the opposite side. 

      

In the diagram above     Δ ABC  ~ Δ DEC ~ Δ FGC 
The ratio AB/BC   = DE/EC  = FG/GC  = t  

Where ‘t’ is a constant ratio called the tangent of angle x and is usually written tan x. 
Also the ratio AB/AC = DE/DC = FG/FC =S 
Where S is a constant ratio called the sine of angle x (sin x). 
And the ratio BC/AC = EC/DC  = GC/FC  =C 
Where c is a constant ratio called the cosine of angle x  (cos x). 
These ratios are called trigonometrical ratios.  

 

 

 

 



 For example: 

                    

 

In the above diagram if we consider angle B, then 

i) tan B =  Opposite side / adjacent   
ii) Sin B = Opposite side / hypotenuse  
iii) Cos B = adjacent side / hypotenuse.  

Examples:  

1. In Δ ABC shown in this diagram, find: - 

a. Sin A  
b. Cos A  
c. Tan A  

  Solution 
a).  Sin A = Opposite side/hypotenuse = 3cm / 5cm  = 0.6 
b).  Cos A = adjacent side/ hypotenuse = 4cm /5cm  = 0.8 
c).  tan A = opposite side / adjacent  = 3cm /4cm = 0.75  

2. In ΔPQR shown below, PQR is a right angle. If RP = 4cm and PQ = 2cm, find: 

a). QR  

b). tan R   

c). cos R  

 Solution  

a). (QR)2 + 22 = 42   By Pythagoras theorem 
     (QR)2  = 42 – 22  = 16 – 4 = 12 
       QR    =  √12  = 2√3cm 



b). tan R = opposite side / adjacent side = 2cm / 2√3cm = 2/√3/2=√3 

c). cos R = adjacent side / hypotenuse   = 2√3cm /4cm  = √3/2 

Tables of trigonometrical ratios 
The values of trigonometrical ratios can be read from trigonometrical tables just as it is 
done with logarithms. 
Examples: 
1.  Use tables to find sin 42˚   

Solution 
Natural sines 
 

x˚  0́́  6΄  12΄  18΄  24΄  30΄  36΄  42΄  48΄  54΄  1΄  2΄  3΄  4΄  5΄  
                                                

42  .6691  6704  6717  6730  6743  6756  6769  6782  6794  6807  2  4  6  9  11  
                                                
                                                

48  .7431  7443  7455  7466  7478  7490  7501  7513  7524  7536  2  4  6  8  10  
                                                

 
We use the tables of Natural Sines as shown in the diagram above. First we locale 42˚ on 
extreme left hand column and read the correspondence value under the column labeled 
0΄. This gives .6691 
 Sin 42˚  =   0.6691   

2. Find Sin 48˚ 40΄. First we locate 48˚ on the extreme left hand column and read the 
corresponding value under the column labeled 36΄ which gives 7501.Then we read the 
corresponding value under 4΄ in the difference column which gives 8. This number is 
added to 7501 and  we get 7509. 
:- 48˚  40΄  = 0.7509 

We can also read the tables of tangents in the same way. For cosine tables, the method is 
the same but the differences are subtracted . 

Examples 
I.  In the figure below, find the value of x. 

Solution: 
 

Sin 37˚  = opposite side / hypotenuse = x/32 
 

X = 32 x sin 37˚  - from tables sin 37˚   = 0.6018 
    



X = (32 x 0.6018) cm    = 19.2576 cm 

  2.  In Δ EFG shown below, find the length of FG. 

   

   

   

   

 

Solution: 
Cos 78˚  = adjacent side / hypotenuse = FG / 24 
FG = 24 x cos78˚ - from tables, cos 78˚  = 0.2079 
      = (24 x 0.2079) cm 
      = 4.9896cm 

8.2.1 Trigonometrical Ratios of 30˚, 45˚, 60˚ 
The trigonometrical ratios for the angles of 30˚, 45˚ and 60˚ can be found by using 

the special triangles shown below. 

From triangle ABC        

                                                                            
Sin 30º  = opposite side / hypotenuse = ½  
Cos 30º = adjacent side / hypotenuse = √3/2 
Tan 30º = opposite side/ adjacent side = 1/√3 = √3/3 
Sin 60º = opposite side/hypotenuse = √3/2 
Cos 60º  = adjacent side / hypotenuse = ½  
Tan 60º  = opposite side / adjacent side = √3/1 = √3 



      

Sin 45º  = opposite side / hypotenuse = 1/√2 = √2/2 
Cos 45º  = adjacent side/ hypotenuse = 1/√2 = √2/2 
Tan 45º  = opposite side / adjacent side = 1/1  = 1 

Examples 
1. In ΔABC shown, find x 
Solution: Sin 30º = 4cm / x = ½       

X = (4x2) cm = 8cm 

  

2. In ΔPQR , find PR 

Solution: Sin 45º = 3cm/PR = 
√2/2 
PR √2 = 2x3 = 6 
PR = 6/√2 = 6√2/2 = 3√2cm 

 
 

 

 

 

 

 

 



SELF-ASSESSMENT QUESTIONS 

 

In ΔDEF find  
a. DF 
b. Cos F 
c. Sin F 

 

 

1. A rectangle is 100cm long and 
50cm wide. One diagonal makes 
an angle of xº with the length, Find the value of tan xº. 
 

2. . In triangle EFG, EF = g,  
FG = e, GE = f and EFG = 90º. Find in terms of e, f and g: - 
a). Sin E    (b). Cos E    (c). Tan E    (d). Sin E / Cos E 

4. Simplify 2 sin 60º + Cos 30º 
5. Simplify √2 (Cos 45º  + sin 45º) 
6. If sin xº = ½ , find 
     a). The value of x        b). tan xº given that xº is an acute angle 
7.  If cos aº = 15/17 find the value of: -  a). Sin aº                b). tan aº 
8. Triangle ABC is an isosceles triangle in which BCA = 45º and ABC = 90 ;  
    If BC = 6cm. Find the length of AC. 
9. Use tables to find:  
 a). Cos 50º 20´                  b). Sin 35º 11´ 
10. Find the values of x and y in each of the  
following triangles 
 

A            B 

   

   

 

 

 

 



8.3 Trigonometrical Identities 
 
a)  Quotient relations: 

i. sin  / cos  = tan   ii. cos /sin  = cot    
 
b) Reciprocal relations: 

i. 1/ cosec  = sin   ii. 1/sin   = cosec  
iii. 1/sec  = cos    iv. 1/cos  = sec      
v. 1/cot  = tan    vi. 1/tan  = cot  

 
c) Square relations (Fundamental Identities): 

 
8.3.1 Sin² +cos² = 1 
8.3.2 1 +tan²  = sec²  
8.3.3 1 +cot²      = cosec²  

 
 

8.4 Solution of Right Triangle 

Right Triangles 

Let's agree again to the standard convention for labeling the parts of a right triangle. Let 

the right angle be labeled C and the hypotenuse c. Let A and B denote the other two 

angles, and a and b the sides opposite them, respectively. The three angles and the three 

sides of a triangle are called the six elements of the triangle. If three elements of a 

triangle are given (at least one of them being a side), the other three can be found out by 

using sine rule, law of cosines and / or semi-sum formulae. This process of finding the 

unknown elements is called solving a triangle. 

Solving right triangles 

We can use the Pythagorean theorem and properties of sines, cosines, and tangents to 
solve the triangle, that is, to find unknown parts in terms of known parts. If one side and 
another angle are known, we can find the third angle from A +B +C =180°, and then use 
sine rule to find the other two sides. 

 Pythagorean theorem: a2 + b2 = c2.  
 Sines: sin A = a/c, sin B = b/c.  
 Cosines: cos A = b/c, cos B = a/c.  
 Tangents: tan A = a/b, tan B = b/a.  

 



8.4.1 When measures of a side and an angle are known: 
We might only know one side but we also know an angle. For example, if the side a = 15 
and the angle A = 41°, we can use a sine and a tangent to find the hypotenuse and the 
other side. Since sin A = a/c, we know c = a/sin A = 15/sin 41. Using a sin table, this is 
15/0.6561 = 22.864. Also, tan A = a/b, so b = a/tan A = 15/tan 41 = 15/0.8693 = 17.256. 
Whether you use a sine, cosine, or tangent depends on which side and angle you know. 
 
8.4.2 When measure of two sides are known: 
Suppose we don't know the hypotenuse but we do know the other two sides. The 
Pythagorean theorem will give us the hypotenuse. For instance, if a = 10 and b = 24, then 
c2 = a2 + b2 = 102 + 242 = 100 + 576 = 676. The square root of 676 is 26, so c = 26.  

Now suppose we know the hypotenuse and one side, but have to find the other. For 
example, if b = 119 and c = 169, then a2 = c2 – b2 = 1692 – 1192 = 28561 – 14161 = 
14400, and the square root of 14400 is 120, so a = 120. 

For studying the solution of oblique triangles and Pythagorean Method, please go through 
Allied Material 

For further guidance and help, please go through following books: 

Punjab Text Book Board 
Lahore, 1999 

A text book of Algebra and 
Trigonometry 

PP. 321-331 

and 

Punjab Text Book Board 
Lahore, 1996 

Mathematics 9th and 10th PP.258-273 

And also 
Punjab Textbook Board, 
Lahore 

Mathematics IX-X, Part-2 PP. 223-229 

 
8.5 FINDING HEIGHTS AND DISTANCES, DEFINITION OF ANGLE OF 

ELEVATION, ANGLE OF SUPPRESSION 
 
    One of the most important applications of trigonometry is in the determination of 
heights and distances of distant objects, which are not directly measurable, by 
observation of angles extended by those objects of the eye of the observer. 

 
Trigonometry plays a very important part in land survey. It is also extensively used by 

astronomers in determining the distance of the heavenly bodies like the sun and moon and 
stars.  

 
Two angles are very often used in the practical applications of trigonometry and they are 

obtained as follows. 
 



 

    
                                                 

If an object is above the horizontal plane of an eye then we have to raise our head to look 

at it. In this process, our eyes move upwards at an angle; this angle is called angle of 

elevation. If the object is below the horizontal plane of our eyes, we have to move our 

head downwards. In this process, our eyes move making an angle, called angle of 

suppression.  

So, in the diagram <OX is the eye of an observer, <xop is an angle of elevation, <xoq an 

angle of suppression. 

Look at the following figure. 

    

 
 
 
 
 
 
 



 
A boy is saluting the national flag. The boy looks at the flag. This forms the angle of 
elevation. The line drawn from the flag to the boy’s eye forms the angle of suppression. 
The angle of elevation is equal to the angle of suppression  
Example: 1 
The rope supporting a flag post is fixed to the ground 8 mater away from the post making 
an elevation angle of 60º to the ground. Calculate the length of the rope. 
 

      
 Cos 60º = ac/ab 
½ = 8/ab 
ab = 16 m 
Therefore the length of the rope is 16m. 
 
Example: 2 
The angle of elevation of the top of a tower observed from a point on the level ground is 
45º ; on the going towards the foot of the tower by 30 m, the angle of elevation of the top 
of the tower is found to be 60º . Find the height of the tower. 
Let AD be the tower 
On observing from c, the angle of elevation < acd = 45º 
 
Let AD be the tower. 
On observation from C,  

the angle of elevation    
is 45º. 
i.e. < acd = 45º  
Let bc = 30 m, then at b, the angle of elevation changes to 60º 



i.e. < abd = 60º 

From triangle acd, we get tan = 45º =  
 

      i.e. 1 =  
Therefore  ad = ac = 1 
Let    ab = x 
 
   i.e. ad = ac = x + 30 

From triangle abd, tan 60º =  
  

1.732 =  
1.732 = (x + 30) / x 
1.732 x = (x+30) 
1.732 x – x = 30 
0.732 x = 30 
x = 30/0.732 = 40.98 m 
Therefore the height of the tower = 40.98 + 30 = 70.98 m 
 

Example : 3 
A helicopter at an altitude of 1500 meters finds that two ships are sailing towards it, in 
the same direction. The angles of suppression (depression) of the ships as observed from 
the helicopter are 60º and 30º respectively. Find the distance between the ships. 
Let ab = 1500 m be the height of the helicopter and let c and d be the two ships such that 

     
< bca = 30º and < bda = 60º  

In triangle abc, tan 30º =  
  1/ 1.732 = 1500/ bc 
  bc = 1500x1.732 = 2598 

In triangle adb tan 60º =  
 



 
   1.732 = 1500/ bd 
         bd = 1500 /1.732 = 866.00 
 

                      Distance   = 2598 - 866  
                                        = 1732mts.  
 
 
For practice, please study: - 
 
Punjab Textbook Board, 
Lahore 

Mathematics IX-X, Part-2 PP. 229-230 

 

 

 

Answers to Self-Assessment questions 

 1. a). 5cm                       b). 0.8                           c). 0.6       
2. 0.5 
3. a).  e/f                        b). g/f                            c). e/g                               d). e/g 
4. 3√3/2 
5. 2 
6. √3/3 
7. a). 8/17                      b). 8/15 
8. 6√2 
9.a). 0.6383                   b).  0.5741 
10.a). 0.5cm            √3/2cm                                b). 9.192cm,        7.714cm 
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9.00      Introduction to the unit 
 
There were others who contributed to geometry centuries earlier in Greece, and even 
farther back, the Babylonians and Egyptians had some practical geometrical knowledge. 
But Euclid (300 BC) is the one who systematized geometry - set it up as a collection of 
definitions, postulates, and theorems, all logically following from one another. 
The very word "geometry" points to its practical origins: it means” measurement of the 
earth." A Greek named Eratosthenes, among others, used it (and its relative, 
trigonometry, which means "measurement of triangles") to find the circumference of the 
earth.  
Geometry is still used in its original sense by surveyors. It's used every second by 
computers - those GPS devices, which can pinpoint where you are by triangulation from 
several satellites. 
What Euclid did 2300 years ago was revolutionary because it got people thinking 
logically and reasoning things out - thinking about why something is true. In geometry, 
something is true or it isn't, and you don't prove something by crying loud enough to 
intimidate people, or by being persuasive and winning in the polls.  
Euclid really set the stage for science, for careful examination of the world, of cause and 
effect. And every year, when students study geometry, it once again sets the stage for 
some of those students to head into sciences and technical fields that require careful 
thought. 
So it can be said that all science and technology is a "use" of geometry, whether or not 
people ever think about circles and triangles. The arts aren't unaffected, either. Visual arts 
are clearly influenced by geometry, whether the study of perspective that came in with 
the Renaissance. Geometry and logic aren't everything. People have reasoned logically 
from wrong postulates and come to horrible conclusions, in politics and personal life. But 
you can't get away from the effects of geometry in the modern world. 
 
Geometry is the study of shape and size. Geometry was probably first developed to 
measure the earth and its objects. The word "geometry" geo + metry means "earth + to 
measure." Surveying land, designing buildings, and measuring commodities were 
probably important early on in people's history. 
Today, geometry is useful in the study of chemistry, astronomy, and other sciences. 
Knowledge of basic geometry is useful in everyday life too. It is useful for measuring and 
designing. For example, carpeting a room, painting a house, building a picture frame, etc. 
 
In this unit, bisection of straight lines, drawing of different angles and their bisection, and 
drawing of perpendiculars has been discussed. Further more construction of different 
triangles has been elaborated. 
Similarly, drawing of right bisectors of sides of a triangle, bisection of interior angle of a 
triangle has been explained. 
 
 
 
 
 

http://matcmadison.edu/ald/lab/geometry/images/misc/corkscrew2.gif
http://matcmadison.edu/ald/lab/geometry/images/misc/corkscrew2.gif
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Objectives of the Unit 
After studying this unit, the students will be able to: - 

a) Draw straight lines and different angles. 
b) Bisect a straight line and an angle 
c) Construct different triangles 
d) Draw right bisectors of sides of a triangle 
e) Bisect interior angles of a triangle.  
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9.1 Revision 
 
9.1     Bisecting a straight line 
 

To bisect means to divide into two equal parts.  
 
How to bisect a straight line (or an arc) 

Construction steps: 
 

i). Draw a line AB (if there is not a line)  
ii). With A as center, and a convenient radius, draw arcs above and below the line.  
iii). With center B, and the same radius, draw arcs to intersect the first set drawn.  

   Where they intersect, label C and D 
iv). Draw a line passing through C and D  

   
NB – ensure that the radius used at center A is the same at center B, if it is not, the 
construction will be all wrong. 
 

    
  

Figure 9.1 
 
CD is called the perpendicular bisector of AB. If you measure AF and BF, you will find 
that AF = BF. The point F is the mid point of AB. The line AB has been divided into 
equal parts i.e. AF and BF as shown in the figure 9.1 
 
9.1.2  Bisecting an angle 
   
Construction steps: 
 

i). Draw the angle (if there is not one to be bisected)  
ii). With center A, draw an arc to cut AB and AC at D and E respectively.  
iii). With centers D and E and a convenient radius, draw arcs to intersect at F  
iv). Draw a line from A through F  
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You will find <BAF = <CAF 
 
9.1.3 Drawing Angles of 60º, 120º, 30º and 90º etc 

Drawing of 60º Angle 
We know that the angles in an equilateral triangle are all 60º in size.  This suggests that to 
construct a 60º angle we need to construct an equilateral triangle as described below. 
 
Construction Steps: 
Step 1:  Draw the arm PQ. 
Step 2:  Place the point of the compass at P and draw an arc that passes through Q. 
Step 3:  Place the point of the compass at Q and draw an arc that passes through P.  Let  
this arc cut the arc drawn in Step 2 at R. 

 
 

 
 

Drawing a 30º Angle 
 
We know that: 

 
So, to construct an angle of 30º, first construct a 60º angle and then bisect it. Often, we  
apply the following steps. 
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Construction steps: 
Step 1:  Draw the arm PQ. 
Step 2:  Place the point of the compass at P and draw an arc that passes through Q. 
Step 3:  Place the point of the compass at Q and draw an arc that cuts the arc drawn in  
Step 2 at R. 
Step 4:  With the point of the compass still at Q, draw an arc near T as shown. 
Step 5:  With the point of the compass at R, draw an arc to cut the arc drawn in Step 4  
at T. 
Step 6:  Join T to P.  The angle <QPT and <TPR each is of is 30º. 

 
Drawing a 120º Angle 
We know that: 

 
This means that 120º is the supplement of 60º.  Therefore, to construct a 120º angle,  
construct a 60º angle and then extend one of its arms as shown below. 

 
Drawing a 90º Angle 
We can construct a 90º angle either by bisecting a straight angle or using the following 
steps. 
Step 1:  Draw the arm PA. 
Step 2:  Place the point of the compass at P and draw an arc that cuts the arm at Q. 
Step 3:  Place the point of the compass at Q and draw an arc of radius PQ that cuts the 
arc  
drawn in Step 2 at R. 
Step 4:  With the point of the compass at R, draw an arc of radius PQ to cut the arc 
drawn  
in Step 2 at S. 
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Step 5:  With the point of the compass still at R, draw another arc of radius PQ near T as  
shown. 
Step 6:  With the point of the compass at S, draw an arc of radius PQ to cut the arc drawn 
 in step 5 at T. 
Step 7:  Join T to P. The angle APT is 90º. 

 
 
Example 
 

a.   Use a ruler and compass only to construct a triangle ABC with AB=5 cm,  
<BAC = 60º and AC=4  

b. Measure the size of  <ABC and the size of < ACB. Hence, calculate the single 
sum of triangle ABC 

c. Measure BC to the nearest millimeter. Hence, find the perimeter of triangle ABC 
in millimeters. 

Solution: 
a. Step 1: Draw a line, AB, 5 cm long 

Step 2: Use the compass to construct 60º angle at A 
Step 3: Use the ruler to find C such that AC is 4.5 cm long 
Step 4: Join B to C. 
The   ABC is the required triangle. 

 
 

 
 
 
 

b. Using a protractor, we find that: 
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       ABC = 55º 
             ACB = 60º Therefore angle sum of the triangle ABC = 60º+ 55º+ 65º= 180º 
 

 
 
Different kinds of angles 
 

i)     An acute angle is less than 90º 

                                                    
 

ii) A right angle is equal to 90º 
 

                                           
iii) An obtuse angle is larger than 90º but less than 180º 
                    

<EFG is an obtuse angle.                                                 

 
 
 
 
 

iv) A straight angle is equal to 180º 
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v) A reflex angle is larger than 180º but less than 360º. Both the following angles 

are reflex angles. 
 

                                              
 

                                                          
 

 
vi) Two angles are called complementary angles if their sum is 90º. The angles 

28º and 62º are said to be complementary and so are the angles 40º and 50º, 
30º and 60º and so on. 

 

                                         
 
 
 
 
 
 
 

vii) Two angles are called supplementary angles if their sum is 180º. The angles 
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45º and 135º are supplementary angles and so are 53º and 127º, 105º and 75º 
etc. 

 

                 
 
viii) The two angles are called adjacent angles because 

a. they have a common vertex 
b. they have a common side 
c. they lie on opposite sides of the common arm 

 
     The sum of adjacent angles on a line is equal to 180º. The abbreviation for reference: 
adj.  <S on a line. 

                                                    
C is the vertex 
CD is the common side 
AB is the line 

So BCD and ACD are the adjacent angles on a line. 
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SELF-ASSESSMENT QUESTIONS 
 

1. Construct the following angles using a ruler and compass 
a.        30º b.  45º  c.   135º d.  225º 
e.      120º   f.   150º g.   210º   h.   245º 
 
2. Use a ruler and compass to construct the triangle PQR with PQ = 8 cm, PR = 7.5 

cm and < QPR = 60º. 
3.   Use a ruler and compass to construct a square ABCD of side 6 cm. 
4.    a. Use a ruler and compass to construct a triangle PQR with PQ = 7 cm,    

<QPR = 30º and < PQR = 60º 
 b.  Calculate the size of < PRQ and check your answer with a protractor 

c. Measure PR and QR to the nearest millimeter. Hence, find the perimeter 
of triangle PQR in millimeter. 

5. a.  Use a ruler and compass to construct a triangle ABC with AB = 8 cm, 
                  BC = 6 cm and < ABC = 90º 
 b.         Measure the size of < BAC; and hence calculate the size of <ACB. 
 c.         Measure AC to the nearest millimeter. Hence find the perimeter of   
                  triangle ABC in millimeters. 
6. a, Use a ruler and compass to construct a trapezium PQRS with PQ = 8 cm  
                 PS = 7 cm, QR = 7 cm. < QPS = 60º and  <PQR= 60º 

b. Measure RS to the nearest millimeter. Hence find the perimeter of the  
            trapezium PQRS. 

       7.   a. Use a ruler and compass to the construct a triangle PQR with PQ = 6 cm,    
<QPR = 30º and  < PQR = 120º 

 b.  Calculate the size of  < PRQ and check your answer with a protractor. 
 c. Measure PR and QR to the nearest millimeter. Hence find the perimeter of 

triangle PQR in millimeter. 
 

8. a. Use a ruler and compass to the construct a trapezium DEFG with DE = 
6.5cm, <DEF = 90º 

b.  Calculate the size of  < DGF and check your answer with a protractor 
c. Calculate the sum of interior angles of the trapezium. 
d. Measure DG and FG to the nearest millimeter. Hence find the perimeter of 

                        trapezium DEFG in millimeters.  

 
 
 
 
 
 
 
 
 
 
9.1.4 PERPENDICULAR AT ANY POINT ON A LINE 
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Erecting a perpendicular at a point. 
 

 
1. Using any convenient point above the line (such as 0) as a center, draw a circle with 
radius OC. This circle cuts AB at C and at D. 
2. Draw line DO and extend it to intersect the circle at E. 
3. Draw line EC. This line is perpendicular to AB at C. 
 

9.2   Construction of Triangle 
History 

There are so many great mathematicians that had profound influences on triangles and 
constructions. But there are three men to talk about all who have made major 
contributions to triangle and/or constructions. The three men are Euclid, Ptolemy, and 
Regiomontanus.  

Generally, it has been accepted that the origin of geometry was in Egypt. The Pyramid at 
Gezah was built in 2600 B.C. One of the people that contributed to our understanding of 
triangles is Claudis Ptolemy. He was born in around 85 A.D. and lived to around 165 
A.D. in Alexandria Egypt. He was not only a mathematician, but also an astronomer. He 
observed the sky from Alexandria from 127 to 141 A.D. He is probably most famous for 
his thirteen volumes set entitled The Mathematical Compilation. It was such a profound 
mathematical work, that the name was soon changed to The Greatest Compilation as not 
to confuse it with other works of lesser value. When it was translated into Arabic, the 
name became al-majisti. It was again translated into Latin and became the name we know 
it as today, the Almagest. In the Almagest, Ptolemy came up with a table of chords from 
a circle that allowed him, among other things to create an inscribed 360-gon! It was 
Ptolemy who allows us to solve for a shadow given off by a pole by the use of triangles. 

9.2.1 When all the three sides are given: A triangle with three given sides. To do this 
construction, you need to do following: 

Construction steps 
 
 
i). First draw three line segments  
ii). label A, B, C  
iii). construct a ray  
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iv).  mark point A  

   
v). construct a circle with center A and side as radius.  Mark point B  
vi). construct a circle with center B and side as radius 
vii)  construct a circle with center A and side as radius 
viii) mark points A, B, C and construct segments 

 
9.2.2 When measures of its two sides and included angle are given: 
         To do this construction, you will need to do the following: 
 
1.Make a line with a straight edge. Mark point A. 
2. With the compass at one of the edges of your given sides, strike an arc at the end of the 
segment.  
3. Using the same span on your compass and with the point of your compass on pt A, 
strike an arc through the segment.  Where they     intersect is pt B, which is the length of 
your first given side. 
4. With the compass point at the vertex of the given angle, strike an arc through both 
sides of the angle.  
5. Using the same span on the compass, place the point of the compass on pt A and strike 
an arc .  
6. Where the arc crosses a side of the given angle place the point of the compass.  Draw 
an arc that crosses through the other side of the angle that intersects the arc drawn.  
7. With the same span on the compass place the point of the compass on segment AB 
where the first arc from the angle was drawn. Construct an arc. 
8. Where these two arcs intersect construct a segment from pt A to the intersection.  
9. Place the pt of the compass on the edge of the second given segment or side, and open 
the compass to strike an arc through the end of the side. (this measures the length)  
10. Using the same span on the compass, place the point of the compass on pt A and 
strike an arc. 
1.Construct the segment from the angle to this arc, pt C. 
12. Construct the segment from pt C to pt B.  
 
Example 

XY = 7cm 
YZ =4cm 
<XYZ = 130º 

Construction steps 
1. Draw a line segment XY of 7 cm long 
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2. Use a protractor to construct an angle of 130º 
3. Use a pair of compasses, set to a reading of 4 cm to draw an arc to cut the extended arm  
 

of angle y at z.  
 
 
XYZ is the required triangle. 
 

9.2.3 When measures of its two angles and included sides are given: 
 
To construct this triangle you will need to do the following: 
 
First we must know the definitions of altitude and median:  
Altitude: connects the vertex to the midpoint of the opposite side. 
Median: a line segment from the vertex that is perpendicular to the other side.  

Now one can start constructing on the sketchpad:  

Constructing the side  
1.Construct a ray  
2. Mark point A  
3. Construct a circle with center A and the side as the radius  
 4.Construct segment AB so it is now treated as a segment and not just two points on the ray.  

Constructing the Altitude:  
1.Construct a circle with B as the center and the altitude as the radius. 
The vertex or next point C must be on a parallel line to segment AB because it is perpendicular 
by definition so we must find a parallel line to AB that is the altitude distance away.  
2.To construct a parallel line:  
Construct a line perpendicular to point B and segment AB  
Then construct a line perpendicular to the point at the circle that the first perpendicular line just 
made, and that line.  
This now tells us that the vertex, or point C is somewhere on this line that is the altitude distance 
away and parallel to segment AB  

Constructing the Median  
 1.The definition of the median states that is connects the vertex to the midpoint of the opposite 
side. With this in mind, we can find it by first finding the midpoint of segment AB.  
2. After finding the midpoint, we know that both the altitude and the median have one end at the 
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vertex, so they will both be at one point on the parallel line.  To find where the median crosses 
the parallel line, we will have found the vertex.  
3. To do this we need to make one more circle with the midpoint as the center and the median as 
the radius.  
4. Where the circle crosses the parallel line is the vertex or point C.  

Finishing your Triangle  
1.To complete our triangle; construct segments from A to C and B to C.  
2.You may notice that the median circle crosses the parallel line in two different places. Each 
can be point C, so you can form two triangles.  Your triangles is complete 
Example: 

PQ = 9cm 
<PQR = 38º 
<QPR = 67º 
 

Construction steps 
1. Draw a line segment PQ equal to 9 cm. 
2. Using a protractor draw angles of 38º and 67º at points of P and Q 

respectively. 
3. Mark the cut point of both the arms as R. 

 
 
PQR is the required triangle. 

From the above three types of triangles, we find that the sum of three interior 
angles of a triangle is always equal to 180º. It is also noticeable that the longest 
side of the triangle is always opposite to the largest angle and the smallest side is 
opposite to the smallest angle of the triangle. 

 

9.3.  How to draw right bisectors of the sides of a triangle and to show that they are 
concurrent.  
 
First it is important to understand the concept of concurrency.  
 
Concurrent lines (segments or rays) are lines, which lie in the same plane and intersect in a 
single point. The point of intersection is the point of concurrency. For example, point A is the 
point of concurrency. 
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         To know more about constructing triangles, please consult: - 
 

Mathematics 10, Part-1, 
Unit- 9, 2003 

Punjab Textbook Board, 
Lahore 

PP. 172-178 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
9.4.Prove that the three angle bisectors of the Interior angles of a triangle are 
concurrent. 
The three angle bisectors of the interior angles of a triangle are concurrent. 
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Example: 

 
The angle bisectors are: AD, BE and FG. They are concurrent because the point c is on 
all of the angle bisectors. Each angle bisector divides the opposite side into two segments. 
  
Proof: 
For triangle ABC, first we construct the angle bisectors of <ABC and <ACB. They 
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intersect at the point l.  
Now construct perpendicular lines from l to AC, from l to AB, and from l to BC. 

 
Triangle GlC is congruent to triangle FlC by ASA. This gives us that lG = lF. 
Triangle ElB is congruent to triangle FlB by ASA. This gives us that lE = lF. 
So we have, lG = lE = lF. Construct a line from A to l. 
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Triangle AGl and triangle AEl are both right triangles. The two triangles are congruent because 

the hypoteneuse and the adjacent leg are equal. Therefore <GAl = < EAl, such that Al is the 

angle bisector. It is concurrent with the other two at the point l. 

 
9.5 To draw the bisectors of one interior and two exterior angles of a triangle. 
 
ABC is a triangle. 
      
 ABC is a triangle. AB is produced beyond B and AC is produced beyond C, making interior 
angles  < CBL and < BCM.                                                                       
Draw bisectors of angles < A and < BCM.   
 
 

i) Draw AP the bisector of < A. 

 

ii) Draw BQ the bisector of < CBL 

These two bisectors intersect at point D. 
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 iii)      Draw CR the bisector of  BCM which also                   A 
Passes through D. So the three bisectors are                     

            

Congruent, D, being the point of concurrency.           C                          b 

 
 
 
                                                                     M                      D                        L     
 
 
 
 
                                                                                 Q                                R   
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