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FOREWORD 

Elementary education is the base of any educational system. Its quality depends 

upon curriculum, learning environment and competency of the teachers. 

Therefore, Teacher Education has become very much significant now a day than 

it has been half a century ago. Almost all over the world, education policies and 

practices are being radically transformed, and teacher education programs in 

institutions and universities are being in line with the latest trends in education.  

The rapid advancements in science and technology have influenced nearly all 

aspects of life. In this era, students need to become lifelong learners so that they 

can cope with the fast moving developments of the world. Therefore, the teaching 

and learning of mathematics have become very much essential than ever.  

Therefore there is need to ensure that learners acquire extensive mathematical 

knowledge and skills and enabling them meet the requirements of this century. It 

is also necessary to develop effective pedagogical strategies and approaches for 

teaching mathematics for the learners. 

The Associate Degree in Education program trains prospective and in service 

teachers. Teaching of Mathematics course has been designed to teach 

mathematics in an effective manner by investigative approaches, developing 

problem-solving skills and engaging in data analysis. It will provide extensive 

pedagogical knowledge to enhance motivation to learn mathematics, develop 

mathematical thinking, and deal with difficulties that elementary school children 

have while learning mathematics.  

This course will be helpful for pre-service as well as in service teachers. In this 

course teachers will learn to create a suitable learning environment and employ 

strategies that encourage active participation of the students. This course has been 

designed carefully for providing up to date pedagogical knowledge that actively 

involve teachers in the teaching learning process. It is hoped that teachers will 

find this course very useful for their teaching. 

Prof. Dr. Shahid Siddiqui  

      Vice Chancellor 

AOIU, Islamabad 
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INTRODUCTION 

 

This course will equip prospective teachers with knowledge and skills to teach 

math in grades I- through VIII. They will become familiar with the maths 

curriculum and expected student learning outcomes. Prospective teachers will 

learn to use a variety of instructional methods that promote active learning of 

math, including making and using teaching and learning materials. They will plan 

math lessons and activities and practice teaching math with peers.  

 This course will deepen the mathematics education of elementary school 

teachers. In the course, teachers will be trained in teaching mathematics.  This 

course will increase the pedagogical education in mathematics, particularly with 

regard to teaching processes, learning processes and teacher guidance, with a 

focus on psychological-didactic approaches to learning and teaching mathematics.  

Unit-1 is about the introduction. Student will learn about Nature of Mathematics, 

Historical Review of the Development of Mathematics Education, Contributions 

of Different Mathematicians, and place of Mathematics in Elementary School 

Curriculum, Introduction of curriculum of Mathematics at elementary level and its 

objectives, Educational Value of Mathematics, Use of Mathematics in 

Everyday Life, Aesthetic and Cultural Values of Mathematics. In unit-2 is about 

Enhancing Learner’s Understanding of Mathematics. In this unit students will 

learn about Meaningful learning, Patterns in Mathematics, Misconceptions: Using 

and recognizing them, Making Mathematics Meaningful, using Environment for 

teaching mathematics, linking mathematics learning to the real world. In Unit-3, 

some contextual factors of Teaching and Learning of Mathematics have been 

discussed. Moreover, Effective Questioning, mathematical Modelling, Hands-on, 

Minds-on, Mathematics,      Learning Mathematics by Enquiry,      Learning 

Mathematics by Problem Solving have also been discussed.  

In teaching and learning process, the Learning aids have great significance. In 

Unit-4, there learning Aids and Mathematics Laboratory have been discussed. In 

this unit following topics have been covered: learning Aids in Mathematics 

Teaching, Modern Learning aids for Mathematics, Mathematics Laboratory in 

Elementary School, Using Learning Aids in Mathematics Laboratory, Use of

 Low Cost Material (From local context), and Learner Cantered Activities. 

In this course the teaching of some important points were also discussed. 

It contains, Teaching of Numbers & Arithmetic Operations, Fractions and 

Decimals, LCM and GCD, Concept of Measurements (Length, Mass, Time & 

Temperature), Unitary Method and Percentages. In addition to this in unit-6, 
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Teaching of Algebra, Geometry and Trigonometry have also been added in this 

course. In this unit student will learn how to teach Algebra, Geometry and 

Trigonometry. The sets are very essential concepts of mathematics learning. 

Therefore their teaching has also been discussed in unit-7 along with information 

handling and financial arithmetic.  

The teaching learning process is incomplete without assessment. In unit-8, 

assessment in mathematics has been discussed.    In this unit Scope of assessment 

in Mathematics, Preparation of Different Type of Assessments in Mathematics, 

Interpretation and Use of Test Results and using Tests Results have been 

discussed. 

Lesson Planning is also very much essential for efficient delivery of content. In 

unit-9 planning Instructions for Mathematics Learning have been discussed. In 

this unit importance of Planning in Teaching of Mathematics has been discussed. 

Moreover, Planning for the Full Course, Scheme of Work, Lesson Planning, 

Qualities of Good Lesson Plan and Development of Model Lesson Plans have 

been added. 

    

   
 Prof. Dr. Tanveer-Uz-Zaman 

                                                 Course Coordinator 

 

 

 

 

 

 

 

 

 

 

 

  



ix 

OBJECTIVES OF THIS COURSE 

 

After going through this course, the prospective teachers will be able to: 

 

 Develop and use teaching aids to foster student’s learning. 

 Use various methods of teaching mathematics effectively. 

 Develop   competencies and skills for the teaching   of mathematics at 

elementary level. 

 Critique  the   nature,   history   and   development   of  mathematics   at 

elementary level in Pakistan 
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INTRODUCTION OF THE UNIT 
  

This is the first unit of teaching of mathematics. This unit will provide the basic 

information about mathematics, the teaching of mathematics and the guidelines 

for the upcoming units. 

The first subsection of unit will provide you information about nature of 

mathematics. To teach mathematics it is necessary that the instructor must be 

familiar with the nature of that subject. The historical perspective of mathematics 

along with the contributions of different mathematicians is also discussed.  

 

The teachers must also be aware of the place of mathematics in elementary school 

curriculum. The educational value of mathematics is also discussed in this unit. 

Culture of any nation also influences its curriculum therefore the cultural and 

aesthetic value of mathematics is also discussed.  

 

Self assessment questions are also provided at the end of each subunit. Students 

are accepted to solve the practical and written activities of each unit for the better 

understanding of the material provided. 

 

 

 

OBJECTIVES OF THE UNIT 

 

At the end of the unit students will be able to: 

 

1. explain the nature of mathematics 

2. appraise the importance of mathematics in education 

3. recognize the use of mathematics in different vocations 

4. appreciate the contributions of mathematicians 
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1.1.1 Nature of 

Mathematics    

 

In this fast and continuously 

changing world mathematics have 

an enormous contribution on 

science as well as society. The 

rapid and most significant 

advancements of our world have 

been possible with the help of 

abstract mathematical ideas. 

Mathematics is inbuilt within the rational power of human beings. It is practised 

for intrinsic interest as well as for practical purposes.  For some people the beauty 

of mathematics is its intellectual challenge. For others the value of the 

mathematics lies on its applicability. Due to central role of mathematics in 

modem culture, there is need to understand the nature of mathematics for 

scientific literacy.         

                  

From simple tasks to complicated one, mathematics is involved everywhere. We 

perform so many tasks which require decisions involving problem solving.  

Mathematics has become more useful than past. The scientific society has been 

increasing continuously; it has increased interaction between scientific clients and 

mathematics. Scientists are more concerned about mathematics than before. 

Logics  

Logic is the main foundation of mathematics.  Mathematics has a pivotal role in 

all sciences. Both inductive and deductive logics are the key to mathematics. In 

deductive logic, we move from some general law to some specific example. 

Whereas in inductive logic, we take some examples and move toward some 

general principles. The basic principle of theoretical mathematics is the 

identification of a small set of fundamental ideas and rules from which all other 

interesting ideas and rules in that field can be logically deduced. The use of 

mathematics is different in different disciplines. Therefore there is need to get 

familiarity of mathematical concepts, to develop mathematical thinking and to 

acquire the mathematical skills. 

 

 

Figure 1 Mathematics 



5 

Creativity 

Mathematicians, similar to other scientists, tried to derive previously unrelated 

parts of mathematics from one another or from the general theory. The beauty of 

the mathematics lies in the simplest representation of proofs. With the progress of 

mathematical knowledge ,more and more relationship is established between its 

parts which were separately derived. For example a connection has been created 

between symbolic representation of Algebra and special representation of 

geometry. Due to these cross connections and combinations we can bring 

correctness in our calculations. 

 

Patterns and Relationship 

Undoubtedly mathematics is the science of patterns and relationships. Being a 

theoretical discipline, mathematics search out the possible relationships among 

abstractions. It does not concern whether these abstractions have counterpart in 

the real world. Mathematics is also considered as an applied science. The main 

focus of applied mathematicians is to solve problems originated from the real 

world of experience.  On the other hand theoretical mathematicians are not 

limited by the real world, but in the long run it contributes to a better 

understanding of the world.  

 

Mathematical Inquiry 

There are at least three phases for the expression of ideas or for the solution of 

problems: 

i. Abstractly representation of some aspects of things  

ii. Manipulating the abstractions by rules of logic to find new relationship 

between them 

iii. Seeing whether the new relationships say something useful about the 

original things. 

Here is the detail of each. 

i. Abstraction and symbolic representation 

 Most of the time mathematical thinking starts with a process of abstraction-by 

noticing commonness between two or more events or objects. Symbols such as 

diagrams, letters, other marks, numbers, some geometric constructions, or words 

are used for such common (whether hypothetical or concrete) things. For example 

a circle is an abstraction derived from human faces. The whole numbers like 1,2,3 
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are abstractions that represent the order of things within some domain or the size 

of set of things. 

Similar abstractions facilitate mathematicians to think on some features of things 

and reduce the need to keep other features continually in mind.  

 

ii. Manipulating Mathematical Statements 

The next step after abstraction and symbolic representation of them is to combine 

and recombine those symbols in different ways accordingly to accurately define 

rules. It is done some times by keeping preset goal in mind. On the other hand it is 

done for the sake of experimentation to see what happen when certain 

manipulations are being done. It is an ongoing process. Often a suitable 

manipulation can be identified easily from the intuitive meaning of constituent 

words and symbols; and contrary to this it is quite possible that useful series of 

manipulations have to be done by continuous trial and error. 

Normally , string of symbols are combined into statements that express ideas or 

propositions. 

For example, the symbol A for the area of any square may be used with the 

symbol s for the length of the side of square to form the proposition A=s
2
 . This 

equation explains how area is related to the side-and also mean that it depends on 

nothing else. This process of abstract relationship is thousands years old and is 

still in process.  

 

iii. Application 

The process of mathematics can lead to the development to any model. Any 

mathematical relationship created by manipulating abstract statements may or 

may not convey something truthful about the thing being modeled.foe example if  

3 glass of milk is added into 4 glass of milk and the abstract mathematical 

operation 3+4 = 7 is used to calculate the total, the correct answer is 7  glass of 

milk. However, if 3 glass of milk is added into 4 cups of sugar and the same 

operation is used, the answer 7 is not correct. the answer is only slightly 5 glass of 

very sweet tea. This simple addition of volume is appropriate for first situation but 

not for the second one. To be able to use and interpret mathematics well , 

therefore it is necessary to be concerned with more than the mathematical validity 

of abstract operation and to also take into account how well they correspond to the 

properties of the things represented. 
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Mathematics is more useful to society than before. Therefore it is considered as 

applied science. Mathematicians sometimes pay attention to such problems which 

are originated from day to day life. The interaction of scientific clients with 

mathematics has increased their relationship. Now here is little gap between an 

idea and its utilization.  

Activity 1 

Write down your views about nature of mathematics? 

__________________________________________________________________

__________________________________________________________________

__________________________________________________________________

__________________________________________________________________ 

 

Key Points 

1. Mathematics is inbuilt within the rational power of human beings. 

2. Due to central role of mathematics in modem culture, there is need to 

understand the nature of mathematics for scientific literacy.  

3. Logic is the main foundation of mathematics.    

4. In deductive logic, we move from some general law to some specific 

example.  

5. In inductive logic, we take some examples and move toward some general 

principles. 

6. There is always creativity while solving Mathematics. 

7. Mathematics is the science of patterns and relationships. 

8. There are at least three phases for the expression of ideas or for the 

solution of problems: 

a. Abstractly representation of some aspects of things  

b. Manipulating the abstractions by rules of logic to find new 

relationship between them 

c. Seeing whether the new relationships say something useful about 

the original things. 

 

Self Assessment Exercise 1 

Q.1 Fill in the Blanks: 

i. ________________logic and ______________logics is the key to 

mathematics. 
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ii. The beauty of the mathematics lies in the simplest ________________of 

proofs. 

iii.  Mathematics is also considered as an 

__________________science. 

iv.  In mathematics, after abstraction and 

_________________representation is done.       

v. String of symbols is combined into ______________that express ideas or 

propositions. 

 

1.2  Historical Review Of The Development Of Mathematics 

 

The history of mathematics is very old.  It is quite difficult to tell that when did 

mathematics begin. History reveals that before Greeks there were many cultures 

which have used mathematical operations including simple counting and 

measuring onwards and they solved problems of differing degrees of difficulty. 

But how mathematics started properly?  

The ancient history of Greek mathematics is difficult to reconstruct with certainty. 

In contrast, the history of the much more ancient civilizations of Iraq (Sumer, 

Akkad, Babylon) in the years from 2500 to 1500 BCE provides a quite detailed, if 

still patchy record of different stages along a route which leads to mathematics of 

a kind.  

 

Importance of History 

In the civilization of human beings, the role of mathematics is very important. 

The history of mathematics educates the learner about the development of this 

subject over a period of time. Therefore it is source of knowledge and enlightens 

the learners. 

The importance of the history of mathematics is as follows: 

iv. It enables the learner to recognize the development of human beings over 

a period of time. The learner would know the discoveries of mathematical 

facts. 

v. The history of mathematics reveals that it has connection with other 

branches of science. 

vi. The teaching of the historical development can bring a change in the class 

room environment and can create interest among students. 
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vii.  It enables the learner to know that all the branches of mathematics are 

interlinked with one another. 

viii. The historical background of mathematics will provide reference to 

understand the terms, conventions and concepts. 

ix.  Historical review of mathematics is revealed that the significant 

development of mathematics was conditioned by human needs. 

x. Some mathematical concepts can be introduced in a better way by 

discussing the history of those concepts. 

 

Mathematics and the Ancient Civilizations  

Mathematics is one of the oldest sciences. It is also known as man made science. 

Man has been dealing with this branch of knowledge. Although the conclusions of 

the ancient men were not that much accurate yet their efforts were quite genuine 

and serious. Their social needs made them motivated. The ancient civilizations 

have made interesting and astonishing discoveries of mathematics. 

 

Prehistoric mathematics 

In the figure the Ishango 

bone is presented. It was 

found in 1960 in the 

African area of Ishango   

among the leftovers of a 

community. In this area, 

these members of the 

community used to grew 

crops, gathered and  

fished. According to first  

estimate, this artifact created between 9,000 BC and 6,500 BC. After re-

evaluation of the site from where this was found, now it is believed that it is more 

than 20,000 years 

old.  

This bone is on 

exhibition in the 

Royal Belgian 

Institute of Natural Sciences, Brussels, 

Figure 2 Ishango bone 

Figure 3 grouped notches 
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Belgium.  

 

Mathematical Calculations 

Some researchers consider that the asymmetrically grouped notches in three 

columns mean that theses were used to create a numeral system. 

These numbers may possibly not be merely random. Instead these imply some 

understanding of the principle of multiplication and division by two. The bone 

may perhaps therefore have been used as a tool for counting and for 

straightforward mathematical procedures. 

Similar evidences show that the start of mathematical ideas lie in the concepts of 

number, magnitude, and form. Similar kind of concepts might have been 

component of daily life in the societies of hunter-gatherers. The idea of number 

developed progressively over time.  

Peter Rudman argues in the book that the improvement of the concept of prime 

numbers could only have come about after the concept of division, which he dates 

to after 10,000 BC, with prime numbers probably not being understood until 

about 500 BC. He also writes that "no attempt has been made to explain why a 

tally of something should exhibit multiples of two, prime numbers between 10 

and 20, and some numbers that are almost multiples of 10."  

 

Babylonians 

One of the most ancient mathematical texts is available in Babylonian 

mathematics. It contains some far more advanced mathematics. The Babylonian 

mathematics refers to any mathematics of the people of Mesopotamia (modern 

Iraq) from the days of the early Sumerians through the Hellenistic period almost 

to the dawn of Christianity. Its name “Babylonian mathematics” is due to its place 

of study. Afterwards Mesopotamia, especially Baghdad, under the Arab Empire, 

once again became a vital center of study 

for Islamic mathematics. 

It contained quite complex algebraic 

problems featuring on cuneiform tablets in 

Cuneiform script. The calculation depends 

largely on tables. From around 2500 BC 

onwards, the Sumerians wrote 

multiplication tables on clay tablets and 

Figure 4 clay tablets 

http://en.wikipedia.org/wiki/Babylonian_mathematics
http://en.wikipedia.org/wiki/Babylonian_mathematics
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dealt with geometrical exercises and division problems. The earliest traces of the 

Babylonian numerals also date back to this period.  

The majority of recovered clay tablets date from 1800 to 1600 BC, and cover 

topics which include fractions, algebra, quadratic and cubic equations, and the 

calculation of regular reciprocal pairs. The tablets also include multiplication 

tables and methods for solving linear and quadratic equations. The Babylonian 

tablet YBC 7289 gives an approximation of √2 accurate to five decimal places. 

In Babylonian Mathematics, a typical question was expressed in geometrical 

terms, but the nature of its solution is essentially algebraic. The numerical system 

with a base of 60 is used in Babylonian mathematics. The modern day usage of 60 

seconds in a minute, 60 minutes in an hour, and 360 (60 x 6) degrees in a circle 

are derived from this base system. Babylonian advances in mathematics were 

facilitated by the fact that 60 have many divisors. Also, unlike the Egyptians, 

Greeks, and Romans, the Babylonians had a true place-value system, where digits 

written in the left column represented larger values, much as in the decimal 

system. They lacked, however, an equivalent of the decimal point, and so the 

place value of a symbol often had to be inferred from the context. 

 

The Sophist School 

Greeks introduced democracy in their country in 480 B.C. Due to that every 

citizen tried to be a politician. Therefore education had to be provided to every 

common man. Therefore there was demand for teachers. The supply came 

principally from Sicily, where Pythagorean doctrines had spread. These teachers 

were called “Sophists” or “Wiseman”. The following subjects were taught: 

 Geometry 

 Language 

 Philosophy astronomy 

Sophists took up the “geometry of circle” ,which was neglected by 

Pythagoreans. The following problems were tried by them to be solved: 

 To square the circle 

 To double the cube 

 To trisect an arc or an angle 

Democritus, Zeno, Bryson and Antiphon were the famous mathematicians of 

that time. 
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 The Platonic School 

Plato was born at Athens in 429 B.C and died in 348B.C. He travelled widely and 

came in contact with great philosophers and mathematicians of other countries. 

He established his school in 389 BC. He devoted the remainder of his life to 

teaching and writing. 

He sought in arithmetic and geometry the key to the universe. He placed the 

inscription over his porch. “let no one who is unacquainted with geometry enter 

here.”He always stresses the continuous relationship between mathematics and 

philosophy. His school produced a large number of mathematicians. F Plato has 

been called a maker of mathematicians. Leodames, Manaechmus, Eudoxus and 

Dinostratus and many others were his students. They did many researches in 

mathematics. Their researches pertained to prism, pyramid, cylinder, cone 

,parabola, ellipse, hyperbola, solid geometry, loci and astronomy. 

  

The First Alexandrian School  

Ptolemy founded the University of Alexandria in about 338 B.C. It soon became a 

great centre of learning. Euclid was invited to open the mathematical school there. 

It is remarkable fact in the history of geometry that the elements of Euclid, written 

over two thousand years ago, are still regarded by some as the best introduction to 

the mathematical sciences.  He wrote many books included spherical geometry, 

astronomy, the hypothesis that light proceeds from eye and not from the object 

seen, division of plane figures into parts in a given ratio.  

 

Archimedes (287B.C.-212 B.C.) 

He was famous mathematician of that era. The following are the books written by 

him: 

 The measurement of circle 

 Center of plane gravities 

 Two books on sphere and cylinder 

 On spirals 

 The sand counter 

 Two books on floating bodies 

 Conoids and spheroids 

He proved first the area of a circle is equal to that of a right angled triangle 

having the length of the circumference for base, and the radius of its 
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altitude. Aristotle knew the property of the lever; bust could not establish 

its true mathematical theory. Archimedes’s proof of the property of the 

lever holds its place in many text books of this day.  

 

Apollonius 

Apollonius emerged as a mathematician after forty years of Archimedes. He 

wrote eight books on “conic sections”. The discoveries of Archimedes and 

Apollonius are considered as most brilliant discoveries of ancient geometry. 

Euclid , Archimedes and Apollonius made the geometry to high state of 

perfection. 

Hipparchus was the greatest astronomer of antiquity. He took his observations 

during the years of 161 B.C. and 127B.C. He is known as the originator of science 

of Trigonometry. He was mostly interested in mathematics as an aid to 

astronomical inquiry. He made arithmetical and also graphical devices of solving 

geometrical problems in a plane and on a sphere.  

 

The second Alexandrian School 

It is said that this school was started with Christian era. Claudius, Ptolemy, 

pappus, theon of Smyma, Theon of Alexandria and Siophantus made it popular. 

The theory of numbers was revived with the study of Platonism and Pythagorean. 

Claudius Ptolemy 

He was famous astronomer and was belonged to Egypt. In 139 A.D ,he got 

popularity in Alexendria. He was popular due to his work “Almagest”  in 13 

books. The central theme of Ptolemic system was that the earth is the centre of 

universe and that the sun and other plants revolve around it. He also sketched out 

maps of earth’s surface and of the celestial sphere. 

Pappus 

He was born around 340 AD in Alexendria. He was the last great mathematician 

of the Alexandrian School. He wrote many commentaries, some of them are: 

 Commentary on the Almagest 

 Commentary on Euclid’s Elements 

 A commentary on the Aralemma of Diodorus 

The famous work of Pappus was “Mathematical Collections”. Originally it was 

consisted of eight books. He was the first one to find the focus of Parabola. He 

also set out the theory of involution of points.  

 



14 

 

Diophantus 

He was one of the most knowledgeable and last mathematician of that age. He 

was first to perform the functions (X – 1) x (X – 2) without reference to geometry. 

He proved algebraically the identities like  (a + b)
2
 = a

2
 + 2ab + b

2 
. 

 He also dealt with the solution of simultaneous equations. 

 

Egyptian Mathematics 

Egyptian mathematics was written in the Egyptian language. The famous 

mathematical works are : 

1. Rhind papyrus (c. 1650 BC)  
2. Moscow papyrus (c. 1890 BC) 

3. Berlin papyrus (c. 1300 BC) 

Here is the detail of each. 

 

1. “Rhind papyrus” (c. 1650 BC ) 

It is considered the most wide Egyptian mathematical text. It is also expected a 

copy of an older document from the Middle Kingdom of about 2000-1800 BC. It 

was an instruction manual for students in arithmetic and geometry. It contained 

not only the area formulas and methods for multiplication, division and working 

with unit fractions, it also contains evidence of other mathematical knowledge, 

but also included composite and prime numbers; arithmetic, geometric and 

harmonic means; and simplistic understandings of both the Sieve of Eratosthenes 

and perfect number theory (namely, that of the number 6). It also shows how to 

solve first order linear 

equations as well as arithmetic 

and geometric series.  

 

2. Moscow papyrus (c. 1890 

BC) 

 It consisted of such problems 

which were apparently 

intended as entertainment and 

today known as “word 

problems” or “story 

Figure 5 Image of Problem 14 from the Moscow 

Mathematical Papyrus indicating the dimensions of the 

truncated pyramid 
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problems”.  

 

3. Berlin papyrus (c. 1300 BC) 

It provides evidence that the ancient Egyptians could solve a second-order 

algebraic equation.  

 

Greek and Hellenistic mathematics (~600 BC - 529 AD) 

Greek mathematics was written in the Greek language. The Greek mathematicians 

lived in cities spread over the entire Eastern Mediterranean, from Italy to North 

Africa, but were united by culture and language. Greek mathematics of the period 

following Alexander the Great is sometimes called Hellenistic mathematics. 

Greek mathematics was comparatively more sophisticated than the mathematics 

developed by earlier cultures. The existing records of pre-Greek mathematics 

confirm the utilization of inductive reasoning ( starting from examples and then 

move towards generalizations). In contrary to that the Greek mathematicians, used 

deductive reasoning ( starting from general principle and move to the specific 

example). The Greeks used logic to derive conclusions from definitions and 

proverb, and used mathematical thoroughness to prove them. 

Greek mathematics is considered  to begun with Thales of Miletus (c. 624–c.546 

BC) and Pythagoras of Samos (c. 582–c. 507 BC). They were perhaps inspired by 

Egyptian and Babylonian mathematics. 

 

Thales of Miletus (c. 624–c.546 BC) 

Thales used geometry to solve problems such as calculating the height of 

pyramids and the distance of ships from the shore. He is credited with the first use 

of deductive reasoning applied to geometry, by deriving four corollaries to Thales' 

Theorem. As a result, he has been called as the first true mathematician and the 

first known individual to whom a mathematical discovery has been credited. 

  

Pythagoras of Samos (c. 582–c. 507 BC) 

According to myth, Pythagoras traveled to Egypt to learn mathematics, geometry, 

and astronomy from Egyptian priests. Pythagoras established the Pythagorean 

School, whose doctrine it was that mathematics ruled the universe and whose 

motto was "All is number". It was the Pythagoreans who created the term 

"mathematics", and with whom the study of mathematics for its own sake begins. 

The Pythagoreans are credited with the first proof of the Pythagorean theorem. 
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Eudoxus (408–c.355 BC)  

He developed the method of exhaustion, an originator of modern integration.  

 

Aristotle (384—c.322 BC)  

He first wrote down the laws of logic.  

 

Euclid (c. 300 BC)  

His book, Elements, was known to all educated people in the West until the 

middle of the 20th century. In addition to the familiar theorems of geometry, such 

as the Pythagorean theorem, Elements includes a proof that the square root of two 

is irrational and that there are infinitely many prime numbers.  

 

Sieve of Eratosthenes (c. 230 BC)  

He discovered prime numbers. 

 

Archimedes (c.287–212 BC) 

He is extensively considered the greatest mathematician of ancient times. He used 

method of exhaustion to calculate the area under the arc of a parabola with the 

summation of an infinite series, and gave remarkably accurate approximations of 

Pi (π). He also studied the spiral bearing his name, formulas for the volumes of 

surfaces of revolution, and an ingenious system for expressing very large 

numbers. 

 

Chinese mathematics 

Early Chinese mathematics is considered an independent development because it 

was very much different from that of rest of the world. 

One of the distinctive feature of Chinese 

mathematics is the use of decimal positional 

notation system, the so-called "rod numerals" 

in which distinct ciphers were used for numbers 

between 1 and 10, and additional ciphers for 

powers of ten. Thus, the number 123 would be 

written using the symbol for "1", followed by 

the symbol for "100", then the symbol for "2" 

followed by the symbol for "10", followed by Figure 6 suan pan 
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the symbol for "3". This was the most advanced number system in the world at 

the time, apparently in use several centuries before the common era and well 

before the development of the Indian numeral system. Rod numerals allowed the 

representation of numbers as large as desired and allowed calculations to be 

carried out on the suan pan, or (Chinese abacus). The oldest existent work on 

geometry in China comes from the philosophical Mohist canon c. 330 BC, 

compiled by the followers of Mozi (470–390 BC). The Mo Jing described various 

aspects of many fields associated with physical science, and provided a small 

number of geometrical theorems as well.  

In 212 BC, the Emperor Qin Shi Huang (Shi Huang-ti) commanded all books in 

the Qin  Empire other than officially sanctioned ones be burned. Therefore ,little 

is known about ancient Chinese mathematics before this date.  

 

Han dynasty (202 BC–220 AD)  

He produced works of mathematics which presumably 

expanded on works that are now lost. The most 

important of these is The Nine Chapters on the 

Mathematical Art, the full title of which appeared by AD 

179, but existed in part under other titles beforehand. It 

consists of 246 word problems involving agriculture, 

business, employment of geometry to figure height 

spans and dimension ratios for Chinese pagoda towers, 

engineering, surveying, and includes material on right 

triangles and values of π. It also made use of Cavalier’s 

principle on volume more than a thousand years before 

Cavalieri would propose it in the West. It created mathematical proof for the 

Pythagorean theorem, and a mathematical formula for Gaussian elimination. 

  

Liu Hui  

He commented on the work by the 3rd century AD, and gave a value of π accurate 

to 5 decimal places. Though more of a matter of computational stamina than 

theoretical insight, in the 5th century AD Zu Chongzhi computed the value of π to 

seven decimal places, which remained the most accurate value of π for almost the 

next 1000 years.  

 

 

Figure 7 The Nine Chapters 

on the Mathematical Art 
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Chu Shih-chieh (fl. 1280-1303) 

The high water mark of Chinese mathematics occurs in the 13th century, with the 

development of Chinese algebra. The most important text form that period is the 

Precious Mirror of the Four Elements , dealing with the solution of simultaneous 

higher order algebraic equations using a method similar to Horner's method. It 

also contains a diagram of Pascal's triangle with coefficients of binomial 

expansions through the eighth power, though both appear in Chinese works as 

early as 1100. The Chinese also made use of the complex combinatorial diagram 

known as the magic square and magic circles, described in ancient times and 

perfected by Yang Hui (AD 1238–1298). 

Even after European mathematics began to flourish during the Renaissance, 

European and Chinese mathematics were separate traditions, with significant 

Chinese mathematical output in decline from the 13th century onwards. Jesuit 

missionaries such as Matteo Ricci carried mathematical ideas back and forth 

between the two cultures from the 16th to 18th centuries, though at this point far 

more mathematical ideas were entering China than leaving.  

 

Indian mathematics 

The oldest extant mathematical records from India are the Shatapatha Brahmana 

(c. 9th century BC but estimates of the date vary widely). The Sulba Sutras (c. 

800 BC–200 AD), appendices to religious texts which give simple rules for 

constructing altars of various shapes, such as squares, rectangles, parallelograms, 

and others. The Sulba Sutras give methods for constructing a circle with 

approximately the same area as a given square, which imply several different 

approximations of the value of π, In addition, they compute the square root of 2 to 

several decimal places, list Pythagorean triples, and give a statement of the 

Pythagorean theorem. Mesopotamian influence at this stage is considered likely.  

 

Pāṇini (c. 5th century BC) 

He formulated the rules for Sanskrit grammar with notation similar to modern 

mathematical notation, and used metarules, transformations, and recursion.  

 

Pingala (roughly 3rd-1st centuries BC)  

In his treatise of prosody, he used a device corresponding to a binary numeral 

system. His discussion of the combinatorics of meters corresponded to an 
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elementary version of the binomial theorem. Pingala's work also contains the 

basic ideas of Fibonacci numbers (called mātrāmeru).  

 

Surya Siddhanta (c. 400)  

He introduced the trigonometric functions of sine, cosine, and inverse sine, and 

laid down rules to determine the true motions of the luminaries, which conforms 

to their actual positions in the sky. This work was translated into to Arabic and 

Latin during the Middle Ages. 

 

Aryabhata (5th century AD) 

He wrote the Aryabhatiya, a slim volume, written in verse, intended to 

supplement the rules of calculation used in astronomy and mathematical 

mensuration, though with no feeling for logic or deductive methodology. Though 

about half of the entries are wrong, it is in the Arya   Abu Rayhan Biruni 

described the Aryabhatiya as a "mix of common pebbles and costly crystals". 

 

Brahmagupta (7th century) 

He identified the Brahmagupta theorem, Brahmagupta's identity and 

Brahmagupta's formula, and for the first time, in Brahma-sphuta-siddhanta, he 

lucidly explained the use of zero as both a placeholder and decimal digit, and 

explained the Hindu-Arabic numeral system. It was from a translation of this 

Indian text on mathematics (c. 770) that Islamic mathematicians were introduced 

to this numeral system, which they adapted as Arabic numerals.  

Islamic scholars carried knowledge of this number system to Europe by the 12th 

century, and it has now displaced all older number systems throughout the world. 

 In the 10th century, Halayudha's commentary on Pingala's work contains a study 

of the Fibonacci sequence and Pascal's triangle, and describes the formation of a 

matrix. 

In the 12th century, Bhāskara II lived in southern India and wrote extensively on 

all then known branches of mathematic. His work contains mathematical objects 

equivalent or approximately equivalent to infinitesimals, derivatives, the mean 

value theorem and the derivative of the sine function. To what extent he 

anticipated the invention of calculus is a controversial subject among historians of 

mathematics.  

In the 14th century, Madhava of Sangamagrama, the founder of the so-called 

Kerala School of Mathematics, found the Madhava–Leibniz series, and, using 21 
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terms, computed the value of π as 3.14159265359. Madhava also found the 

Madhava-Gregory series to determine the arctangent, the Madhava-Newton 

power series to determine sine and cosine and the Taylor approximation for sine 

and cosine functions . 

 In the 16th century, Jyesthadeva consolidated many of the Kerala School's 

developments and theorems in the Yukti-bhāṣā. However, the Kerala School did 

not formulate a systematic theory of differentiation and integration, nor is there 

any direct evidence of their results being transmitted outside Kerala. Progress in 

mathematics along with other fields of science stagnated in India with the 

establishment of Muslim rule in India. 

 

Islamic mathematics 

Significant contributions regarding mathematics were done by the Islamic Empire 

established across Persia, the Middle East, Central Asia, North Africa, Iberia, and 

in parts of India during the 8th century. Even though the majority of Islamic texts 

on mathematics were written in Arabic, most of them were not written by Arabs, 

since much like the status of Greek in the Hellenistic world, Arabic was used as 

the written language of non-Arab scholars throughout the Islamic world at the 

time. Alongside Arabs , Persians contributed to the world of Mathematics . 

 

Muḥammad ibn Mūsā al-Khwārizmī  ( 9th century)  

This Persian mathematician had written several important books on the Hindu-

Arabic numerals and on methods for solving equations. His book On the 

Calculation with Hindu Numerals, written about 825, along with the work of Al-

Kindi, were helpful in spreading Indian mathematics and Indian numerals to the 

West. The word algorithm is derived from the Latinization of his name, 

Algoritmi, and the word algebra from the title of one of his works, Al-Kitāb al-

mukhtaṣar fī hīsāb al-ğabr wa’l-muqābala (The Compendious Book on 

Calculation by Completion and Balancing). He gave an exhaustive explanation 

for the algebraic solution of quadratic equations with positive roots, and he was 

the first to teach algebra in an elementary form and for its own sake. He also 

discussed the fundamental method of "reduction" and "balancing", referring to the 

transposition of subtracted terms to the other side of an equation, that is, the 

cancellation of like terms on opposite sides of the equation. This is the operation 

which al-Khwārizmī originally described as al-jabr. His algebra was also no 

longer concerned "with a series of problems to be resolved, but an exposition 
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which starts with primitive terms in which the combinations must give all possible 

prototypes for equations, which henceforward explicitly constitute the true object 

of study." He also studied an equation for its own sake and "in a generic manner, 

insofar as it does not simply emerge in the course of solving a problem, but is 

specifically called on to define an infinite class of problems."  

 

Al-Karaji  

Additional developments in algebra were made by Al-Karaji in his treatise al-

Fakhri, where he extends the methodology to incorporate integer powers and 

integer roots of unknown quantities. Something close to a proof by mathematical 

induction appears in a book written by Al-Karaji around 1000 AD, who used it to 

prove the binomial theorem, Pascal's triangle, and the sum of integral cubes. The 

historian of mathematics, F. Woepcke, praised Al-Karaji for being "the first who 

introduced the theory of algebraic calculus." Also in the 10th century, Abul Wafa 

translated the works of Diophantus into Arabic and developed the tangent 

function.  

 

Ibn al-Haytham  

He was the first mathematician to derive the formula for the sum of the fourth 

powers, using a method that is readily generalizable for determining the general 

formula for the sum of any integral powers. He performed an integration in order 

to find the volume of a paraboloid, and was able to generalize his result for the 

integrals of polynomials up to the fourth degree. He thus came close to finding a 

general formula for the integrals of polynomials, but he was not concerned with 

any polynomials higher than the fourth degree.  

 

Omar Khayyam  

In the late 11th century, Omar Khayyam wrote Discussions of the Difficulties in 

Euclid, a book about what he perceived as flaws in Euclid's Elements, especially 

the parallel postulate. He was also the first to find the general geometric solution 

to cubic equations. He was also very influential in calendar reform. 

 

Nasir al-Din Tusi (Nasireddin)  

In the 13th century, Nasir al-Din Tusi (Nasireddin) made advances in spherical 

trigonometry. He also wrote influential work on Euclid's parallel postulate.  
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Ghiyath al-Kashi  

In the 15th century, Ghiyath al-Kashi computed the value of π to the 16th decimal 

place. He  also had an algorithm for calculating nth roots, which was a special 

case of the methods given many centuries later by Ruffini and Horner. 

Other achievements of Muslim mathematicians during this period include: 

 the addition of the decimal point notation to the Arabic numerals, 

  the discovery of all the modern trigonometric functions besides the sine, 

  al-Kindi's introduction of cryptanalysis and frequency analysis,  

 the development of analytic geometry by Ibn al-Haytham, 

  the beginning of algebraic geometry by Omar Khayyam and  

 the development of an algebraic notation by al-Qalasādī.  

During the time of the Ottoman Empire and Safavid Empire from the 15th 

century, the development of Islamic mathematics became stagnant. 

 

Roman and medieval European mathematics 

Medieval European interest in mathematics was driven by concerns quite different 

from those of modern mathematicians. One motivating element was the belief that 

mathematics provided the key to understanding the created order of nature. It was 

frequently justified in the writings of Plato especially in Timaeus and the biblical 

passage (in the Book of Wisdom) that God had ordered all things in measure, and 

number, and weight.  

 

Anicius Manlius Severinus Boëthius (ca. 480–524 or 525 AD)   

He is commonly known as Boethius, a philosopher of early 6th century. He gave 

a place for mathematics in the curriculum when he introduced the term 

quadrivium to describe the study of arithmetic, geometry, astronomy, and music. 

He wrote De institutione arithmetica, a free translation from the Greek of 

Nicomachus's Introduction to Arithmetic; De institutione musica, also derived 

from Greek sources; and a series of excerpts from Euclid's Elements. His works 

were theoretical, rather than practical, and were the basis of mathematical study 

until the recovery of Greek and Arabic mathematical works.  

 

Renaissance mathematics 

European scholars traveled to Spain and Sicily, during 12th century, in search of 

scientific                                                                                                                                                                                                                                                                                                                        



23 

Arabic texts, including  al-Khwārizmī's The Compendious Book on Calculation by 

Completion and Balancing, translated into Latin. The complete text of Euclid's 

Elements, translated in various versions. 

These new sources sparked a renewal of mathematics. Fibonacci, writing in the 

Liber Abaci, in 1202 and updated in 1254, produced the first significant 

mathematics in Europe after a gap of more than a thousand years. The work 

introduced Hindu-Arabic numerals to Europe, and discussed many other 

mathematical problems. 

The 14th century saw the development of new mathematical concepts to 

investigate a wide range of problems.  One important contribution was 

development of mathematics of local motion. 

Thomas Bradwardine made an effort for transferring a mathematical technique 

used by al-Kindi and Arnald of Villanova to quantify the nature of compound 

medicines to a different physical problem.  

 

Italian Renaissance 

During the Renaissance, mathematics and accounting were closely linked. It is 

important to note that Pacioli himself had borrowed much of the work of Piero 

Della Francesca. 

In Italy, during the first half of the 16th century, the solutions for cubic equations 

was presented. Gerolamo Cardano published them in his 1545 book, together with 

a solution for the quadratic equations, discovered by his student Lodovico Ferrari. 

 In 1572 Rafael Bombelli published his work in which he showed how to deal 

with the imaginary quantities that could appear in Cardano's formula for solving 

cubic equations. 

In 1585 Simon Stevin first published in Dutch, the first systematic treatment of 

decimal notation, which influenced all later work on the real number system. 

Trigonometry developed to be a major branch of mathematics due to the demands 

of navigation and the growing need for accurate maps of large areas.  

In 1595 Bartholomaeus Pitiscus was the first to use the word, publishing his 

Trigonometria. Regiomontanus's table of Sines and Cosines was published in 

1533.  
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Scientific Revolution 

An extraordinary, sudden increase of mathematical and scientific ideas across 

Europe has been observed during 17th century.  

 Galileo, an Italian, observed the moons of Jupiter in orbit about that 

planet, using a telescope based on a toy imported from Holland.  

 Tycho Brahe, a Dane, had gathered an enormous quantity of mathematical 

data describing the positions of the planets in the sky.  

 His student, Johannes Kepler, a German, began to work with this data. 

  John Napier, in Scotland, was the first to investigate natural logarithms. 

He wanted to help Kepler in his calculations.  Kepler succeeded in 

formulating mathematical laws of planetary motion.  

 The analytic geometry developed by René Descartes (1596–1650), a 

French mathematician and philosopher, allowed those orbits to be plotted 

on a graph, in Cartesian coordinates.  

 Simon Stevin (1585) created the basis for modern decimal notation 

capable of describing all numbers, whether rational or irrational. 

 Based upon the earlier work by many predecessors, Isaac Newton, an 

Englishman, discovered the laws of physics explaining Kepler's Laws, and 

brought together the concepts now known as infinitesimal calculus. 

  Gottfried Wilhelm Leibniz, in Germany, independently developed 

calculus and much of the calculus notation still in use today.  

Science and mathematics had become an international endeavor, which 

would soon spread over the entire world.  

In addition to the application of mathematics to the studies of the heavens, 

applied mathematics began to expand into new areas. 

  Pierre de Fermat and Blaise Pascal set the groundwork for the 

investigations of probability theory and the corresponding rules of 

combinatorics. This indicates the development of utility theory in the 

18th–19th century. 

 

18th century 

Leonhard Euler  

He was the most influential mathematician of the 18th century. His major 

contributions include beginning the study of graph theory and standardizing many 

modern mathematical terms and notations. For example, he named the square root 
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of minus 1 with the symbol i, and he popularized the use of the Greek letter π to 

stand for the ratio of a circle's circumference to its diameter. He made numerous 

contributions to the study of topology, graph theory, calculus, combinatorics, and 

complex analysis, as evidenced by the multitude of theorems and notations named 

for him. 

Joseph Louis  

He was the important European mathematicians of the 18th century , who did 

revolutionary work in number theory, algebra, differential calculus, and the 

calculus of variations. 

Laplace  

He did important work on the foundations of celestial mechanics and on statistics. 

 

Modern mathematics 

19th century 

All over the 19th 

century mathematics 

became increasingly 

abstract. 

Carl Friedrich 

Gauss (1777–1855)  He 

did many contributions 

to science, but in pure mathematics he did revolutionary work on functions of 

complex variables, in geometry, and on the convergence of series. He gave the 

first satisfactory proofs of the fundamental theorem of algebra and of the 

quadratic reciprocity law. 

 

Nikolai Ivanovich Lobachevsky and Janos Bolyai 

Both of them independently defined and studied hyperbolic geometry, where 

uniqueness of parallels no longer holds. In this geometry the sum of angles in a 

triangle add up to less than 180°. 

 

Bernhard Riemann 

 Elliptic geometry was developed later in the 19th century by this German 

mathematician; here no parallel can be found and the angles in a triangle add up 

to more than 180°. He has  also developed Riemannian geometry, which unifies 

Figure 8 Behaviour of lines with a common perpendicular 
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and vastly generalizes the three types of geometry, and he defined the concept of 

a manifold, which generalize the ideas of curves and surfaces. 

During 19th century, there was the beginning of a great deal of abstract algebra.  

 Hermann Grassmann in Germany gave a first version of vector spaces, 

  William Rowan Hamilton in Ireland developed noncommutative algebra.  

 The British mathematician George Boole devised an algebra that soon 

evolved into what is now called Boolean algebra, in which the only 

numbers were 0 and 1 and in which, 1 + 1 = 1. Boolean algebra is the 

starting point of mathematical logic and has important applications in 

computer science. 

 Augustin-Louis Cauchy, Bernhard Riemann, and Karl Weierstrass 

reformulated the calculus in a more rigorous fashion. 

 Niels Henrik Abel, a Frenchman, proved that there is no general algebraic 

method for solving polynomial equations of degree greater than four 

(Abel–Ruffini theorem). 

The limits of mathematics were explored for the first time. Mathematicians had 

unsuccessfully attempted to solve all of these problems since the time of the 

ancient Greeks. On the other hand, the limitation of three dimensions in geometry 

was surpassed in the 19th century through considerations of parameter space and 

hyper complex numbers. 

The solutions of various polynomial equations were presented by Abel and 

Galois's investigations ,which laid the basis for further developments of group 

theory, and the associated fields of abstract algebra. physicists and other scientists 

have seen group theory as the ideal way to study symmetry during the 20th 

century. 

 

Georg Cantor  

He established the first foundations of set theory in the later 19th century, which 

enabled the rigorous treatment of the notion of infinity and has become the 

common language of nearly all mathematics. 

A number of national and international mathematical societies were founded in 

the 19th century. 
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20th century 

Mathematics become a most important profession in the 20th century . As 

compared to earlier centuries, where there were few creative mathematicians in 

the world at any one time , in the 20
th

 century ,every year thousands of new 

Ph.D.s in mathematics are awarded, and jobs are available in both teaching and 

industry for them.  

In 1900, David Hilbert explained a list of 23 unsolved problems in mathematics in 

the International Congress of Mathematicians. These problems from many areas 

of mathematics, created a central focus for much of 20th century mathematics. At 

the moment, 10 have been solved, 7 are partially solved, and 2 are still open. The 

remaining 4 are too loosely formulated to be 

stated as solved or not. 

Notable historical assumption were finally 

proved. In 1976, Wolfgang Haken and Ken  neth 

Appel used a computer to prove the four color 

theorem. Andrew Wiles, building on the work of 

others, proved Fermat's Last Theorem in 1995. 

In 1998 Thomas Callister Hales proved the 

Kepler conjecture. 

Mathematical collaborations of unprecedented 

size and scope took place. A group of French 

mathematicians attempted to exposit all of 

known mathematics as a coherent rigorous 

whole. The resulting several dozen volumes has 

had a controversial influence on mathematical 

education.  

Differential geometry was developed when Einstein used it in general relativity. 

Entire new areas of mathematics such as mathematical logic, topology, game 

theory changed the kinds of questions that could be answered by mathematical 

methods. Measure theory was developed in the late 19th and early 20th centuries. 

Applications of measures led to many theories which  became one of the major 

areas of study. 

The expansion and constant improvement of computers, allowed industry to deal 

with larger and larger amounts of data to facilitate mass production and 

distribution and communication, and new areas of mathematics were developed to 

deal with this.  

Figure 9 A map of four colour theorem  
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In the earlier centuries much mathematical focus was on calculus and continuous 

functions, but the rise of computing and communication networks led to an 

increasing importance of discrete concepts and the expansion of combinatorics 

including graph theory. The speed and data processing abilities of computers also 

enabled the handling of mathematical problems that were too time-consuming to 

deal with by pencil and paper calculations, leading to areas such as numerical 

analysis and symbolic computation. Some of the most important methods and 

algorithms discovered in the 20th century are: the simplex algorithm, the Fast 

Fourier Transform and the Kalman filter. 

In 20th Srinivasa Aiyangar Ramanujan (1887–1920), proved over 3000 theorems, 

including properties of highly composite numbers, the partition function and its 

asymptotics, and mock theta functions. He also made major investigations in the 

areas of gamma functions, modular forms, divergent series, hyper geometric 

series and prime number theory. 

Paul Erdős published more papers than any other mathematician in history, 

working with hundreds of collaborators.  

In 2000, the Clay Mathematics Institute announced the seven Millennium Prize 

Problems, and in 2003 the Poincaré conjecture was solved by Grigori Perelman 

(who declined to accept any awards). 

Most mathematical journals now have online versions as well as print versions, 

and many online-only journals are launched. There is an increasing drive towards 

open access publishing, first popularized by the arXiv.  

Future of mathematics 

There are many observable trends in mathematics, the most notable being that the 

subject is growing ever larger, computers are ever more important and powerful, 

the application of mathematics to bioinformatics is rapidly expanding, the volume 

of data to be analyzed being produced by science and industry, facilitated by 

computers, is explosively expanding. 

 

Key Points 

1. The history of mathematics educates the learner about the development of 

this subject over a period of time. 

2. Mathematics is one of the oldest sciences. It is also known as manmade 

science. 

3. Babylonian mathematics contained quite complex algebraic problems 

featuring on cuneiform tablets in Cuneiform script. 

http://en.wikipedia.org/wiki/Babylonian_mathematics
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4. The numerical system with a base of 60 is used in Babylonian 

mathematics. 

5. One of the greatest achievements of Plato and his school is the invention 

of analysis as method of proof 

6. Archimedes proved first the area of a circle is equal to that of a right 

angled triangle having the length of the circumference for base, and the 

radius of its altitude. 

7. The central theme of Ptolemic system was that the earth is the centre of 

universe and that the sun and other plants revolve around it. 

8. Pappus set out the theory of involution of points.  

9. Diophantus was first to perform the functions (X – 1) x (X – 2) without 

reference to geometry. 

10. The famous mathematical works of Egyptian Mathematics are : 

4. Rhind papyrus (c. 1650 BC)  

5. Moscow papyrus (c. 1890 BC) 

6. Berlin papyrus (c. 1300 BC) 

11.  Rhind papyrus was an instruction manual for students in arithmetic and 

geometry.  

12. Moscow papyrus consisted of such problems which were apparently 

intended as entertainment and today known as “word problems” or “story 

problems”.  

13. Berlin papyrus provided evidence that the ancient Egyptians could solve a 

second-order algebraic equation.  

14. Greek mathematics was written in the Greek language. 

15. Greek mathematics is considered  to begun with Thales of Miletus (c. 

624–c.546 BC) and Pythagoras of Samos (c. 582–c. 507 BC). 

15. Thales of Miletus used geometry to solve problems such as calculating the 

height of pyramids and the distance of ships from the shore. 

16. It was the Pythagoreans who created the term "mathematics", and with 

whom the study of mathematics for its own sake begins. The Pythagoreans 

are credited with the first proof of the Pythagorean Theorem. 

17. Eudoxus developed the method of exhaustion, an originator of modern 

integration.  

18. Aristotle was first written down the laws of logic.  
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19. Euclid’s book Elements includes a proof that the square root of two is 

irrational and that there are infinitely many prime numbers.  

20. Sieve of Eratosthenes discovered prime numbers. 

21. Archimedes used method of exhaustion to calculate the area under the arc 

of a parabola with the summation of an infinite series, and gave 

remarkably accurate approximations of Pi (π). 

22. One of the distinctive features of Chinese mathematics is the use of 

decimal positional notation system. 

23. Liu Hui commented on the work by the 3rd century AD, and gave a value 

of π accurate to 5 decimal places. 

24. Pāṇini was an Indean mathematician and formulated the rules for Sanskrit 

grammar with notation similar to modern mathematical notation, and used 

metarules, transformations, and recursion. 

25. Significant contributions regarding mathematics were done by the Islamic 

Empire established across Persia, the Middle East, Central Asia, North 

Africa, Iberia, and in parts of India during the 8th century. 

26. Muḥammad ibn Mūsā al-Khwārizmī  gave an exhaustive explanation for 

the algebraic solution of quadratic equations with positive roots, and he 

was the first to teach algebra in an elementary form and for its own sake. 

27. Al-Karaji made additional developments in algebra were in his treatise al-

Fakhri, where he extends the methodology to incorporate integer powers 

and integer roots of unknown quantities. 

28. Ibn al-Haytham was the first mathematician to derive the formula for the 

sum of the fourth powers, using a method that is readily generalizable for 

determining the general formula for the sum of any integral powers. 

29. Omar Khayyam was also the first to find the general geometric solution to 

cubic equations. 

30. Ghiyath al-Kashi computed the value of π to the 16th decimal place. 

31. Anicius Manlius Severinus Boëthius gave a place for mathematics in the 

curriculum when he introduced the term quadrivium to describe the study 

of arithmetic, geometry, astronomy, and music. 

32. During the Italian Renaissance, mathematics and accounting were closely 

linked. 

33. During 17th century, an extraordinary, sudden increase of mathematical 

and scientific ideas across Europe has been observed.  
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34. Leonhard Euler was the most influential mathematician of the 18th 

century. His major contributions include beginning the study of graph 

theory and standardizing many modern mathematical terms and notations. 

35. Joseph Louis was the important European mathematicians of the 18th 

century, who did revolutionary work in number theory, algebra, 

differential calculus, and the calculus of variations. 

36. Carl Friedrich Gauss gave the first satisfactory proofs of the fundamental 

theorem of algebra and of the quadratic reciprocity law in 19
th

 century. 

37. Mathematics becomes a most important profession in the 20th century. As 

compared to earlier centuries, where there were few creative 

mathematicians in the world at any one time, in the 20
th

 century, every 

year thousands of new Ph.D.s in mathematics are awarded, and jobs are 

available in both teaching and industry for them.  

 

 

Self Assessment Exercise 2 

 

Q.1 Answer the following questions: 

1. Why is it necessary to study the historical development of mathematics? 

2. In your point of view what are the five major mathematical developments? 

 

Q.2 Match the column 

Column A Column B 

Ishango bone Chinese mathematics 

numerical system with a base of 60 Italian Renaissance 

 

mathematical theory of property of the 

lever 

Indian mathematics 

Sketches of maps of earth’s surface Claudius Ptolemy 

Rod numerals Ancient Civilizations 

 

square root of 2 to several decimal 

places 

Archimedes  
 

solutions for cubic equations Babylonian mathematics 

 

 

http://en.wikipedia.org/wiki/Babylonian_mathematics
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1.3 Contributions of different Mathematicians 

The latest advancement in all sciences is due to the contributions of great 

mathematicians. These mathematicians gave in mathematical calculations and 

explanations to the various forces in nature. Mankind will be benefited by their 

contributions and will remember their contributions with gratitude. These 

mathematicians have shaped the mathematical world, all across the globe 

Here are the contributions of some famous mathematicians. 

 

Archimedes (Born: 287 BC in Syracuse, Sicily, Died: 212 BC in Syracuse, 

Sicily)  

Archimedes father was an astronomer. In the field of mathematics, Archimedes 

made phenomenal contributions. He is considered by most historians of 

mathematics as one of the greatest mathematicians of all time. He perfected a 

method of integration to find areas, volumes and surface areas of many bodies 

including the conic section. 

 

Euclid (Born: about 325 BC, Died: about 265 BC in Alexandria, Egypt)  

Euclid was a Greek Mathematician. He is known as the “father of Geometry”. His 

first famous book is "Euclid's Elements". This is considered to be the marvellous 

piece of historical works in mathematics. This book is divided into 13 parts. 

Overall he wrote six books. Euclid has discussed in details about geometry. He is 

also famous for the contributions in the fields of number theory, spherical 

geometry and conic sections. 

 

Pythagoras (570–c 495 BC) 

The reek mathematician and philosopher is famous for 

the discovery of Pythagorean theorem formula. 

Pythagorean theorem, in geometry states that in a right-angled 

triangle the area of the square on the hypotenuse  

(the side opposite the right angle) is equal to the sum of 

the areas of  the  

squares of the other two sides—that is, a2 + b2 = c2
. 

 He is also known as the 'father of numbers'.  

Figure 10 Pythagorean theorem  

http://www.buzzle.com/articles/pythagorean-theorem-formula.html
http://en.wikipedia.org/wiki/Pythagorean_theorem
http://en.wikipedia.org/wiki/Pythagorean_theorem
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Musa Al-Khwarizmi (born c. 780, Baghdad, Iraq—died c. 850) 

Musa Al-Khwarizmi was one of the greatest mathematicians. He composed the 

oldest Islamic works on arithmetic and algebra. These were the principal source 

of knowledge on mathematics for a long time. The Latinized versions of his most 

famous book are algorithm and algebra. 

 

Fibonacci (c.1170 – c. 1250) 

Leonardo of Pisa was the greatest European Italian mathematician. He was known 

as the first mathematician to introduce Hindu - Arabic numeral system in Europe. 

It was about the positional system of using ten digits with a decimal point and 

zero. He introduced number sequence known as “Fibonacci number” sequence, 

that is, 1, 1, 2, 3, 5, 11.....   

 

René Descartes (31 March 1596, France – 11 February 1650) 

Rene’ Descartes was a philosopher and mathematician. He is the father of 

analytical geometry. Descartes was also one of the key figures in the Scientific 

Revolution. Rene Descartes was famous for inventing Cartesian coordinate 

system. This method is used to express geometric shapes in the form of algebraic 

equation. This type of geometry is known as co-ordinate geometry. He has also 

made valuable contributions in the field of energy conservation and optics. 

 

Leonhard Euler (15 April 1707, Swiss – 18 September 1783) 

Leonhard Euler was  a Swiss mathematician and physicists. He is famous for his 

contributions in the field of function notation. His mathematical discoveries are in 

the fields of infinitesimal calculus and graph theory. He has contributions in 

optics, astronomy, mechanics, fluid dynamics have been known as to be very 

influential. 

 

Sir Isaac Newton (4 January 1643 – 31 March 1727) 

Isaac Newton was one of the greatest English mathematician and physicist. He 

has published “Mathematical Principles of Natural Philosophy" in 1687. He had 

developed Calculus (differential as well as integral) . This is used in the teaching 

of higher mathematics. Due to Calculus, it is now easier to find the area bounded 

by closed curves. In physics, his famous work was in classical mechanics. He 

http://en.wikipedia.org/wiki/Analytical_geometry
http://en.wikipedia.org/wiki/Scientific_Revolution
http://en.wikipedia.org/wiki/Scientific_Revolution
http://en.wikipedia.org/wiki/Cartesian_coordinate_system
http://en.wikipedia.org/wiki/Cartesian_coordinate_system
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described the three laws of motion and universal gravitation. These concepts are 

the fundamental concepts of scientific view of the physical universe 

 

Blaise Pascal (June 19, 1623 – August 19, 1662) 

Blaise Pascal was a French philosopher, mathematician, and physicist. He has 

many contributions in many areas of mathematics. In 1645 he invented 

calculating machines, known as mechanical calculator. In the following ten years, 

he built twenty of these machines (known as the Pascaline) . He has two major 

contributions in projective geometry and on probability theory. He is also known 

for Pascal's triangle. In his honour, the unit of atmospheric pressure, Pascal (Pa) 

has been named. In the field of computer, he also made contributions. In 1972, 

The programming language “pascal” was named after him. 

 

Albert Einstein (Germany 14th March, 1879) 

Albert Einstein was founder of “theory of relativity” . He is known as "father of 

Physics", he can be best expressed as a mathematical physicist. For the discovery 

of Photoelectric effect, he won the Nobel Prize in 1921. His contributions to the 

field of mathematics are the Bose-Einstein statistics, Schrodinger gas model and 

Einstein refrigerator. 

 

Key Points 

1. Archimedes perfected a method of integration to find areas, volumes and 

surface areas of many bodies including the conic section. 

2. Euclid is famous for the contributions in the fields of number theory, 

spherical geometry and conic sections. 

3. René Descartes was famous for inventing Cartesian coordinate system. 

This method is used to express geometric shapes in the form of algebraic 

equation.  

4. Musa Al-Khwarizmi was one of the greatest mathematicians. He 

composed the oldest Islamic works on arithmetic and algebra. 

5. Fibonacci was the greatest European Italian mathematician. He was 

known as the first mathematician to introduce Hindu - Arabic numeral 

system in Europe. 

6. Leonhard Euler was famous for his contributions in the field of function 

notation. His mathematical discoveries are in the fields of infinitesimal 

calculus and graph theory. 
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7. Sir Isaac Newton had developed Calculus (differential as well as integral) . 

This is used in the teaching of higher mathematics. 

8. Blaise Pascal invented calculating machines, known as mechanical 

calculator. 

9. Pythagoras is famous for the discovery of Pythagorean theorem formula. 

10. Albert Einstein’s contributions to the field of mathematics are the Bose-

Einstein statistics, Schrodinger gas model and Einstein refrigerator. 

 

Self Assessment Exercises 3 

Q.1 Choose the correct option: 

i. __________is  known as the “father of Geometry. 

a. Blaise Pascal b. Leonhard Euler 

c. Euclid  d. Fibonacci 

 

ii. ________________is also known as the 'father of numbers' 

 

b. Blaise Pascal b. Leonhard Euler 

c. Euclid  d. Pythagoras 

 

iii. Facobi introduced Hindu - Arabic numeral system in Europe. It was 

about the positional system of using ________digits 

a. Eight   b.  nine 

c. Ten   d. six 

 

iv. Sir Isaac Newton described the ___________laws of motion and 

universal gravitation. 

b. two   b.  four 

d. six    d. three 

 

v. ________________is known as "father of Physics". 

a. René Descartes  b.  Albert Einstein 

c. Musa Al-Khwarizmi  d. Pythagoras 

 

 

 

 

http://www.buzzle.com/articles/pythagorean-theorem-formula.html
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1.4 Place of Mathematics in Elementary School Curriculum 

Nearly every curriculum at elementary level includes mathematics. There is 

strong basis for this. Mathematics in the curriculum of elementary level provides 

foundation of all of secondary level mathematics and beyond. Therefore it should 

be in an appropriate manner and according to the level of the class of the student.  

 

The main components of the elementary mathematics curriculum are coherence, 

precision, and reasoning.  

 

Coherence: The general principle of coherence is to reduce a complicated task to 

a collection of simple sub-tasks. 

 

Precision:  In mathematics before we do anything, we must make clear what it is 

that we are doing.  

 

Reasoning:  Logic must be given for each and every important step in 

mathematics. 

 

These three elements are prerequisites for making elementary school mathematics 

learnable and effective.  Moreover these three elements must also be present in 

the secondary level mathematics. Therefore elementary school teachers must have 

this level of knowledge.  

 

Reasoning boosts the learning power of 

students. When students are empowered with 

reasoning, they learn that mathematics is 

something they can do, because it is done 

according to some objective criteria. When 

students are made confident to solve 

mathematics problems, they become 

sequential thinkers, and sequential thinking is 

the first step towards problem solving. 

 

In contrast, when reasoning is absent, mathematics becomes a mystery box, and 

fear and dislike set in. For example children do mistake while multiplication. 

Figure 11 
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They hardly know why there is shift in successive rows one digit left during 

multiplication. 

                                                       

                                                    
 

If students are not ever given reason for the shift, it is natural that children would 

solve question in their own style, make up new rules and get wrong answers. 

 

Learning take place if students are given the reasoning about particular task that 

why they must do what they are supposed to do. Teachers must be convinced that 

the elementary level mathematics is very sophisticated. Students need guidance 

for every important step in calculation.  

Rote learning habit of students must be discouraged in the initial stages at 

elementary level.  

Students are also confused while performing addition and division. For example 

to add 12+23 students can wrong answers. Teachers can demonstrate this addition 

problem with the help of two bags of marble one containing 12 marbles and other 

containing 23, mix them up and count all the marbles. Students can get 53 answer.  
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So addition algorithm can be taught by breaking up the task digit-by-digit. 

Tedious calculations and laborious calculation can be avoided by step by step 

process. To provide good foundation for mathematics is the main objective of the 

elementary mathematics curriculum. In mathematics teaching, it is usually the 

content that guides pedagogy.  

  

Key Points 

1. Mathematics in the curriculum of elementary level provides foundation of 

all of secondary level mathematics and beyond. 

2. The main components of the elementary mathematics curriculum are 

coherence, precision, and reasoning.  

3. Coherence: The general principle of coherence is to reduce a complicated 

task to a collection of simple sub-tasks. 

4. Precision:  In mathematics before we do anything, we must make clear 

what it is that we are doing.  

5. Reasoning:  Logic must be given for each and every important step in 

mathematics. 

6. When students are made confident to solve mathematics problems, they 

become sequential thinkers, and sequential thinking is the first step 

towards problem solving. 

7. Learning take place if students are given the reasoning about particular 

task that why they must do what they are supposed to do. 

8. Rote learning habit of students must be discouraged in the initial stages at 

elementary level.  

9. To provide good foundation for mathematics is the main objective of the 

elementary mathematics curriculum. 

 

Self Assessment Exercise 4 

Q.1 Answer the following Questions: 

i. What are the main elements of mathematics curriculum at elementary 

level? 

ii. What kind of abilities are developed by teaching mathematics to the 

students at secondary school level? 
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1.5 Educational Value of Mathematics 

Mathematics has an important value in education. Without 

mathematics any kind of education is incomplete. In 

Pakistan mathematics is compulsory from class one to 

matriculation. The same scheme of studies is adopted 

almost all over the world. There are certain questions 

which arise in the minds of students. Why mathematics 

should is taught till matriculation? Why it is compulsory? 

What are the aims and objectives of teaching 

mathematics?   

The answer of all such question is that the main objective 

of education is to produce the productive members of 

society. Mathematics helps to achieve the objectives of education. A teacher of 

mathematics must be convinced about the importance, utility, and uniqueness of 

this subject. If the teachers are convinced about 

the importance, utility, and uniqueness of 

mathematics, they can convinced their students 

and can teach mathematics in a better way.  

Teachers must realize the fact that for the 

members of a modern society mathematical 

thinking is important. A good teacher of 

mathematics should develop the interest of 

students Mathematical mind can analyze and 

interpret the data. From simple calculations to 

complicated one, we need mathematics. We use 

mathematics at our workplace, in decision 

making, in planning, in budgeting, in business, in 

investments etc. The concepts of mathematics are tool for understanding basic 

sciences, medicine, engineering, technology, commerce and economics, computer 

science, fashion designing.  

Figure 12 

Figure 13 
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According to Locke “mathematics is a way to settle 

in the mind the habit of reasoning”. Mathematically 

equipped students have unique and powerful ways 

to do analysis and change the world. It can provide 

moments of achievement and wonder for all 

students when they solve any problem for the first 

time, discover a more elegant solution, or notice 

hidden connections. Students who are functional in 

mathematics are able to think independently in 

applied and abstract ways, and can reason, solve 

problems and assess risk.  

Mathematics is a creative discipline. The language of mathematics is 

international. The subject transcends cultural boundaries and its importance is 

universally recognized. Mathematics has developed over time as a means of 

solving problems and also for its own sake. 

 

Key Points 

1. Without mathematics any kind of education is incomplete. 

2. The main objective of education is to produce the productive members of 

society. 

3. A teacher of mathematics must be convinced about the importance, utility, 

and uniqueness of this subject. If the teachers are convinced about the 

importance, utility, and uniqueness of mathematics, they can convinced 

their students and can teach mathematics in a better way.  

4. A good teacher of mathematics should develop the interest of students 

Mathematical mind can analyze and interpret the data. 

5. The concepts of mathematics are tool for understanding basic sciences, 

medicine, engineering, technology, commerce and economics, computer 

science, fashion designing.  

6. Mathematically equipped students have unique and powerful ways to do 

analysis and change the world. 

 

Self Assessment Exercise 5 

Q.1 Answer the following questions: 

i. What is the educational value of mathematics?  

Figure 14 
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ii. Why is it necessary to teach and study mathematics? 

1.6 Use of Mathematics in Everyday Life 

Applications of mathematics 

In our lives mathematics has important role. There is hardly any person who has 

not used mathematics. Mathematics is involved in every task of our lives. It is a 

useful tool in every task. Arithmetic, Algebra and geometry are used since ancient 

times.  

Use of mathematics is universal. The language of math is in 

numbers. One must be well versed in this language of 

numbers, it can help us make important decisions and 

perform everyday tasks. Math is helpful to shop wisely, buy 

the right insurance, renew a home within a budget, and 

understand population growth. 

We need when we need to plan our schedules. From 

management, organization, direction, to budgeting, the use of mathematics is 

significant. Every man has fundamental knowledge of mathematics e.g the laborer 

has to count his wages. The children go to shop to buy candies. We all are 

dependent on mathematics and use it in one way or other. 

Mathematics is involved in playing games and cooking. 

Mathematics is also used in decision-making process. For 

prediction, estimation and investment about money you 

can save for your retirement, you need a precise 

calculation. 

Mathematical processes can lead to a kind of model of a 

thing. Mathematical relationships are obtained by 

manipulating abstract statements. A housewife also needs 

to know mathematics. For example, if 1 cup of milk is added to 

2 cups of water. The mathematical operation  1+2 = 3 is used to 

calculate the total; the correct answer is 3 cups of water.  

It is not necessary for a lay man to know abstract formulae. 

Sometimes common sense is enough to enable one to decide 

whether the results of the mathematics are appropriate.  

When you ask how much, how big, how many etc, you have to 

deal with mathematics.  

 

Figure 16 measurement 

tools used in kitchen 

Figure 15 measuring Tape 

Figure 17 

measurements 

used in stiching 
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Mathematics has surrounded our lives completely. Mathematics is involved in 

prices, stock exchange, taxes, debits, interests, distributions, production etc. 

When you buy machinery, follow a recipe, or decorate your home, you are using 

math principles. For thousands of years, people have been using these same 

principles. Whether you are driving car, stitching clothes, you are using math to 

get things done.  

When you want to seed a lawn, the measurement of the lawn is essential to 

estimate amount of seed to sown.  When you have to go somewhere, you have to 

manage your time. If you want to paint the walls, you need to know the area of 

the walls. 

A mathematical approach is necessary for progress.  For the success in life, one 

has to equip with the knowledge of mathematics. Mathematics is essential for the 

survival of human beings in the world. 

Key Points 

1. Arithmetic, Algebra and geometry are used since ancient times. 

2. The language of math is in numbers. 

3. Math is helpful to shop wisely, buy the right insurance, renew a home 

within a budget, and understand population growth. 

4. We need for scheduling and planning.  

5. We need mathematics for prediction, estimation and investment. 

6. Mathematics is essential for the survival of human beings in the world. 

 

Self Assessment Question 6 

Q.1 Answer the following questions: 

i. Enlist few applications of mathematics from your own everyday life. 

ii. Is it necessary for us to have knowledge of mathematical concepts? If yes 

then give the reasons. 
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1.7 Use of Mathematics in the Study of Other Subject  

 

Education aims to integrate different subjects. This aim can be achieved by 

relating different subjects with each other.  Teachers should also do a conscious 

effort to relate their subjects with other subjects so that students can understand 

the relationship of different subjects with each other. 

 

Importance of Integration of Mathematics with other subjects 

 

According to several Philosophers, thinkers and educationists, mathematics has 

great importance. Here are some famous sayings of some renowned personalities. 

 “The highest form of pure thought is in mathematics” (Plato) 

 

“There are things which seem incredible to most men who have not studied 

mathematics.” (Aristotle)  

“Mathematics is the only science where one never knows what one is talking 

about or whether what is said is true” (Bertrand Russell)  

 

These are the quotations of different 

philosophers and educationists. These laid the 

importance of teaching mathematics.  

Teaching of mathematics should be in such a 

manner that it correlate mathematics with 

other subjects. Students might have curiosity 

in their minds that why they are being taught 

mathematics with other subjects?  They must 

know the relationship of the mathematics 

being taught  

with other subjects.  

 

Mathematics is used almost in every subject. The range of the applications of 

mathematics is very vast – e.g., business, medicine, politics, music, historical 

scholarship, sports, medicine, agriculture, engineering, and the natural and social 

sciences.  

There are many reasons for which mathematics has strong relationship with basic 

and applied science. Following are few reasons: 

Figure 18 
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 The association between science and mathematics has a long history. 

Science provides mathematics interesting problems to investigate with; on 

the other hand mathematics provides science with powerful tools to use in 

data analyses.  

 There are so many features common in mathematics and science. Both 

have international scope and vast range of utilizations.  

 Mathematics has also impact on technology. The recent advantages in 

technology have strengthened relationship between mathematics and 

technology.  Logics are involved programming of computer hardware and 

software. Due to discrete mathematics it is possible now to reduce large 

circuits to smallest one. In the field of engineering mathematics has also 

vast contributes. With the help of simulations, designing can be possible 

with multiple features. Computer technology has opened new areas in 

mathematics. 

 

Relationship of mathematics with Basic Sciences 

Physics 

Mathematics is the principal language of all sciences. Scientific ideas can be 

expressed in the symbolic language of mathematics. In Physics there are several 

laws and statements. With the help of mathematics these laws and statements can 

be presented in symbolic form. For example we know that pressure is directly 

proportional to force “F” and inversely proportional to the area “A” can be written 

in the language of mathematics as P=F/A. This equation describes quantitative 

relationship between two variables.  A good mathematical knowledge is required 

to solve physics numerical. 

Newton’s laws of motion are applied at various places and can be expressed 

mathematically. Mathematics helps to solve laborious and tedious equations of 

nuclear physics. To express physical quantities we need mathematics.                                                                                                                                                                                                                  

 

Biology 

Mathematics is used in the observation and calculation of different biological 

phenomenon. To derive and generalize different biological laws, biologists need 

good understanding of mathematics. Mathematics is also used in biophysics, 

bioinformatics, biotechnology and biochemistry. For the analysis of various 

experiments, biologists need mathematics.  
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Chemistry 

Mathematical laws are helpful in the composition of all chemicals. There are 

different ratios of elements in the composition of compound e.g in CO2, there is 

one atom of carbon and two atoms of oxygen .their ratio is 1:2. Similarly there are 

different combinations in all chemical compounds. Mathematics is helpful in 

balancing the equations and titrations. In the atomic structure, protons, neutrons 

and electrons are also in some proportions. To explain different orbits, 

mathematics is also very helpful. 

 

Engineering 

The foundation of all branches of engineering is mathematics. Mathematics is pre-

requisite for all engineering classes. Mathematics knowledge is essential in 

mapping, drafting, leveling, designing, surveying etc. Mathematical principals are 

involved in all branches of engineering.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     

 

Medical 

Mathematical courses are also requirement for the certification in many sub fields 

of mathematics. There is need for mathematics knowledge in medicine and 

medical because a math course goes hands in hands with them. Doctor, nurse, X-

ray technician and all others personals must have a sound knowledge of 

mathematics. Mathematics helps to know how to determine prescriptions, 

calculating how much of a medication to give a patient at a time and reading X-

rays all require the usage of math. 

Mathematics is used in the conversion of Pounds, 

Milligrams and Kilograms for prescribing medicine. For 

medication specific ratio and proportion is required. 

Statistics is used in the health field. Statistics is used in 

disease reporting and also used prior to surgery. In the 

medical field dimensions are also important.  Doctors 

read X-rays to see inside body organs.  X-ray machines 

helps doctors to see inside and all around the body to 

diagnose. Due to latest researches in mathematics now medical field becomes 

more advanced e.g CT scan. 

 

 

 

Figure 19 CT Scan 

Machine 
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Agriculture 

Agricultural sciences are also dependent on mathematics. For the measurement of 

lands, mathematics is tool for precise calculation. 

 

Relationship of mathematics with Social Sciences 

Although there is no direct relationship of mathematics in social sciences but still 

in many calculations and applications, basic understanding of mathematics is 

applied. In social sciences graphs, charts and other tables are required to describe 

and explain different phenomenon. 

 

Psychology 

In psychology mathematics has a vital role. Psychology has acquired important 

place in our society. To explain psychological data form experimentation there is 

need of statistics to interpret data. Now a days calculation of IQ, changes in 

behavior, measurement of different characteristics of personality. 

 

Economics 

Economy is the backbone of any society. Economics is helpful in budgeting and 

in economical forecasting. Similarly statistical techniques are helpful in export, 

import and trade. To solve economical problems, theory of probability of statistics 

is very helpful. Mathematics is also a tool for business e.g in investments, 

installments, interests, profits, losses etc. 

 

Logic 

The laws of mathematics are based upon precise and actual verification. Logic 

and mathematics have a strong relationship with each other. Logical expressions 

can be proved with the help of mathematics without any personal biases. 

 

Fine Arts 

A fine art is a subject related to beauty of different objects. For a systematic and 

well shaped art, basic knowledge of mathematics is very important. Mathematics 

and fine arts have one thing common i-e symmetry and harmony. Mathematics is 

used in the designing of arts and crafts. 
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Geography  

Geography deals with the study of lands, rivers, mountains. To describe physical 

conditions of any society, mathematics is a valid tool. The calculation of time, the 

rotation of earth, the calculations of latitudes and altitudes, moments of winds, 

falling of rains etc are all depend upon mathematical calculations. For all kinds of 

the geological studies, mathematics is very helpful. 

 

Key Points 

1. Teaching of mathematics should be in such a manner that it correlate 

mathematics with other subjects. 

2. Science provides mathematics interesting problems to investigate with; on 

the other hand mathematics provides science with powerful tools to use in 

data analyses. 

3. There are so many commonalities in Mathematics and science. 

4. The advancement in technology is due to the utilization of mathematical 

concepts.  

5. Scientific ideas can be expressed in the symbolic language of 

mathematics 

6. The solution of Physics problems requires a good understanding of 

mathematical concepts. 

7. For the analysis of various experiments, biologists need mathematics. 

8. Mathematical laws are helpful in the composition of all chemicals. 

9. Mathematics is pre-requisite for all engineering classes. 

10. Mathematics helps to know how to determine prescriptions, calculating 

how much of a medication to give a patient at a time and reading X-rays 

all require the usage of math. 

11. For the measurement of lands, mathematics is tool for precise calculation. 

12. In social sciences,  graphs, charts and other tables are required to describe 

and explain different phenomenon. 

13. To explain psychological data form experimentation there is need of 

statistics to interpret data. 

14. To solve economical problems, theory of probability of statistics is very 

helpful. 

15. Logical expressions can be proved with the help of mathematics without 

any personal biases. 

16. Symmetry and harmony is common in Mathematics and fine arts. 



48 

17. In Geography, to describe physical conditions of any society, mathematics 

is a valid tool. 

 

Self Assessment Exercise 7 

 

Q 1. Answer the following questions: 

i. Enlist the relationship of mathematics with other subjects? 

ii. How is mathematics used in other subjects? 

 

1.8 Aesthetic and Cultural Value of Mathematics 

 

Aesthetic Value of Mathematics 

There are certain misconceptions in our society about the values of mathematics.  

Majority of people consider it as an unimaginative, mechanical and cold 

discipline. People believe that there is no creativity and artistic approach in 

mathematics. The fact is all these misconceptions are actually “wrong”. 

 

Mathematics is not about the memorization of several formulae and equations and 

the manipulation of numbers that was forced upon students during the school.   

  

The new approach in mathematics does not merely limit to the utility of 

mathematics.  The basis of this new approach is the beauty of mathematics, a 

perception unusually unfamiliar to the general public.    

  

Mathematics is about clear thinking and precision. This is really the beauty of 

mathematics.  

  

The mathematicians are not merely serious persons. They are expressive artists 

busy to create and to discover. 

  

While studying analytic geometry, students should appreciate efforts of those 

brilliant minds that spent sleepless hours in generating formulae for different 

shapes. 
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During the calculus class, teachers must tell the students that the most outstanding 

human minds struggled for over two millennia to find the fundamental theorem of 

calculus. Until Newton and Leibnitz finally uncovered it for us, no human eyes 

had ever gazed upon it, although the greatest intellects had searched for it.  During 

the presentation of lecture, teachers present this masterpiece to the students in a 

ten minute lecture.   

 

Mathematics is exciting and dynamic. Its extremely rich and human discipline, a 

liberal art and humanity in the purest sense. 

  

Although mathematics is 2,500 years old, but during the last 20 years most of the 

things have been created in mathematics. 

 

Educated men and women must be at least moderately literate in all fields of 

intellectual inquiry.  Hence, aesthetic and intellectual fulfilment requires that 

students know about mathematics. 

 

Cultural Value of Mathematics 

Culture is derived from Latin word “cultura” means to cultivate.  According to 

Wikipedia online encyclopedia the word culture is most commonly used in 

following senses: 

 the capacity for symbolic thought and social learning  

 The set of shared attitudes, values, goals, and practices that characterizes 

an institution, organization or group  

Everyone must understand the civilization and 

culture to which he /she belongs. It requires 

the scientific and social understanding of that 

culture whose development depends upon the 

mathematical principals. There is a saying 

that mathematics is the mirror of civilization. 

Mathematics has acquired a cultural value, 

and this value is increasing day by day. It is 

helpful in solving problems. Mathematics has 

played an important role in the development 

of mankind and its civilization.  

Figure 20 Geometrical patterns in building 



50 

Pakistan is an Islamic state. Pakistani culture has so many things which are 

adopted from Islamic Culture. Mathematics has blended together with Islamic 

culture in a way that is quite distinct from any of the three mathematical traditions 

from which Muslim mathematicians acquired their knowledge.  Islamic 

Mathematics can be seen in the Islamic inheritance laws. 

There were steady developments in the Islamic mathematics during the eighth 

through the thirteenth centuries in geometry, treatment and definitions of 

irrational magnitudes, methods and theories of solving general geometrical 

problems, algebra, algebra, and the geometrical analysis of algebra.  

In contracts to Greek Mathematics, there is one important aspect of Islamic 

mathematics, which is its close relationship between theory and practice. 

Mathematical geometrical patterns are 

used in architectural decorative designs. 

There are tremendous advancements and 

achievements in all occupations including 

engineering, software engineering, 

hardware engineering, business, teaching, 

and economy etc. All such occupations are 

the backbone of any culture.   All these 

achievement, advancements, and 

innovation in these occupations are due to 

the researches carried in mathematics. 

Mathematics helped to shape up the culture. One of the main features of education 

is to transmit and transform the cultural heritage, and mathematics is the subject 

which serves the same purpose. Mathematics has also influenced art, music, 

poetry, sculptor, etc.  

 

Key Points  

1. The new approach in mathematics does not merely limit to the utility of 

mathematics.  

2. Mathematics requires clear thinking and precision.  

3.  Creativity and discovery is the discovery of mathematics. 

4. Mathematics is the mirror of civilization 

5. Mathematics has played an important role in the development of mankind 

and its civilization. 

6. Islamic Mathematics can be seen in the Islamic inheritance laws. 

Figure 21 Geometrical patterns in floor 
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7. Mathematics is the mirror of civilization. 

8. Mathematics has played an important role in the development of mankind 

and its civilization.  

9. Mathematical geometrical patterns are used in architectural decorative 

designs. 

10. Mathematics is used in majority of occupations. 

11. Mathematics has influenced majority of the subjects in education. 

 

Self Assessment Exercise 8  

 

Q.1 Culture is the most important part of any civilization. What is the cultural 

value of mathematics in Pakistani context? 

 

 

Answers to Self Assessment Exercises 

Self Assessment Exercises 1 

Q.1  

i. Logic ,deductive 

ii. Representation 

iii. Applied 

iv. Symbolic 

v. statements 

 

Self Assessment Exercises 2 

Q.1 For answer read the relevant section 

Q.2  

Column B 

Ancient Civilizations 

Babylonian mathematics 

Archimedes 

Claudius Ptolemy 

Chinese mathematics 

Indian mathematics 

Italian Renaissance 
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Self Assessment Exercises 3 

Q.1  

i. c    

ii. d 

iii. c 

iv. d 

v. b 

Self Assessment Exercises 4 

For answer read the relevant section 

Self Assessment Exercises 5 

For answer read the relevant section 

Self Assessment Exercises 6 

For answer read the relevant section 

Self Assessment Exercises 7 

For answer read the relevant section 

Self Assessment Exercises 8 

For answer read the relevant section 
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INTRODUCTION OF THE UNIT 

Mathematics learning is a complex and dynamic process. Most of the teachers 

want their students to understand content or concepts that are presented to them or 

understanding that they discover for themselves. But, what, exactly, means the 

term understand?   Understanding is not simply remembering mathematical 

concepts or being able to follow procedure but it requires more than simple recall 

of facts.  Keeping in view the importance of meaningful learning this unit is 

included in the book. In this unit you will understand the concept of meaningful 

learning, patterns in mathematics and misconceptions in mathematics at 

elementary level. Moreover it is also included in the unit that how teachers can 

make mathematical learning meaningful. This unit will also provide the 

knowledge to the teachers that how the environment may be used for teaching 

mathematics and by linking the mathematics with real world.  

OBJECTIVES OF THE UNIT 

After going through this unit the perspective teachers will be able to: 

1. Understand the concept of meaningful learning. 

2. Teach the patterns in mathematics. 

3. Recognize the basic misconceptions in mathematics. 

4. Make mathematics meaningful for their students. 

5. Use environment to teach mathematics. 

6. Teach mathematics by linking it with real world. 
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2.1       Meaningful learning  

Meaningful learning refers to the learned knowledge that is fully understood and 

student knows how that specific fact relates to other learned facts. Meaningful 

learning concept is to contrast rote learning.  Rote learning refers to memorization 

of something without full understanding and skills to relate to other stored 

knowledge.  

For our example, a student learns five math facts in a course during a full 

semester by rote learning. Student stored these facts in his brain as distinct, 

unrelated knowledge that can only be recalled individually. When student recalls 

one rote learned fact 5 the other four facts 1-4 are not recalled at that moment. 

Contrast that to the below discussion on recall after meaningful learning.  

 
When meaningful learning occurs the facts are stored in a relational manner. 

When one fact 5 is recalled, the other facts 1-4 are also recalled at that moment 

because the brain stores them together as related to each other. This phenomenon 

is called the spread of activation. This is the general idea of meaningful learning. 
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Problem-solving for that student would be easier who learned meaningfully than 

for the student who rote learned the same facts. 

 

Advantages of  Meaningful Learning  

 It focuses on the product or outcome of the learning process.      

 Its major focus is on understanding information not memorization. 

 It encourages active learning techniques such as cooperative learning, 

problem-based learning, case-based learning, and team-based learning. 

Disadvantages of Meaningful Learning:        

 The concept is  build upon  previously learned knowledge. 

 The limited capacity of working memory causes a struggle for learner. 

 Students who lack prior knowledge get very little out of active learning 

sessions. 

Characteristics of meaningful learning 

Following are the major Characteristics of meaningful learning: 

 Meaningful learning is Constructive 

 Meaningful learning is Intentional 

 Meaningful Learning is Authentic 

 Meaningful Learning is Cooperative/Conversational 
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 Meaningful Learning is self directed 

 Meaningful Learning is goal oriented 

 

2.2       Patterns in Mathematics 
Some people say that mathematics is the science of patterns. That's not a bad 

description. Not only do patterns take many forms over the range of school 

mathematics, they are also a unifying theme. Number patterns—such as 3, 6, 9, 

12—are familiar to us since they are among the patterns we first learn as young 

students. As we advance, we experience number patterns again through the huge 

concept of functions in mathematics. But patterns are much broader. They can be 

sequential, spatial, temporal, and even linguistic. How do we learn patterns? 

Usually as young children we first look at logic patterns. After all, making 

categories—doing classification—comes before numeration. We have to be able 

to tell which things are blocks before we can learn to count blocks.  One kind of 

logic pattern deals with the characteristics of various objects. Another kind deals 

with order: there's a sequence of objects and a pattern in the attributes the objects 

possess. We see this type of pattern on aptitude tests. There are three figures, for 

instance, and we select one of the multiple-choice answers to mark which figure 

comes next. Mathematics is especially useful when it helps you predict, and 

number patterns are all about prediction. What will the 50th number of this 

pattern be? How many cupcakes would we need if we gave a party for the town 

instead of just our class? Working with number patterns leads directly to the 

concept of functions in mathematics: a formal description of the relationships 

among different quantities. Recognizing number patterns is also an important 

problem-solving skill. If you see a pattern when you look systematically at 

specific examples, you can use that pattern to generalize what you see into a 

broader solution to a problem. Patterns can be in language too! Often, in 

mathematics education, we forget how many connections we can make to 

language arts. The metrical patterns of poems and the syntactic patterns of how 

we make nouns plural or verbs past tense are both word patterns, and each 

supports mathematical as well as natural language understanding. Language gives 

teachers of multiple subjects an interesting way to cross disciplines. But 

understand the focus here: It is not about how to communicate in mathematics; 

rather, it is about patterns in form and in syntax, which lead directly to learning 

about language in general and about machine communication in particular.  

National Council of Teachers of Mathematics (1998) sets the purpose of patterns, 

functions, and algebra in mathematics education at all grade levels.  
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 Mathematics instructional programs should include attention to patterns, 

functions, symbols, and models so that all students understand various 

types of patterns and functional relationships;  

 use symbolic forms to represent and analyze mathematical situations and 

structures;  

 use mathematical models and analyze change in both real and abstract 

contexts.  

2.2.1 Mathematics Patterns across Grades 

 The youngest children begin simply by counting. They count by 1s, then by 2s, 

5s, and 10s. These patterns give students a natural strategy to understand 

addition and multiplication. When considering a number pattern such as 2, 4, 

6..., a young student will ask herself or himself, that what number can I count 

(add) to get to the next number in the pattern and the next and the next?  

 As the student gets older, her knowledge of patterns advances from sums to 

products. When asked for the 50th number in the pattern, she will know to 

multiply 2 times 50.  

 High school students can start to understand functions, such as f(x) = 2x + 2, 

where x is the numerical sequence 0, 1, 2, 3,?. They begin with simple in-out 

machines and gradually adapt their understanding to the abstractions of 

algebra. 

2.2.2 Recognition of  Types of Mathematics Patterns 

Learning to recognize patterns in shapes and numbers is an important part of 

school maths. Hands-on activities enable students to learn through another type of 

learning style, and increase comprehension compared with textbook reading 

alone. Bring the concept to life by letting students experiment with shapes and 

numbers.  

 

a) Tessellations 

Tessellations repeat patterns of shapes. You can make tessellations from 

one shape, such as a checkerboard, or combine shapes as in a quilt. 

 

Activity 
Students can make their own tessellations by cutting a wave or jagged 

pattern from a rectangular piece of card stock paper, then attaching it to 

the bottom of the original piece. Use the card stock as a sort of guide to 

cut out other pieces of construction paper in various colors and glue them 

to a poster board to make a large tessellation. 

 

 



62 

b) Roman Numerals 

Help students better understand the concept of Roman numerals by 

showing them the patterns of the Roman numbers. For example, numbers 

ending in 1 through 3 and 6 through 8 use the letter "I" at the end to 

signify adding one; e.g., VI, or 6 (5 + 1). Numbers ending in 4 or 9 use an 

"I" before another number to signify subtracting one from that other 

number; e.g., IX, or 9 (10 - 1).  

 

Activity 
Post a sample comparison of Arabic and Roman numerals on the board so 

that students can refer to it throughout the lesson. 

 

c) Shapes 

All triangles, no matter what type, have angles that add up to 180 degrees. 

Conversely, all four-sided polygons always have inside angles that add up 

to 360 degrees. Since some students learn best through tactile experience, 

pass out protractors and papers with various shapes for each child to 

measure. 

 

d) Number Patterns 

Help students use their critical thinking skills to determine what number 

comes next in a pattern. Vary the position of the missing number to 

increase and decrease the difficulty. 

For example, post "1, ___, 7, 10" on the board, and ask students to supply 

the missing number. The correct answer is "4" because there the pattern 

adds 3 to each number in the sequence. For the pattern "34, __, 14, 4" the 

missing number is "24" because each number subtracts 10 from the 

preceding number. Enhance students' skills by asking them to think up 

their own number patterns and then see if their fellow students can figure 

out the answer.  

 

Self Assessment No. 1 

Q.1 Answer the following questions: 

i) Differentiate between meaningful learning and rote learning? 

ii) Write down the requirements for the meaningful learning? 

iii) Write down the purpose of patterns in mathematics. 
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Q No.2 Fill in the blanks: 

 

i) Mathematical functions use a……. …………. of  relationship among 

different quantities. 

ii) Recognizing number is an important …………………. skill. 

iii) Generalization give it student a ................understand the addition of 

multiplication rules...............................  

iv) Counting…………………… include tessellations, roman numbers, 

shapes, number patterns. 

v) A teacher provide tangible experience to break the ……………….in 

mathematics. 

vi) Mathematics requires the basic memorizing skill.......... and logic.   

 

Q No.3 Circle the right answers: 

1. Meaningful learning refers to  

 Knowledge 

 Experience 

 Understanding 

2. Rote learning useful for learning 

 Skills 

 Facts 

 Full understanding 

3. Spread of activation is called 

 Call 

 Recall Facts 

 Call for 

4. “Process Characteristics” and out comes, both are 

 Meaningful learning 

 Real word learning 

 Physical learning 

5. Meaningful learning may lead to  

 Imaginary ideas 

 Techniques / Technicalities 

 Creature productions 

6. Meaningful learning requires 

 Well organized knowledge 

 Well organizational  

 Organizational theories 

7. Rote learning results 

 Little or no knowledge 
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 High knowledge 

 Relevant knowledge 

8. Mathematics is useful for 

 Prediction 

 Super situation 

 Fictions 

9. National council of teachers of mathematics sets the 

 Purpose of patterns  

 Purpose of multiplication 

 Purpose of subtraction 

 

2.3       Misconceptions: Using and recognizing them 

Just like in other subjects, students have misconceptions in mathematics. These 

misconceptions are derived from their prior knowledge and experiences with 

numbers in their everyday lives. These misconceptions hinder the learning 

process, because they are tightly held by students. Their teachers need to provide 

tangible experiences to break these misconceptions. Eliminating mathematic 

misconceptions is difficult and merely repeating a lesson or extra practice will not 

help. Telling students were they are mistaken will not work either. Recognizing 

student misconceptions and immediately focusing a discussion on the 

misconception is important. Providing guiding questions using inductive 

reasoning is the best approach. 

2.3.1 Math Is Different From Other Subjects 

The greatest misconception about math is that it is refer as "mysterious" and 

difficult subject by students and as well as by majority of the teachers. Actually, 

math is not special or difficult; it requires the same basic memorizing skills, 

reading, and logic that a student would require for any other class subject. 

Certainly, students can memorize terms like dates of different events in history, 

draw geometric shapes as art work and can analyze through the language of math 

like any other language. 

 

2.3.2 General misconception in mathematics 

Because students mistakenly view math as different and special, they make the 

assumption that they cannot learn math skills and concepts. However, if you 

currently struggle in math, this does not have to remain the case. Good tutors and 

teachers can help you break down the concepts into understandable ideas. They 

can also figure out the specific skills in which you need practice and help you 

develop these skills in a way that will improve your math ability forever. While 

building mathematical comprehension can take time, it is never impossible. For 
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example the misconceptions in fraction and place value can easily removed by 

tutoring the students. 

 

 

Students make mistakes for a variety of reasons: for example 

 a lapse in concentration 

 memory overload 

 a failure to notice important features in a problem. 

Some mistakes, however, are symptomatic of more profound mathematical 

difficulties. Research has shown that mistakes are often the result of consistent, 

alternative interpretations of mathematical ideas. Such misconceptions should not 

be dismissed as wrong thinking as they may be necessary stages of conceptual 

development. Some common misconceptions at early years are. 

You can't divide smaller numbers by larger ones. 

 Division always gives smaller numbers as answers. 

 The more digits a number has, the larger its value. 

 Shapes with bigger areas have bigger perimeters. 

 In Fractions the Largest Denominator is the Largest 

Fraction  

 Geometric Shapes are not Recognized Unless Held Upright 
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Most teachers have a clear understanding of where some pupils are likely to make 

mistakes in tests. For example

 

If a student continues the pattern of errors that indicate a misconception, his likely 

response to would be: 

 

Misconceptions and Elimination Strategies 

Multiplication Always Results in a Larger Number 

This is true when working with positive whole numbers. However not true when 

working with fractions and negative numbers.  

For example:  

                           5×3=15 

                           5× (-4) =  -20 

Even 20 is larger number than 15 but negative sign change the scenario and -20 

become smaller than 15. The same result is in multiplication of fractions. 

Similarly multiplying denominator of a fraction with a positive number results in 

a smaller fraction. 
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2

1

22

1

 = 4

1
 

Students show this misconception because of earlier experiences with positive 

whole numbers. Instead of using “one half times eight,” try using “one half of 

eight.” The use of the word “of” when multiplying a fraction times a whole 

number informs students the answer will be less than eight. 

In Fractions the Largest Denominator is the Largest Fraction  

Students assume this is always true for example. They have misconception that 

6

1

3

1
  because they learned that a 6 is larger than a 3. The best way to eliminate 

this misconception is to allow students to work with math manipulative when 

beginning work with fractions. This allows students to visualize denominators and 

numerators broken down into their basic parts. 

Geometric Shapes are not Recognized Unless Held Upright 

This is typically an inadvertent misconception passed on by teachers. If geometric 

shapes, such as triangles or rectangles, are held in one direction all the time 

students will not recognize it when viewed in a different direction. 

 Students can only find a diamond shape if pointed in the right direction. In 

reality there is no such thing as a diamond shape, it is either a square or a 

rhombus. 

 The best ways to eliminate this misconception is to allow students to draw 

geometric shapes in any direction, provide examples of shapes in a variety 

of directions, and rearrange displays of geometric shapes to point in 

different directions regularly. 
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To Multiply by 10 Just Add Zero 

This is a common misconception students fall into because this is something they 

hear all the time from parents, siblings, students, and others. 

 Students learn this from working with positive and negative whole 

numbers. However it is not true when working with decimals and 

fractions. 

 The best way to eliminate this misconception is to have students work out 

problems with decimals and fractions being multiplied by 10. When they 

work out the problems themselves, they will internalize that multiplying 

by 10 does not always mean just add zero. 

The Tallest Container Always has the Greatest Volume 

This a misconception caused by visual perception. Also they learn this from 

eating in fast food restaurants and similar locations that display cup sizes. The 

tallest cup always holds more, because of the way they are displayed. 

 The best way to eliminate this problem is to have students fill tall 

containers with water and then pour the water into a shorter container 

which has the same volume. This is a difficult misconception to break and 

even adults have issues with this misconception. 

The most effective method of eliminating math misconceptions is to address them 

immediately when observed. This is imperative, so students do not carry these 

misconceptions any further and develop a better understanding of mathematics. 

 Math is not for the "Real World" 

Another common misconception in learning math is that students won't need it for 

the "real world." Yet, this math myth is far from the truth. While math may be 

more hidden in everyday dealings than it is in a text book, you will use it on a 

daily basis. Furthermore, part of properly learning math concepts is learning to 

recognize them in context so students know when to use them. When students 

study trigonometry, algebra, calculus or geometry, each type of math focuses on 

different concepts and therefore highlights different skills. People who think they 

don't need math are actually missing out on opportunities to grow their 

businesses, fix their finances and even improve their cooking. 
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Self Assessment Exercise 2 

Tick the appropriate answer. 

1. Misconception about math refers as  

 Mysterious 

 Apparent 

 Different 

2. Misconception derived from  

 Prior knowledge 

 Present knowledge 

 Present knowledge 

3. Teachers need to provide experience for removing  

 Misconception 

 Mistakes 

 False statement 

4. Providing guiding questions is the best approach by using (inductive 

reasoning) 

 Inductive reasoning  

 Deductive reasoning  

 Inductive and deductive reasoning 

5. Mathematics  requires basic memorizing skills, reading and  

 Logic 

 Fictions  

 Abbreviations 

6. Good teachers can help you to break down the concepts into 

 Understandable ideas  

 Memory 

 Rotational Pictures 

7. Students make mistakes for a variety of reasons including 

 Focus on playing 

 Memorizing 

 A laps in conception  

8. The people who think, they do not need math, missing out 

 Business opportunities 

 Political opportunities  

 Criminal opportunities 

9. Eliminating mathematics misconceptions is  

 difficult 

 Destructive 

 Easy 
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2.4       Making Mathematics Meaningful  

Increasingly, there is a view that school mathematics should be aligned to the kind 

of problem-solving situations that individuals regularly encounter in their lives in 

order to ensure that mathematical thinking can be embedded into activities that 

are both useful and relevant to their personal contexts. However, connections 

between school and out-of-school mathematics can become quite problematic 

when we attempt to consider the diverse range of interests and perspectives an 

individual is likely to bring to a problem-solving situation. In order to develop 

learning environments that are meaningful (and often realistic) teachers have been 

encouraged to create problem-solving activities that are open-ended in nature or 

establish frameworks that challenge students to pose their own problems. 

Teachers are also challenged to demonstrate how school mathematics is both 

applicable and relevant to ‘life after school’. Interestingly, these approaches 

attempt to legitimize school mathematics by demonstrating its usefulness to out-

of-school contexts rather than bringing the mathematics students naturally and 

enthusiastically embrace outside school into regular classroom contexts. The type 

of mathematics students’ use outside school is radically different— both in 

content and approach— to the mathematics they encounter in school. In this 

presentation I will argue that there needs to be a directional shift in the way in 

which we establish relevance and applicability in mathematical engagement in 

order to ensure that student learning remains meaningful, realistic and 

personalized. 

a) In-School and Out-of-School Contexts 

It could be argued that learning and doing mathematics is an act of sense making 

and consequently involves cultural, social, and cognitive phenomena that cannot 

be separated (Schoenfeld, 1989). If designed in a manner that considers these 

“learning dimensions,” mathematical problems can be personalized in ways that 

provide opportunities for enhanced mathematical meaning. Unfortunately, school 

mathematics rarely considers the social and cultural contexts of learning (Lowrie, 

2004) because planning in-school mathematics experiences to build on students’ 

mathematical understandings from out-of-school experiences are both difficult 

and problematic (Masingila & de Silva, 2001). The separation of cultural, social 

and cognitive aspects of mathematical engagement is perpetuated when problem 

solving is confined to students solving traditional word problems. Generally, word 

problems do not provide opportunities for students to access knowledge or 

consider experiences associated with their everyday lives. In fact, Lave (1998) 

argued that children’s intuitions about the world are constantly violated in 

situations where they are asked to solve word problems. Other researchers 
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(including Greer, 1997; Lowrie, 2004) have documented that students tend to 

ignore relevant and authentic aspects of reality and exclude real-world knowledge 

when solving word problems in classroom contexts. Moreover, the connections 

between students’ everyday and classroom mathematics are not always attainable 

because of the disheartening fact that the contexts differ significantly (Lave, 1988; 

Lowrie & Clancy, 2003). 

There is a view that children construct a set of beliefs and assumptions about 

problem solving (often developed by solving routine word problems that simply 

require the execution of one or more of thefour arithmetic operations) that 

actually reduces the likelihood of connections to realistic contexts. Bonotto 

(2002) indicated that this only can change if there is a transformation in the 

teacher conceptions, beliefs and attitudes towards mathematics in ways that alter 

the culture of the classroom. Unfortunately, the disconnection between realistic 

and traditional problem solving establishes a situation where children begin to 

assume that what they know about the real world is not useful or valid. On the 

other hand, authentic problem-solving contexts provide opportunities for children 

to acquire knowledge and skills in situations that are not only meaningful but also 

relevant to their personal experiences which are established both in school and 

out-of-school contexts. Lesh and Harel (2003), for example, maintained that the 

kind of problem-solving situations that should be emphasised in school are 

simulations of real-life experiences where mathematical thinking is useful in the 

everyday lives of the student or their family and friends. In recent years therehas 

been a view that conditions that make out-of-school learning so effective must be 

recreated in classroom activities by “creating classroom situations that promote 

learning processes closer to those arising from out-of-school mathematics 

processes” (Bonotto, 2002, p. 3). As Boaler (1993) noted: 

The reasons offered for learning in context seem to fall into two broad categories, 

one concerning motivation and interest of students through an enriched and vivid 

curriculum, the other concerning the enhanced transfer of learning through a 

demonstration of links between school mathematics and real world problems. (p. 

14) Such a focus creates a directional shift in terms of the mathematics content 

and processes that could be presented in classroom situations. Irrespective of 

whether or not the mathematical understandings are applied to out-of-school 

contexts or adapted from these realistic contexts, it is imperative that researchers 

and teachers: 1) develop a more comprehensive understanding of the processes 

students employ to solve problems in these out-of-school contexts; and 2) 

appreciate how mathematics studied at school is accessed and utilized in the 

student’s world beyond school. 
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b) Connections between Contexts 

Connections between in-school and out-of-school mathematics are most 

commonly formed when teachers encourage students to recognize the 

mathematics learning and engagement they participate in outside school. In such 

situations, students are encouraged to reflect upon the content knowledge they 

accessed and the strategies they selected to solve tasks in everyday activities. In 

addition, teachers encourage students to reflect on how in-school learning and 

practice can be used and applied to situations out of school 

Ideally, students should be encouraged to extend, adapt, revise and adopt 

mathematical ideas to a context that they can place themselves within the context. 

It seems to be the case, however, that students do not intuitively use real-life 

knowledge or evoke realistic scenarios to contextualize problems—irrespective of 

how “authentic” they may be. There is a view that children construct a set of 

beliefs and assumption about problem solving (often developed by solving routine 

word problems that simply require the execution of one or more of the four 

arithmetic operations) that actually reduces the likelihood of connections to 

realistic contexts. Bonotto (2002) indicated that this only can change if there is a 

transformation in the teacher conceptions, beliefs and attitudes towards 

mathematics in ways that alter the culture of the classroom. Bennett et al (2002) 

commented that the level and nature of authenticity will depend on a) the level of 

sensory fidelity in task representation so that practical skills may be developed, b) 

the extent to which critical thinking or problem solving can be enhanced, and c) 

the potential for social interaction and engagement. 

The leaning of mathematics can be more meaningful if the following errors may 

be overcome. 

 

c) The Child and Mathematical Errors 

 

Experience – Children bring to school different experience. Mathematical errors 

may occur when teachers make assumptions about what children already know. 

Expertise – When children are asked to complete tasks, there is a certain 

understanding of the basic ‘rules’ of the task. Cockburn (1999) takes an example 

from Dickson, Brown and Gibson (1984, p331). Percy was shown a picture of 12 

children and 24 lollies and asked to give each child the same number of lollies. 

Percy’s response was to give each child a lolly and then keep 12 himself.  

Misconceptions may occur when a child lacks ability to understand what is 

required from the task. 
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Mathematical knowledge and understanding – When children make errors it 

may be due to a lack of understanding of which strategies/ procedures to apply 

and how those strategies work. 

Imagination and Creativity – Mathematical errors may occur when a child’s 

imagination or creativity, when deciding upon an approach using past experience 

may contribute to a mathematically incorrect answer. 

Mood – The mood with which a task is tackled may affect a child’s performance. 

If the child is not in the ‘right mood for working’ or rushed through work, careless 

errors may be made. 

Attitude and confidence – The child’s self esteem and attitude towards their 

ability in mathematics and their teacher may impact on their performance. For 

example, a child may be able in mathematics but afraid of their teacher and 

therefore not have the confidence to work to their full potential in that area. 

d) The Task and Mathematical Errors 

Mathematical complexity – If a task is too difficult, errors may occur 

Presentational Complexity – If a task is not presented in an appropriate way, a 

child may become confused with what is required from them. 

Translational Complexity - This requires the child to read and interpret problems 

and understand what mathematics is required as well as understanding the 

language used. If the task is not interpreted correctly, errors can be made. 

e) The Teacher and Mathematical Errors 

Attitude and Confidence – As with the child, if a teacher lacks confidence or 

dislikes mathematics the amount of errors made within the teaching may increase. 

Mood – With the pressures of teaching today, teachers may feel under pressure or 

rushed for time and not perform to the best of their ability. 

Imagination and Creativity – Where a teacher is creative, they may teach 

concepts in a broader manner, looking for applications and alternative approaches 

thus reducing the probability of error in learning. 

Knowledge – Too much teacher knowledge could result in a teacher not 

understanding the difficulties children have whereas too little knowledge could 

result in concepts being taught in a limited way. 

Expertise – Expertise not only in subject matter but also in communicating with 

children and producing effective learning environments. Without this expertise, 

some pupils’ mathematics may suffer. 

Experience – Knowledge can be gained from making mistakes. Teachers may 

learn about children’s misconceptions by coming across them within their 

teaching. 
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2.5       Using Environment for teaching mathematics  

 

Children today are growing up in a world permeated by mathematics. The 

technologies used in homes, schools, and the workplace are all built on 

mathematical knowledge. Mathematics epitomizes the beauty and power of 

deductive reasoning. The mastery of its forms of reasoning became a hallmark of 

the educated person. Its study was seen as bringing the discipline of logical 

thinking to the apprentice scholar. Mathematics embodies the efforts made over 

thousands of years by every civilization to comprehend nature and bring order to 

human affairs. Every literate society has needed people who knew how to read the 

heavens and measure the earth. Farmers have wanted to calculate crop production, 

and merchants to record their transactions. 

Despite the value of mathematics as a model of deductive reasoning, the teaching 

of mathematics has often taken quite a different form. Helping all students learn 

to think mathematically is a new and ambitious goal. The growing technological 

sophistication of everyday life calls for universal facility with mathematics. 

Research continues to expand our understanding of the teaching-learning process. 

All of this taken together makes us believe that our goal is in large measure 

achievable. Math can be an extremely challenging concept to learn and master. 

Teaching math is a good thing to know how to do especially if you want to better 

your skills as a teacher and if you plan to home school your children.  

Children in elementary school are in the Concrete Operations Stage of Piaget's 

Stages of Cognitive Development. Students in elementary school have shorter 

attention spans than their older counterparts. They are able to grasp certain 

abstract concepts; however, they have not moved away from the need to use 

concrete objects in learning. Therefore, the best way to teach them math skills are 

through short lessons, repetition and review with manipulative. Learning to tell 

time should involve a play clock with moving hands. All students, even older 

students in elementary school, though on the cusp of moving out of the concrete 

stage of development, benefit from hands-on lessons. Copious manipulative exist 

for lessons on fractions, geometric shapes and even basic algebra skills. 

The pedagogical challenge for teachers is to manage instruction in ways that help 

particular students develop mathematical proficiency. High-quality instruction, in 

whatever form it comes, focuses on important mathematical content, represented 

and developed with integrity. It takes sensitive account of students’ current 

knowledge and ways of thinking as well as ways in which those develop. Such 

instruction is effective with a range of students and over time develops the 
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knowledge, skills, abilities, and inclinations that we term mathematical 

proficiency. 

 

2.5.1 How to Teach  Math Techniques   

1) Choose an appropriate setting. The first thing to remember when 

trying to teach someone anything (especially math) is to make sure the 

learning environment is appropriate and comfortable. Particularly 

when teaching a pretty tough concept, you have to really make sure the 

student or students have comfortable surroundings or they will not be 

entirely focused on the concept at hand. It is recommended that you 

pay close attention to the following key factors: air temperature, 

seating arrangements and the focus of the students when creating a 

learning environment for a math student. 

 

2) Assess the learning abilities and habits of the student(s). Determine 

how each of your students will learn the concept. Some students learn 

more by sight than by hearing, some by hands-on and sight, and others 

are good at mostly learning through hearing things. Another thing you 

should pay close attention to when teaching a math student is her 

ability to learn: Is the student a slow learner, a fast learner or in 

between? It is recommended that you let your students practice an 

array of different activities such as writing a math problem on the 

board to work it out and having an open classroom discussion about 

some math concepts for students who learn by hearing things. If you 

have a slow learner, it is also recommended that you take him to the 

side and further analyze his needs. 

 

http://www.ehow.com/how_2312093_teach-elementary-math-techniques.html
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3) Make your student(s) practice the concept. Finally, whether you have a 

slow learner or a fast learner or someone in between you have to 

encourage your students to practice the concept. Ways of making your 

student practice math concept include but are not limited to: reviewing 

flash cards before a test, homework, in-class assignments and other 

class/individual activities. 

 

4) Introduce and explain. No matter what concept you are teaching, be it 

addition, subtraction, beginning geometry or something more complex 

like long division, be sure to introduce the concept first by explaining 

what it is called and its real life application. 

 

5) After introducing the concept to your student, show how mastery of 

this mathematical concept will help him in real life. Real life 

applications always help a student internalize their learning create a 

sense of ownership over the concept learned. 

 

6) Use visuals. Many children are heavy visual learners. Meaning, they 

learn best if they can actually see the lesson in progress. Use an easel, 

a white board or other visual tool as you teach. 

 

7) Use manipulative. Manipulative are essential when teaching 

elementary-aged students about math concepts. Kinesthetic and tactile 

learners also need "parts and pieces" to move about. 

 

8) Practice. Have your student practice the concept many times with and 

without your assistance. 

 

9) Self-check. Teach your student how to self-check his work. If he is 

unsure of an answer help him right away. Math concepts can take 

several weeks to master. 

 

10) Review. Even after your student has mastered the new concept, 

continue to review as often as you can. This reinforces the learning 

and helps build upon the next, more complex concept. 

 

 

2.6       Linking mathematics learning to the real world  

Making connections to everyday life was the most popular response among the 

teachers in all areas. Having lessons that involved real-world situations that 

students and teachers could correlate with out of school experiences would make 
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the abstract concepts of mathematics more meaningful. “A curriculum with 

intelligible assessments and relevant math lessons that gave the teacher a better 

insight on student achievement would make it more meaningful. Professional 

development workshops or training on how to best implement the manipulative 

and other resources given would make math more meaningful to the educator. 

The confidence in their own abilities would grow and be reflected in their 

instruction. Viewpoints on teaching math may become more positive as well. 

Putting the focus on mathematical processes and what is happening rather than 

getting the right answers is a progression some teachers would like to see. The 

students' learning would be at a deeper level and provide more opportunities for 

higher level thinking. With the focus on process, students learn from each other 

and practice their communication skills as well; which brings me to the most 

important distinction between traditional mathematics in a classroom and 

mathematics in the real world. In the classroom, students compete with each 

other. They do their homework on their own and take tests in isolation and are 

assessed on their percentage of correct answers. According to writer Kevin 

Delaney, “In the real world, people do not work in isolation. They work in 

companies and broader communities. In these communities, the ability to work 

with others and communicate your findings is far more important than problem 

solving skills. A clever solution means very little unless it adds to the broader 

context of the organization.” As a new teacher, one can provide ample 

opportunity for students to work with each other and explore math concepts. In 

the groups, he/she have students do jobs that are often found in cooperative 

lessons also giving them a sense of responsibility and accountability; two qualities 

important to have in today's society. Supporters of everyday mathematics believe 

that this focus not only prepares students for the specific content studied but that 

real-world problems provide them with a bridge between the abstract role of the 

subject and situations they encounter as a member of society. An important factor 

in the development of a student’s goals must be the student’s view of the nature of 

the mathematics to be learned, shaped partly by the perceptions of the teacher’s 

role in the classroom. The classroom of the teacher that said math was not a 

favorite subject of theirs, loved that they were provided a transcript of sorts to 

teach math every day. When asked about the manipulative suggested by the class 

textbook they said they had them but didn’t know when to implement them. The 

students in the class were slowly taking on this negative view of math and its uses 

in the real world. 
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Advantages of Linking mathematics learning to the real world  

Andresen, Boud and Choen (2000) provide a list of criteria for experience-based 

learning. The authors state that for a project to be truly experiential, the following 

attributes are necessary in some combination. 

 The goal of “Linking mathematics learning to the real world” learning 

involves something personally significant or meaningful to the students. 

 Students should be personally engaged. 

 Reflective thought and opportunities for students to write or discuss 

their experiences should be ongoing throughout the process. 

 The whole person is involved, meaning not just their intellect but also 

their senses, their feelings and their personalities. 

 Students should be recognized for prior learning they bring into the 

process. 

 Teachers need to establish a sense of trust, respect, openness, and 

concern for the well-being of the students. 

• It enhances the learning process 

• It creates positive emotions—which lead to greater creativity and 

complex problem-solving 

• An engaged classroom is more enjoyable for everyone  

• It impacts IDEA scores  

 

Self Assessment No. 3 

i. An appropriate ……………is required to teach mathematics. 

ii. Kinesthetic and tactile learners also need ……………………..to 

move about. 

iii. Having lessons that involved real-world situations make the 

…………………concepts of mathematics more meaningful. 

iv. With the focus on process, students learn from each other and 

………………………..their communication skills as well. 

v. Real life applications always help a student …………………….their 

learning 

 

 

 

 

 

 

 

 

  

http://serc.carleton.edu/resources/36449.html
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Key Point 

i) Meaningful learning refers to the learned knowledge that is fully 

understood and student knows how that specific fact relates to other 

learned facts. 

ii) Rote learning refers to memorization of something without full 

understanding and skills to relate to other stored knowledge. 

iii) When meaningful learning occurs the facts are stored in a relational 

manner when one fact 5 is recalled, The other facts 1-4 are also 

recalled at that moment because the brain stores them together as 

related to each other. This phenomenon is called the spread of 

activation. 

iv) A pattern is a formal description of the relationship among different 

quantities. Mathematics is especially useful when it helps you to 

predict. Recognizing number patterns is also an important problem 

solving skill. Pattern is systematically and may be generalized. 

v) National council of teachers of mathematics sets the purpose of 

patterns, functions and algebra in mathematics education at all grade 

levels.  

vi) Mathematics instructional programs should include patterns, functions, 

symbols and models. 

vii) A misconception is derived from their prior knowledge and 

experiences with numbers in their everyday life. 

viii) Misconceptions create hurdle in learning process. 

ix) Misconception is  problematic for two reasons. 

 They interfere with learning when students use them to interpret 

new experiences. 

 Students are emotionally and intellectually attached to their 

misconceptions because they have actually constructed them. 

x. In learning there are  two broad categories; 

 One concerning motivation and interest of students. 

 Other concerning the enhanced transfer of learning through a 

demonstration of links between school mathematics and read world 

problems. 
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ANSWERS 

Self Assessment No. 1 
Q. 2 

i) Formal description 

ii) Problem Solving  

iii) Natural Strategy  

iv) Patterns 

v) Misconceptions in mathematics 

vi) Reading  

Q. 3 

i) Knowledge 

ii) Memorization 

iii) Recall 

iv) Meaningful learning 

v) Creature production 

vi) Well organized knowledge 

vii) Little or no knowledge 

viii) Prediction 

ix) Purpose of pattern 

 

 

Self Assessment No. 2 
Q. 1 

i. Mysterious 

ii. Prior knowledge 

iii. Misconception 

iv. Inductive reasoning 

v. Logic 

vi. Understandable 

vii. A laps in concentration 

viii. Business opportunities 

ix. Difficult 
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Self Assessment No. 3 
Fill in the blanks with appropriate answers 

i. Setting 

ii. parts and pieces 

iii. abstract 

iv. practice 

v. internalize 
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INTRODUCTION OF THE UNIT 

 

Since the past two decays, our understanding of how people learn has changed 

dramatically. The call for reform in mathematics classrooms has expected 

teachers among other things “to create supportive learning environments, to 

utilize worthwhile mathematical tasks, to manage students’ mathematical 

discourse, and to promote sense making” (Jones, 2004). Not long ago, educators 

and psychologists believed that students’ brains were like empty vessels waiting 

to be filled with knowledge imparted by a teacher. Therefore teachers have 

different techniques of teaching like Contextual Teaching and Learning,  

Effective Questioning, Mathematical Modeling,   Hands-on, Minds-on, 

Mathematics,   Teaching Mathematics by Enquiry and  by Problem Solving 

because advances in cognitive research and developmental psychology, combined 

with today’s urgency to educate all students in an increasingly diverse and 

technological society, have transformed the way we think about teaching 

mathematics and science (Brown & Campione, 1994; Rosenshine, 1995; Roth, 

Nowell, 1992; Ornstein, 1995). 

 

 

OBJECTIVES OF THE UNIT 
 

After studying this unit prospective teachers will be able to: 

 

1. Understand Contextual Teaching and Learning 

2. Comprehend Effective Questioning 

3. Become skilled at Mathematical Modeling 

4. Work on the concept of Hands-on, Minds-on, Mathematics 

5. Learn Mathematics by Enquiry 

6. Develop Mathematics concepts by Problem Solving 
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3.1       Contextual Teaching and Learning 

Today, educators and researchers understand that most people learn best through 

personal experience and by connecting new information to what they already 

believe or know. Excellent teaching and quality textbooks aren’t enough. Students 

need to personally construct their own knowledge by posing questions, planning 

investigations, conducting their own experiments, and analyzing and 

communicating their findings. 

Embedding teaching strategies, appropriate pedagogy can be an effective way to 

boost student performance in academics, critical thinking, and problem solving. 

What is the best way to convey the many concepts that are taught in a particular 

course so that all students can use and retain that information? How can the 

individual lessons be understood as interconnected pieces that build upon each 

other? How can a teacher communicate effectively with students who wonder 

about the reason for, the meaning of, and the relevance of what they study? How 

can we open the minds of a diverse student population so they can learn concepts 

and techniques that will open doors of opportunity for them throughout their 

lives? These are the challenges teachers’ face every day, the challenges that a 

curriculum and an instructional approach based on contextual learning can help 

them face successfully.  

Contextual teaching is teaching that places a real world emphasis on teaching. In 

other words, relating what is being taught into the context of the real world, 

hopefully with the effect of engaging the students interactively, and thus 

eliminating the questions of "Why do I need to learn this stuff?” because youth 

are learning valuable skills that place emphasis on so-called "real world" 

vocations such as computer and technology, health, business, etc. In other words, 

contextual Teaching and Learning is a conception of teaching and learning that 

helps teachers to relate subject matter content to real world situations and 

motivates students to make connections between knowledge and its applications 

to their lives as family members, citizens, and workers. 

The majority of students in our schools are unable to make connections between 

what they are learning and how that knowledge will be used. This is because the 

way they process information and their motivation for learning are not touched by 

the traditional methods of classroom teaching. The students have a difficult time 

understanding mathematics concepts as they are commonly taught , using an 

abstract, lecture method, but they desperately need to understand the concepts as 

they relate to the workplace and to the larger society in which they will live and 

work. Traditionally, students have been expected to make these connections on 

their own, outside the classroom.  
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According to contextual learning theory, learning occurs only when students 

process new information or knowledge in such a way that it makes sense to them 

in their own frames of reference. This approach to learning and teaching 

mathematics assumes that the mind naturally seeks meaning in context—that is, in 

relation to the student’s real life by searching for relationships that make sense 

and appear useful.  

Building upon this understanding, contextual learning theory focuses on the 

multiple aspects of any learning environment, whether a classroom, a laboratory, 

a computer lab, a worksite, or a wheat field. It encourages educators to choose 

and/or design learning environments that incorporate as many different forms of 

experience as possible—social, cultural, physical, and psychological—in working 

toward the desired learning outcomes.  

In such an environment, students discover meaningful relationships between 

mathematical concepts and practical applications in the context of the real world; 

concepts are internalized through the process of discovering, reinforcing, and 

relating. For example, studying basic mathematical operation students might able 

to apply these operations during shopping.  

Contextual Teaching and Learning CTL provides opportunities for students to 

learn knowledge and skills in meaningful contexts such as the home, the 

community, and the workplace. CTL supports instruction that encourages students 

to learn together and from each other. It uses assessments that sample the actual 

knowledge, skills, and dispositions desired of students.  

Examples 

1. An agriculture teacher and a math teacher put their students together to 

design a mist system for the high school greenhouse.  The project involved 

calculating the volume of liquid and the amount of PVC pipe required for 

the project. 

2. An English teacher invited speakers from business and industry to make 

presentations to students on workplace standards and quality control.  

Students practiced note-taking and interviewing skills as they listened and 

then wrote a 1- 3 page report that both teachers graded.  

3. Students in food nutrition and chemistry classes investigated the metal 

content of foods before and after cooking using various types of pans.  

They prepared omelet’s using stainless steel, cooper, cast iron, glass, and 

coated cookware.  Chemistry students used food samples to make chloride 

ions. 
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Objectives of Contextual Teaching and Learning 

The following are the main objectives of contextual teaching and learning. 

1. To promotes higher order thinking and problem solving, 

2. To promotes student engagement and involvement, 

3. To relates what student is learning to real world problems and their lives, 

and 

4. To promotes authentic methods of assessment.  

3.2       Effective Questioning  

The right questions can get learners talking, discussing, reflecting, and writing 

their thoughts.   That’s when they really begin to “own” their learning. Marian 

Small writes, “students are recognized as the ones who are actively creating their 

own knowledge. 

Teachers use questioning as part of their teaching for many reasons, but often to:  

 

 maintain the flow of the learning within the lesson 

 engage students with the learning 

 assess what has been learned  

 check that what has been learnt is understood and can be used 

 test student memory and comprehension 

 seek the views and opinions of pupils 

 provide an opportunity for pupils to share their opinions/views and seek 

responses from their peers 

 encourage creative thinking  and imaginative or innovative thinking 

 foster speculation, hypothesis  and idea/opinion forming 

 create a sense of shared learning and avoid the feel of a ‘lecture’ 

 challenge the level of thinking and possibly mark a change to a higher 

order of thinking 

 model higher order thinking using examples and building on the responses 

of students 

The Value of questions 

"Asking good questions is productive, positive, creative, and can get us what we 

want".
1
 Most people believe this to be true and yet people do not ask enough good 

questions. Perhaps one of the reasons for this is that effective questioning requires 

it be combined with effective listening. 
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Effective questions help you: 

 Connect with your clients in a more meaningful way 

 Better and more fully understand your client's problem 

 Have clients experience you as an understanding, competent lawyer 

 Work with your staff more effectively 

 Help your staff take responsibility for their actions and solve problems 

within the workplace more easily 

 Cross examine more effectively 

 Take revealing depositions 

 Gather better information 

 Do more solution oriented problem solving 

 Improve your negotiating skills 

 Reduce mistakes 

 Take the sting out of feedback 

 Defuse volatile situations 

 Get cooperation 

 Plant your own ideas 

 Persuade people 

Effective questions are questions that are powerful and thought provoking. 

Effective questions are open-ended and not leading questions. They are not "why" 

questions, but rather "what" or "how" questions. "Why" questions are good for 

soliciting information, but can make people defensive so be thoughtful in your use 

of them. When asking effective questions, it is important to wait for the answer 

and not provide the answer. 

When working with people to solve a problem, it is not enough to tell them what 

the problem is. They need to find out or understand it for themselves. You help 

them do this by asking them thought provoking questions. Rather than make 

assumptions find out what the person you are talking to knows about the problem. 

For example: "What do you think the problem is?" 

Behind effective questioning is also the ability to listen to the answer and suspend 

judgment. This means being intent on understanding what the person who is 

talking is really saying. What is behind their words? Let go of your opinions so 

that they don't block you from learning more information. Pay attention to your 

gut for additional information. 
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Powerful Questions 

The following are examples of typical questions. These questions can help you 

improve your communication and understanding of the client or staff member. 

1. Identification of issue:  
These questions can be used in client interviews and meetings, settlement 

negotiations and to work with others in solving problems.  

What seems to be the trouble? 

What do you make of _________? 

How do you feel about _____________? 

What concerns you the most about _____________? 

What seems to be the problem? 

What seems to be your main obstacle? 

What is holding you back from _________________? 

What do you think about doing X this way? 

2. Further information:  
These questions can be used in depositions and to find out what someone 

has already done to resolve a work problem.  

What do you mean by __________? 

Tell me more about _______________ 

What else? 

What other ways did you try so far? 

What will you have to do to get the job done? 

3. Outcomes:  
These questions can be used in settlement negotiations or while working 

with staff to plan how to do something.  

How do you want ____________ to turn out? 

What do you want? 

What is your desired outcome? 

What benefits would you like to get out of X? 

What do you propose? 

What is your plan? 
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If you do this, how will it affect ________ ? 

What else do you need to consider? 

4. Taking Action:  
These questions can be used in working with staff.  

What will you do? When will you do it? 

How will I know you did it? 

What are your next steps? 

Self Assessment Exercise 1. 

Q. 1 Answer the following questions: 

i.  Is Contextual teaching and learning helpful for required learning 

outcomes? 

ii.  Write two objectives which may not be achieved without 

contextual teaching. 

iii.  Write down the types of effective questions. 

iv.  Write some exemplary powerful questions. 

Q. 2 Tick the right option. 

i. Contextual teaching is teaching that places an emphasis on teaching 

related to: 

a. Imaginary world 

b. real world 

c. both a & b 

d. None of above 

ii. Asking good questions is:  

a. productive  

b. positive and creative 

c. both a & b 

d. None of above 

iii. Contextual teaching promotes: 

a. Comprehension skills 

b. Evaluating skills 

c. Synthetic skills 
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d. higher order thinking and problem solving 

 

iv. Effective questions are: 

a. “why & what" questions 

b.  "what & how" questions 

c.  "how & why" questions 

d. All above 

3.3       Mathematical Modeling 

A mathematical model is resident in certain domains of mathematics (such as 

algebra, geometry, and statistics) because of their algorithms and formulae; 

however, the mathematics involved in the model must be made reasonable in two 

ways, not only in its mathematical “correctness” with regard to the domain in 

which it is resident, but also in the real-world situation which it represents. The 

transfer from scientific to mathematical model also involves identifying and using 

mathematical constructs such as space and measure as well as other constructs 

that bring insight to solving a problem or understanding a situation. We claim that 

learning with mathematical models not only has practical applications, but also 

has philosophical and historical relevance in the construction of mathematical and 

scientific knowledge  

Example. 

Problem. If there are 11 coins, nickels and dimes, valuing 70 cents, how much of 

each are there? Discussion. First you try to identify the variables needed. Keeping 

in mind what the problem is asking you to find {that might be helpful when you 

decide on the relevant variables. 

This problem is asking for the number of nickels and the number of dimes. Thus, 

let x=number of nickels and y= number of dimes. The natural next step is to 

create a system of two equations with two unknowns: the first one describing the 

fact that there are 11 coins all together: x + y = 11 and the second one describing 

the fact that the value of x many coins worth 5 cents each and the value of y many 

coins worth 10 cents each should add to the total value of 70 cents. Thus, the 

second equation is 5x + 10y = 70: 

Solution. Using the usual methods (elimination of variable or your other favorite 

method for solving a system of linear equations) gives us x = 8 and y = 3: 

Interpreting this mathematical answer in context of the problem gives us the 

answer that there are 8 nickels and 3 dimes. Testing the validity: do 3 and 8 really 
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add to 11? Does 8 times 5 cents plus 3 times 10 cent equal 70 cents? Modeling 

using ordinary differential equations 

In actual mathematical and scientific practice, the development and acceptance of 

mathematical models is complex and call for students to connect mathematics and 

science to real world phenomena and learn both subjects through authentic 

activities. 

In order to help students obtain learning goals, teachers must be able to create and 

strengthen links between more formal, abstract mathematical concepts and real-

world situations where mathematics plays a more applied role. As teachers 

immersed in a modeling environment move within the realms of personal 

experience, mathematics, and science (e.g., physics), emerging tensions in student 

learning (and their own) could become apparent to them. If teachers are to move 

effectively between these realms, they must make choices on how to relieve 

resulting tensions within themselves and their students; such choices have a 

profound impact on the use of modeling approaches in the classroom. 

For example, teachers who disregard variation in real-time motion data may not 

be aware that they are failing to meet one of the goals in physics – to account for 

experimental error. Likewise, teachers who do not advance their students’ 

conceptual development of purely linear (i.e., error-free) models for position and 

time in force-free situations may lose some critical mathematics and physics 

understanding for their students. Therefore, teachers immersed in a modeling 

environment require support and professional development in both content and 

pedagogical content knowledge. Otherwise, many teachers may resolve the issue 

by circumventing the tensions through direct instruction methods that do not 

facilitate conceptual understanding or abstraction. In some cases, teachers may 

possibly abandon an inquiry-based approach altogether. 

Activity  

Ask students to prepare models related to different branches of mathematics. 

 

3.4       Hands-on, Minds-on, Mathematics 

When considering the mathematics curriculum, many people focus on 

computational skills and believe that they constitute the full set of competencies 

that students must have in mathematics. To improve their knowledge in Learning 

Mathematics, the people (students) not only learn from teacher’s explanation and 

http://www.ncrel.org/sdrs/areas/issues/content/cntareas/math/ma3ques1.htm
http://www.ncrel.org/sdrs/areas/issues/content/cntareas/math/ma3ques1.htm
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doing some exercises, but also learning by doing and understanding. Learning 

does not mean simply receiving and remembering a transmitted message.  When 

educators begin to see learning as knowledge construction, they change their 

thinking about curriculum, instruction, and assessment, and also developing more 

powerful approaches to connecting thinking in mathematics and designing more 

mathematically instructional learning experiences. Learning experiences are: 

Hands-on 

Hands-on involving students in really doing mathematics – experimenting first-

hand with physical objects in the environment and having concrete experience 

before learning abstract mathematical concepts. The students learn Mathematics 

with gesture. They are not still stuck on their seat when they were given problems. 

On each problem during the lesson, they were told to repeat the words or 

words/gestures they had been taught. Students can extract the information of the 

lesson from their gesture. So the students can be active in the class and they can 

learn effectively. Beside of that, they can find something different that so 

interesting in the learning classroom. 

Minds-on 

 

Minds-on focusing on the core concepts and critical 

thinking processes needed for students to create and re-

create mathematical concepts and relationships in their 

own minds 

Students is thinking about thinking. Students improve 

their thinking and try to connect with their prior 

knowledge to get the new information. Students analyzes 

and describes the components of Mathematical concepts. 

So, the students can develop their Mathematical thought. Authentic learning, 

allowing students to explore, discover, discuss, and meaningfully construct 

mathematical concepts and relationships in contexts that involve real-world 

problems and projects that are relevant and interesting to the learner. Students 

construct their thinking about Mathematical concept and then create a concept in 

their mind. They can explore their knowledge and try to solve the real life 

problems to get something new about the concepts. 

Learning does not mean simply receiving and remembering a transmitted 

message; instead, "educational research offers compelling evidence that students 

learn mathematics well only when they construct their own mathematical 

http://www.wisegeek.com/what-is-curriculum.htm
http://www.ncrel.org/sdrs/areas/in0cont.htm
http://www.edtech.vt.edu/edtech/id/assess/assess.html
http://www.ncrel.org/sdrs/areas/issues/content/cntareas/math/ma3const.htm
http://vaniuno.files.wordpress.com/2010/11/0511-0909-0119-4517_child_doing_math_homework__clipart_image.png


95 

understanding" (Mathematical Sciences Education Board, 1989, p. 58). When 

educators begin to see learning as knowledge construction, they change their 

thinking about curriculum, instruction, and assessment, developing more powerful 

approaches to connecting thinking and mathematics and designing more 

mathematically significant instructional learning experiences. Such learning 

experiences are:  

 Hands-on, involving students in really doing mathematics - 

experimenting first-hand with physical objects in the environment and 

having concrete experience before learning abstract mathematical 

concepts  

 Minds-on, focusing on the core concepts and critical thinking processes 

needed for students to create and re-create mathematical concepts and 

relationships in their own minds  

 Authentic, allowing students to explore, discover, discuss, and 

meaningfully construct mathematical concepts and relationships in 

contexts that involve real-world problems and projects that are relevant 

and interesting to the learner  

 

All students are actively engaged in meaningful, hands-on, minds-on, and 

authentic, learning experiences in mathematics. Five general goals for all 

students:  

1. They learn to value mathematics  

2. They become confident in their ability to do mathematics  

3. They become mathematical problem solvers  

4. They learn to communicate mathematically  

5. They learn to reason mathematically  

 All teachers are involved in ongoing learning and professional 

development and working to improve their practice by providing hands-

on, minds-on, and authentic learning experiences for all students.  

 All administrators are exercising instructional leadership in articulating a 

unifying vision of mathematics teaching and learning. They also support 

and encourage mathematics teachers who are working together and with 

other teachers and community members to help provide mathematically 

significant learning experiences for all students.  

 All parents and community members are meaningfully engaged in helping 

the school community rethink the learning and teaching of mathematics; 

making decisions about the instructional approach and program; providing 

http://www.ncrel.org/sdrs/areas/issues/content/cntareas/math/ma3connt.htm
http://www.ncrel.org/sdrs/areas/issues/content/cntareas/math/ma3tasks.htm
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resources for supporting this new vision of teaching and learning; and 

modeling this new vision in their direct interactions with students.  

 

Understanding Hands-On, Minds-On, Authentic Learning 

Interactive teaching tools are the new paradigm for science learning, providing 

students with the opportunity to achieve a higher level of involvement and 

achievement in the classroom. This is because hands-on learning initiatives enable 

introductory level science learners to perform complex concepts, rather than 

simply observe the process taking place. Students are able to center their attention 

fully on core concepts when physical teaching aids are used in the classroom, 

which can result in the development of enhanced problem solving skills and 

“minds-on” thinking processes. Finally, hands-on learning lets mathematics 

students collaborate on projects and broach real-life questions related to the 

concept at hand, creating an authentic learning experience. 

 
Self Assessment Exercise 2. 

Fill in the blanks: 

i. A mathematical model is resident in ................... of Mathematics such 

as algebra, geometry, and statistics. 

ii. Learning with mathematical models not only has practical 

applications, but also has ................... relevance. 
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iii. Learning Mathematics is not possible only by learning from teacher’s 

................... and doing some ...................but also require higher order 

things. 

iv. Learning does not mean simply ................... a transmitted message 

but also involve doing. 

v. Learning Mathematics is not possible only by learning from 

teacher’s...................... and doing some...................... but also require 

higher order things and problem solving. 

vi. Interactive teaching tools open new................... for science learning. 

vii. Mathematics students ................... on projects and broach real-life 

questions related to the concept at hand. 

 

 3.5       Learning Mathematics by Enquiry 

Inquiry-based learning is an approach to teaching that relies on student-centered 

activities and questioning, rather than the traditional teacher-centered approach, 

relying on textbooks and lecturing. The instructor's role is more as a mentor than 

authority; teacher uses well-crafted problems and the minimal amount of 

information the students will need, leading them to discover the answers and 

come to their own understanding of the ideas.  

Inquiry-based learning is rooted in the scientific method of investigating 

phenomenon in a structured and methodical manner. Related to teaching and 

learning, it is an information-processing model that allows pupils to discover 

meaning and relevance to information through a series of steps that lead to a 

conclusion or reflection on the newly attained knowledge. In most cases, teachers 

use a "guided inquiry" method to facilitate the learning experience and structure 

the inquiry around specific goals of instruction. The benefits of inquiry-based 

learning include the development of critical thinking, creative thinking, and 

problem solving. Teacher develops a set of questions or encourages the students 

to come up with some questions that are on-point for the concept she wants them 

to understand. Then she has the students gather information from either resources 

she provides or ones they find on their own. When the students have enough 

information, they apply it to the problem by breaking it out into categories or 

making an outline that organizes the information in order of importance to the 

subject. At that point the teacher can lead a class discussion, which gives him a 

chance to emphasize how the information relates to the topic and helps the 

students see how the data they've collected goes toward answering the questions. 

Ultimately the class will reach a conclusion that uses their research to answer the 

original questions, much as a scientist uses experimental results to confirm or rule 

out a hypothesis. 
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Principles of Inquiry-based Learning 
The main components of inquiry-based learning include: 

 a question(s) related to the topic of inquiry to be explored (problem 

statement),  

 followed by an investigation and gathering of information related to the 

question (data collection),  

 continuing with a discussion of findings (analysis),  

 commencing with a reflection on what was learned 

(implications/conclusion).  

 
Inquiry-based Learning Visual Concept Diagram 

Procedures of Inquiry based Learning 
1. The first step in any inquiry is the formulation of a question or set 

of questions related to the topic of inquiry.  

2. Once a question is posed, pupils are encouraged to investigate the 

topic by gathering information from sources either provided by 

the teacher  or within learning resources or tools that are readily 

available to the pupils.  

3. When enough information related to the topic of inquiry is 

gathered, it is organized in categories.  

4. The information is discussed and analyzed for further 

understanding.  

5. Conclusions are made and related back to the original question.  

6. Student reflections are encouraged and serve as a way to relate 

back to the inquiry and retrace the steps that led to the conclusion. 

This also serves to reinforce the model so that pupils can repeat 

the process in any problem-solving situation.  
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3.6       Learning Mathematics by Problem Solving  

As the emphasis has shifted from teaching problem solving to teaching via 

problem solving many writers have attempted to clarify what is meant by a 

problem-solving approach to teaching mathematics. The focus is on teaching 

mathematical topics through problem-solving contexts and enquiry-oriented 

environments which are characterized by the teacher 'helping students construct a 

deep understanding of mathematical ideas and processes by engaging them in 

doing mathematics: creating, conjecturing, exploring, testing, and verifying' 

(Lester et al., 1994, p.154). Specific characteristics of a problem-solving approach 

include:  

 interactions between students/students and teacher/students  

 mathematical dialogue and consensus between students  

 teachers providing just enough information to establish background/intent 

of the problem, and students clarifying, interpreting, and attempting to 

construct one or more solution processes  

 teachers accepting right/wrong answers in a non-evaluative way teachers 

guiding, coaching, asking insightful questions and sharing in the process 

of solving problems  

 teachers knowing when it is appropriate to intervene, and when to step 

back and let the pupils make their own way  

Problem solving requires practice! The more your practice,  

 

 
 

 



100 

 

In Mathematics, Problem Solving Plan in 4 Steps:  

1. Clues:  
 Read the problem carefully.  

 Underline clue words.  

 Ask yourself if you've seen a problem similar to this one. If so, what is 

similar about it?  

 What did you need to do?  

 What facts are you given?  

 What do you need to find out?  

2. Game Plan:  
 Define your game plan.  

 Have you seen a problem like this before? 

 Identify what you did.  

 Define your strategies to solve this problem.  

 Try out your strategies. (Using formulas, simplifying, use sketches, guess 

and check, look for a pattern, etc.)  

 If your strategy doesn't work, it may lead you to an 'aha' moment and to a 

strategy that does work.  

3. Solve:  
 Use your strategies to solve the problem 

4. Reflect:  
 This part is critical. Look over your solution.  

 Does it seem probable?  

 Did you answer the question?  

 Are you sure?  

 Did you answer using the language in the question?  

 Same units?  

Clue Words: 
When deciding on methods or procedures to use to solve problems, the first thing 

you will do is look for clues which is one of the most important skills in solving 

problems in mathematics. If you begin to solve problems by looking for clue 

words, you will find that these 'words' often indicate an operation.  

For instance:  
Clue Words for Addition 

 sum 

 total 

 in all 

 perimeter 

  

 

http://math.about.com/od/formulas/u/MathForm.htm
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Clue Words for Subtraction 

 difference 

 how much more 

 exceed 

Clue Words for Multiplication 

 product 

 total 

 area 

 times 

Clue Words for Division 

 share 

 distribute 

 quotient 

 average 

Although clue words vary a bit, you'll find that there will be consistency with 

them to guide you to the correct operation 

 

 Benefits of Teaching by Problem Solving Method 

Problem solving is the process part of mathematics that has often been overlooked 

in the past in favor of skills such as addition and solving triangles. But there are 

other reasons for it to be part of the mathematics curriculum. The following are 

some reasons that are frequently suggested as to why teacher should include 

problem solving in mathematics teaching. 

 It bases students’ mathematical development on their current knowledge; 

 It is an interesting and enjoyable way to learn mathematics; 

 It is a way to learn new mathematics with greater understanding; 

 It produces positive attitudes towards mathematics; 

 It makes the student a junior research mathematician; 

 It teaches thinking, flexibility and creativity; 

 It teaches general problem solving skills; 

 It encourages cooperative skills; 

 It is a useful way to practice mathematical skills learned by other means; 

 It is similar in approach to the way that other subjects are taught in 

primary school. 

  

Difficulties of Teaching by Problem Solving            

There are generally thought to be a number of disadvantages to the teaching of 

problem solving in class. We list and discuss some of these below. 

 It produces teacher discomfort; 

 It produces student insecurity; 

 It puts constraints on the curriculum and takes too long to teach; 



102 

 It is not possible with students of low ability; 

 It takes a lot of preparation. 

 

Activity 1 

Find the value of  for which 

 
Self Assessment Exercise 3. 

 

Q. 1 Answer the following questions: 

i. Briefly explain inquiry based learning. 

ii. What strategies is the base of inquiry based learning. 

iii.   Recall the basic principles of inquiry based learning. 

iv. Comprehend the major steps required for problem solving. 

Q   2. Fill in the blanks 

viii. Inquiry-based learning is rooted in the ................... of investigating 

phenomenon in a structured and methodical manner. 

ix. Inquiry-based learning is an approach to teaching that relies on 

...................activities. 

x. The first step in any inquiry is the ...................of a question.  

xi. Student ................... are encouraged and serve as a way to relate back 

to the inquiry. 

xii. Problem solving requires...................! The more your practice the 

better you get. 
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ANSWERS 
Self Assessment Exercise 1. 

Q. 2 

i.    real world 

ii.     both a & b 

           iii.    explanation, exercises  

iv. what & how" questions 

 

Self Assessment Exercise 2. 

i. certain domains 

ii. philosophical and historical 

iii. activities  

iv. receiving and remembering 

v. doing 

vi. paradigm 

vii. collaborate 

 

Self Assessment Exercise 3. 

Q 2. Fill in the blanks 

i. scientific method 

ii. student-centered 

iii. formulation 

iv. reflections 

v. practice 

 

  



104 

REFERENCES 
Allen, S. (1997). Using scientific inquiry activities in exhibit explanations. 

Science Education, 81(6), 715-734. 

American Association for the Advancement of Science. (1990). Science for all 

Americans: Project 2061. New York, NY: Oxford University Press. 

American Association for the Advancement of Science. (1993). Benchmarks for 

science literacy: Project 2061.New York, NY: Oxford University Press. 

Beyer, B.K. (1991) Teaching thinking skills: A handbook for secondary school 

teachers. Boston, MA: Allyn & Bacon. 

Blosser, P.E., & Helgeson, S.L. (1990). Selected procedures for improving the 

science curriculum. (ERIC/SMEAC Science Education Digest No. 2). 

Columbus, OH: 

D.L. Gabel (Ed.), Handbook of research on science teaching and learning(pp.357-

387). New York, NY: Macmillan. 

Deboer, G.E. (1991). A history of ideas in science education: Implications for 

practice. New York, NY: Teachers College Press. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



105 

Unit–4 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

LEARNING AIDS AND 

MATHEMATICS 

LABORATORY 
 

 

 

 

 

 

 

 

 

 

 

 

 

Written By: Dr Amjad Arain  

Reviewed By: Farkhunda Rasheed Choudhary 
 



106 

 

TABLE OF CONTENTS 
 

Introduction .......................................................................................................107 

Objectives .........................................................................................................107 

 

4.1 Learning  Aids in Mathematics Teaching .............................................108 

4.2 Modern Learning aids for Mathematics  ...............................................109 

4.3 Mathematics Laboratory in Elementary School ...................................113 

4.4 Using Learning Aids in Mathematics Laboratory ................................115 

4.5 Use of Low Cost Material (From local context) ...................................116 

4.6 Learner Cantered Activities in Mathematics ........................................117 

 

 

 

 

  



107 

INTRODUCTION OF THE UNIT 
Mathematics is a need of every person in daily or professional life. It is a mean of 

technological and economic development as well. Thus states and societies 

recognize the importance of mathematics and take initiatives to provide 

mathematics education at school and higher levels.  Traditional methods of 

teaching of mathematics are, for most high school students, boring, mysterious, 

artificial and not a part of their regular intuitive thinking. To solve this problem 

serious teachers are always concerned about the interest of their students and they 

direct their attention on “Hows” in order to improve further their own teaching 

style and methodology, and overall effectiveness of pedagogy. In this regards 

learning materials are of great use to make Maths a juicy subject. According to the 

need of era this unit comprises of Learning  Aids in Mathematics Teaching, 

Modern Learning aids for Mathematics,  Mathematics Laboratory in 

Elementary School,   Using Learning Aids in Mathematics Laboratory,   

Use of Low Cost Material and  Learner Cantered Activities in  

 

OBJECTIVES OF THE UNIT 
After going through this unit the perspective teachers will be able to: 

1. Understand what mathematical aids may be used to make mathematics 

interesting. 

2. Create a mathematical laboratory for teaching the maths of  elementary 

classes. 

3. Use the local material for developing teaching aids for mathematics. 
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Learning Aids in 

Mathematics Teaching 

 

Learning aids are the materials 

and devices that facilitate the 

process of learning. There are 

different ways to define 

learning aids; tools intended to 

support, supplement, 

accelerate or reinforce the 

process of change in human 

behavior or learning aids are 

the educational resources that 

help the students to acquire 

knowledge and skills quickly. 

In other words learning aids 

are the physical tools used to 

impart knowledge and provide skills in a formal setting. Learning aids is an 

umbrella term used for Audio-Visual (AV) Aids, educational technologies and 

assistive technologies used inside or outside a classroom. Using learning aids in 

teaching is psychologically, professionally, and economically rewarding 

experience. According to research studies the use of Audiovisual Aids increase 

has a positive impact on the learning and likewise teaching through “learning by 

doing” or through “laboratory method” can enhance learning efficiency up to 

75%. In fact learning aids are an intelligent, creative, and systematic use of 

technologies in the process of teaching and learning. These learning technologies 

work as a stimulus that kindle interest and promotes curiosity in students 

consequently they show willingness towards learning. Furthermore sensory 

stimulation through learning aids. Learning aids can be of great varieties, types 

and costs; it can be simple like a chalk-board or can be complex like a computer. 

A learning aid can be a “teaching aid” as well, depending on the way it is used.  

Teaching or learning aids in mathematics education are crucial both for teachers 

and students to understand the complex conceptual knowledge. Implementation of 

innovative instructional practices in Mathematics education not only improves 

and enhances the effectiveness of teaching and learning process but creates 

students interest also (Grouws & Cebulla, 2000). It is evident that when students 

are given environment and opportunities to find out their own solutions of the 

problems, they are in better position to apply mathematical knowledge.  

In a class room setting the use of Teaching Aids involve the visual abilities of 

seeing and observing, along with other senses, to learn the new knowledge. In 

today’s modern world, a major part of the learning is done visually. Sensory 
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organs are the input devices to human body. Our inside world is linked with the 

outside world with the help of these five type of sensory organs; sight, hearing, 

taste, touch and smell. According to studies more than 80 percent of what a child 

learns is realized visually thus visual learning is gaining its ground. Visual 

information processing competencies provide the capacity to classify, arrange, 

configure, and interpret visual signals that helps in knowing the external world. 

Scientific studies have shown that better visual efficiency results into effective 

learning (Scheiman & Rouse, 2006). 

A great deal of Mathematical knowledge is conceptual than concrete in nature 

thus teaching and learning of mathematics is more complex and difficult as 

compared to the other subjects.  Usually more and more teachers of mathematics 

try to find answer of the questions; how to teach math effectively? How to create 

and maintain students’ interest? How to relate the world of concepts with the real 

world? In response to these questions mathematics teachers are using learning 

aids. In teaching of mathematics a wide spectrum of learning technologies are 

used; black or white boards, maps, posters, charts, models, graphs, geometry tool 

box, abacus, calculators, computers, projectors and other ICTs. 

 

 

 

 

 

 

 

 

 

Modern learning Aids for Mathematics 

In mathematics education, instructional or educational technologies are playing an 

important role and there exist a positive correlation between the use of 

educational technologies and students learning. (Kearsley, 1994). Most of the 

learning aids used in mathematics are visual in nature because majority of the 

students learn better when knowledge is presented to them in a visual form. 

Learning aids are not limited to visual aids only but audio aids are also employed 

to enhance the effectiveness of teaching and learning of mathematics. Many 

research studies have found that use of learning aids or educational technologies 
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gives an ‘opportunity to learn’ (OTL) to each student that improves student 

performance in mathematics (Grouws & Cebulla, 2000).  

 

 

 

 

Research studies have proved that integrating ICTs in the laboratory is 

promissing; the use of computer tools in the laboratory has positive impact on the 

students comprehension, understanding and performance (Dori & Barak, 2004). 

There exist a great variation in the use of ICTs in school laboritries in different 

socities with varies socio-economic backround. One thing is evident that with the 

passage of time the use of ICTs on the rise both in classrooms and labortries 

(Hofstein & Kind, 2012). Digital technology has revolutionized the learning aids. 

Invention of projector, radio, television, mobile phone, computer and  I Pad has 

given a new spirit to educational 

technologies in the process of 

teaching and learning. Through the 

use of computers educators and 

learners can achieve learning 

objective efficiently and quickly 

with cost-effectiveness. Computer 

has emerged as most effective and 

economical learning aid as it can 

perform a wide range of functions. Furthermore computers 

provide an interactive learning environment that keeps students 

motivated and engaged in learning either individually or in groups.  
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In the field of Education the use of concrete examples has developed through a 

complex process with the passage of time. Audio and visual ‘illustrations’ are no 

longer mere minor complements to thought but they directly influence the 

thoughts. Thus the AV Aids have become an integral component of education 

system.  

 

 

 

 

 

 

 

 

 

Importance of Learning Aids 

To supplement and enrich learning environment 

To make the instructional process effective 

To motivate and create students’ interest 

To make teaching process interesting  

To stimulate the senses  

To reinforce the change in behavior 
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Advantages of using learning Aids in education 

Makes perceptual and conceptual learning easy 

Draw students’ attention effectively 

Arouses interest and motivates students 

Makes new learning easy 

Saves energy and time 

Support mass education 

Stimulates senses 

 

Characteristics of good AV Aids 

Meaningful 

Motivational 

Purposeful 

Simple 

Appropriate 

Manageable 
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Activity 1 
Ask all  students to prepare a learning aid. 

Mathematic Laboratory in Elementary School 

The concept of mathematical laboratory at school level was first introduced by 

A.R. Hornbrook in 1895 by writing a book, Laboratory Methods of Teaching 

Mathematics in Secondary Schools. But mathematics laboratory did not receive 

enough attention until recent that is why mathematic labs are rare in schools 

particularly in low income countries.  

Traditional methods of teaching mathematics is superficial, less effective and 

devoid of intuitive thinking whereas computer based teaching and learning 

contribute effectively to students’ understanding, reduces the learning barriers and 

facilitate the expansion of mathematical culture (Feurzeiga & Papert, 2011). The 

advancement in educational psychology and philosophy has led to the 

popularization of active learning. This idea has promoted the use of more 

effective teaching aids. This development has augmented the laboratory based 

teaching of mathematics at elementary level. 

A mathematics laboratory is a place dedicated to the creation, collection, control, 

presentation and application of knowledge and concepts through concrete items to 

enhance the effectiveness of teaching learning process. Mathematical laboratory 

in school has not come into existence spontaneously but it is a result of constant 

struggle of educationists and researchers who have been contributing in its 

designing, creation, and improvement in the world. Mathematics laboratory is 

also called ‘mathematics corner’ in some institutions. Mathematical laboratory is 

a mean to make mathematics education a pleasure, to link theory with practice, to 

apply conceptual knowledge in a concrete form, to consolidate mathematical 

knowledge with life experience understandable overview regard.   

Researchers and educators have found much evidence on the use of appropriate 

educational technologies in school laboratory and its positive impact on the 

conceptual and practical learning of students (Hofstein & Lunetta, 2004). 

Different learning aids used in mathematics laboratory are; abacus, measurement 

tools, thermometers, calculators, mathematics games, tool kits, toys, Lego, 

geometrical structures, number cards, magnetic board, place value flippers, 

numbered blocks, cubes, maths puzzles, colored sticks, plastic number sheets, 

maths kit for operations, place value blocks, two and three dimensional and 

shapes, volume and capacity tool kit, fake currency, dominoes for mathematical 

operations, multiplication tables, flash cards, card boards, molding  material,  

Mathematical laboratory provides a learning environment equipped with a set of 

tools that makes students’ learning experiences effective, pleasant and closer to 

real life. In a mathematical laboratory students learn to verify mathematical 

concepts, facts and theorems through a variety of activities using different 

educational materials. A mathematics laboratory is not a place like computer lab 
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but rather a methodology, based on various and structured activities, aimed to 

construct the meanings of mathematical concepts with the help of learning aids 

(Maschietto, 2012). Laboratory promotes ‘learning by doing’ and ‘guided 

discovery’ approaches that permit students to manipulate concrete objects in 

structure settings. 

Since schools have started teaching maths systematically, the concept of 

laboratory based teaching has become an important part of education system in 

many countries. In the second half of twentieth century saw a rapid technological 

and economic growth that further increased the importance of mathematics in all 

parts of the world thus mathematics gain a central position in the education from 

school to university level. Likewise aim and objectives of teaching mathematics 

also changed. In this context educators and researchers invested a great deal of 

energies and resources to improve the subject knowledge of mathematics, 

methodology, techniques and learning aids. The recent technological development 

has also contributed a lot in the development, improvement and availability of 

educational technologies. There exist a strong belief regarding the potential of lab 

in teaching and learning process as it can enhance conceptual understanding, 

critical thinking, logical reasoning, and theory-practice bridging. But at the same 

time there exist evidence that teachers and students do not benefit appropriately 

from the mathematics lab; teachers have insufficient knowledge and skills to 

manage and utilize laboratory, inappropriate assessment method, students are 

overburdened, problem with the time management etc.  

New developments in 21
st
 century are transforming education systems. Now a 

day, high standards, project based learning, inquiry based learning, and high-order 

learning skills are the key features of   with the assurance of quality. Likewise 

socio-cultural learning perspective of mathematics is gaining ground. Hence 

mathematical knowledge is being linked with practical work, everyday life and 

scientific development. The socio-culture learning perspective provides and 

promotes group work in the mathematical laboratory.  

Mathematics laboratory helps in reducing the fear of mathematics, enables 

students to learn at their own pace, provides an opportunity to link computational 

world with the real world, make the teaching and learning more effective, creates 

a challenging situation, enriches students mathematical experiences through a 

variety of resources, meets the learning needs of individuals, helps in presenting 

difficult concepts in a simplified form, engages students in active learning, 

improves and enriches the process of assessment, support skill based learning, 

gives an understanding the abstract, promotes active learning, encourage critical 

thinking, ignite inquiry approach, enable students to correct and improve their 

own work, allows teachers to guide students through formative assess, and 

examine their own pace and progress. 

Mathematics laboratory plays following functions in school system: 
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 Enables students to learn conceptual knowledge  

 Motivate students to gain learning experience 

 Makes mathematics education a pleasure 

 Permits students to visualize the abstract knowledge through concrete 

objects 

 Develops analyzing and problem solving ability 

 Give an opportunity to apply knowledge to understand and to create new 

knowledge 

 Makes dynamic learning experience more concrete, clear and realistic 

 Increases students interests towards maths by minimizing math-phobia 

 Engages students in learning by doing 

 Promotes creative thinking and group learning 

 

Activity 2 
Visit the mathematics laboratory and enlist all those aids which are missing.  

 

Self Assessment Exercise 1 

Q.1. Fill in the blanks 

i. The concept of ...................at school level was first introduced by 

A.R. Hornbrook.  

ii. A mathematics laboratory is a place dedicated to the creation, of 

knowledge and concepts through...................to enhance the 

effectiveness of teaching learning process. 

iii. Laboratory promotes ................... by doing.  

iv. Digital technology has ................... the learning aids. 

v. Computers provide an ................... that keeps students motivated 

and engaged in learning. 

 

Q. 2   Answer the following questions: 

i. What are learning aids? 

ii. Differentiate between modern and old learning aids. 

      iii.  Enlist some learning aids to teach mathematics affectively. 

 

Using Learning Aids in Mathematics Laboratory 

The subject of mathematics is rich in concepts that are directly or indirectly linked 

with the daily life and which are supportive to the life skills. According to the 

psychology of learning child learns in two ways: perceptive-motors and symbolic-

reconstructive. In both ways of learning sensory motors provides the foundation 

to further learning. The use of learning aids in the mathematic laboratory makes 

the learning environment pleasant and promotes the teaching practices based on 
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constructive model rather than simple transmission model. The mathematics 

laboratory provides an opportunity to organize structured set of activities for the 

construction of meaningful mathematical concepts. Irrespective of system, 

relevance and quality are major challenge in teaching of mathematics (Reddy & 

Nagaraju, 2007). Mathematics lab provides an opportunity to enhance the quality 

of education as well.  

In a classroom teacher guides and encourages students to understand and explore 

mathematical tasks, clarifies complex concept, equips them with problems solving 

skills and tools and encourages them to use learning aids. Teacher nurtures 

creative thinking, inspires mathematical attitude, foster collaborative learning, 

ensures students understanding, conduct assessment to improve his own teaching 

and guides students (Carr, Caroll, & Cremer, 2009).  

 

Use of Low cost Materials from Local Context 

Educationalists, Educationists, pedagogists and psychologists have been studying 

the ways to enhance the effectiveness of teaching, to make the learning process a 

pleasure, and to address the individual differences and interests of the students 

through proper use of learning aids in education. In this regard laboratory offers a 

specific space to learner to personalize their learning according to the individual 

leaning needs of the students.  

Today the world of mathematics is witnessing an unprecedented development. 

The main goal of teaching mathematics at school level is to nurture 

mathematician in a child. An integration of mathematics laboratory in the 

teaching of mathematics encourages and supports teachers to use learning aids to 

make mathematical laboratory is an approach to incorporate technology in the 

mathematics. That creates conditions for new teaching modalities. In a 

mathematical laboratory, children learn new concept to apply and apply new 

knowledge to learn, this cyclic process of learning extend the boundaries 

knowledge. In a mathematic laboratory students are immersed in a situation where 

they see, learn and apply mathematical methods and see mathematical knowledge 

in action in the real world. Mathematics laboratory provides an environment and 

necessary facilities where students work with the concrete objects, perform 

practical work, manipulate different variables, and gain experience based 

knowledge. 

Mathematical laboratory or corner can be established with low cost or no cost 

material in school or in a class. Teacher can start can be deposit mathematics, 

model, mathematic tool kits, equipment and other objects. He/ she can ask 

students to bring handmade or homemade learnin material. Teacher can use card 

board packing material, PET bottles, thermocol sheets (fridge and television 

packing material) and cardboard carton, clay, coloured dough plaster of Paris, 
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waste wooden pieces, egg shells, bottle caps, cans and other waste or recycled 

materials to create learning aids in the class room with the help of students.  

 

Activity 3 
Prepare learning aids by using low-cost/ no-cost material. 

Learner Centered Activities in Mathematics 

Every child is unique in its nature thus teaching one curriculum to all through 

same teaching method is illogical and unscientific. Furthermore children in a 

classroom belong to diverse social, cultural, religious and economic backgrounds 

hence the concept of “living together” has different sense and significance for 

each child. We can say that one learning environment does not fit to all. As 

teaching and learning to live together is a complex process so special attention 

should be given to the students’ individual learning needs. Scientific studies 

suggest that students with good conceptual understanding of mathematics perform 

better in mathematical tasks, skills and procedural knowledge particularly when 

they are permitted to perform guided activities. Such students needs less practice 

to gain new knowledge and to acquire procedural knowledge.  (Grouws & 

Cebulla, 2000).  

In this context modern learning technologies can greatly assist to promote student 

centered learning in mathematics education because such technologies can help 

students to advance in their own style, at their own pace, and according to their 

individual learning needs. Student cantered learning is the best option in the 

today’s ICT based society. Personalization mathematics learning permits the use 

of technology to accommodate and adjust individual differences and diversity 

thus making learning easy, speedy and pleasant. Although personalized and 

customized learning is an emerging paradigm in peace education but it has the 

potential to bring a positive change in the field of education because it can 

promote student centered learning. Educationist and researchers believe that 

personalized learning of mathematics is more desirable and effective because in 

this type of learning a student learns at his own instructional level, customizes his 

learning objects, advances at its own pace, customizes learning experiences at the 

best modes, and selects lessons, tools, activities and supportive material 

accordingly by using ICTs. Furthermore “student centered  model of learning” 

give teacher a role of facilitator, guide and organizer.  

Calculators are typically seen as aiding arithmetical operations; while this is true, 

calculators are of much greater pedagogic value. Indeed, if one asks whether 

calculators should be permitted in examinations.  
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Self Assessment Exercise 2 

 

Q. 1     Answer the following questions 

i.     What learning aids may be used in mathematical lab. 

ii.   What do we mean by low-cost no cost material. 

iii.   Enlist some learner centered activities.  

 

Q. 2     Fill in the blanks 

i. Mmajor challenge in teaching of mathematics is ................... 

ii. Mmathematical...................contains model, mathematic tool kits, 

equipment and other objects etc. 

iii. According to the psychology of learning child learns in two ways: 

...................and symbolic-reconstructive. 

iv. The main goal of teaching mathematics at school level is to nurture 

...................in a child. 

v. Calculators are typically seen as aiding ...................operations. 
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ANSWERS 
Self Assessment Exercise 1 

Q. 1 

i.     Mathematical laboratory   

ii.    Concrete items 

iii    Learning  

iv     Revolutionized 

vi. Interactive learning environment  

 

Self Assessment Exercise 2 

Q. 2 

i. relevance  

ii. laboratory 

iii. perceptive-motors 

iv. mathematician 

v. arithmetical  
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INTRODUCTION OF THE UNIT 

 

In previous units we have read about teaching methodology of mathematics. In 

these units we will read about some important mathematical concepts and 

appropriate teaching method for those concepts. This unit comprised of six major 

sections. The first section is about Teaching of Numbers and Arithmetic 

Operations. The second section is about teaching of Fractions and Decimals. In 

third section teaching of LCM and GCD is discussed in detail. The forth section 

furnished the details about the Concept of Measurements (Length, Mass, Time 

and Temperature). The second last section is comprised of unitary Method and 

last section is consists of percentages.  

       

 

OBJECTIVES OF THE UNIT 
After going through this unit you will be able to teach: 

 

1. Numbers and Arithmetic Operations 

2. Fractions and Decimals 

3. LCM and GCD 

4. Concept of Measurements(Length, Mass, Time and Temperature) 

5. Unitary Method 

6. Percentages  
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5.1 Numbers and Arithmetic operators 

In previous classes we are almost familiar with the numbers which starts 

from 0 and there are no end points to both sides of 0. 

We know that positive integers +1, +2, +3, ……... these are called positive 

directed numbers. 

Similarly, on the left side of the 0, negative integers –1, –2, –3 ……. 

These are called negative directed numbers. 

In old times there is not any concept about the numbers such like that 

people used their own techniques to remember the no’s of things some peoples 

used stones for their counting and some Greek peoples used lines such like that |||| 

is for 4. These lines Indicated no.’s. e.g.: 

5. 

 

After time passed counting such as 1, 2, 3, 4, ……. So on. Which is called 

positive integer as state earlier. Similarly, negative integer’s such as –1, –2, –3, –

4, …… so on and between these two’s positive integers and negative integers 

there is a zero. 

First of all, a French Mathematician Rene Descalte arrange and 

represented the positive and negative integers or numbers on the number line. 

Integers can be represented on the number line in this way. 

 

 
 

 

Dot shows 0 which means that it has not magnitude and dot or 0 also 

shows the initial points of number line from 0 to right side of the line all numbers 

are positive and from 0 to left sides all numbers are negative. 

From figure we see that positive we see that positive and negative 

numbers are represented on number line are in opposite directions. 

Therefore positive no.’s are called positive directed no. and negative 

numbers are called negative directed numbers. 

Note: Positive, negative numbers and zero are collectively called directed 

numbers. 

Some Mathematician named these lined numbers as 

Natural no. = N =  1,2,3,4,5,............. natural no. which is denoted 

positive 1 to so on. 

0 1 2 3 4-5 -4 -3 -2 -1 +-
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Whole no. = W =   0,1,2,3,.............  

Whole no. which is denoted by W and start from origin i.e. from 0 to so 

on. 

Integer’s =  0, 1, 2,.............   or  .........., 3, 2, 1,0,1,2,.............    

Integer’s which are expending both side of 0(zero) 

Zero to right side positive integers zero to left side negative integers. 

Similarly, even numbers, odd numbers, prime numbers becomes a sets. 

 

5.1.1 

How to draw a number line? 

(i) Draw any line. 

(ii) Take a point A on it and consider it zero. 

(iii) Take any point B on the number line, the distance AB  be 

considered a unit distance 

(iv) Now take points on the right of A and according to unit distance 

and label them positive number according and negative by taking 

point on left of A. we have a line according to our required length. 

 

 
 

Similarly, we can state it as a point from origin or from “0” goes on a wall 

right side is a positive integers and point goes on a walk to the left side of zero is 

a negative integers or directed no’s. 

From this we says that two points from origin or zero goes on a walk in opposite 

direction is a line. 

 

Activity 1. 

1. Draw a line of 6cm with a suitable scale towards the positive direction of 

zero. 

2. Draw a line 9cm with a suitable scale towards the negative direction of 

zero. 

Note: Zero is neither positive nor negative integer. 

 

Self Assessment Exercise 1. 

1. Fill in the blanks. 

i. –3 is a ____________ directed no. 

ii. +5 is a ____________ directed no. 

iii. All the numbers to the _________ side of the zero are positive. 

-2 -1 0 1 2
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iv. All the numbers to the __________of the zero are negative. 

v. All ____________ are directed numbers. 

vi. Positive and negative directed numbers are in ____________ direction. 

 

2. Mark true and false sentence by () & () 

i. +4 meters means 4 meters towards positive side of zero. 

ii. 6 is positive integer between +5 and +7. 

iii. Zero is a positive integer. 

iv. There is a three integers between –1 and +5. 

v. +10 is also a integer and a directed number. 

Q. 3 Write numbers between 

(i) –30 and –27 

(ii) 10 and 15 

(iii) –1 and 5 

(iv) –4 and 4 

(v) 10 and 11 

 

Q. 4 Represent following number’s on line. 

(i) 0, +2, +4, +6 

(ii) –1, 0, +1, +2 

(iii) +3, +4, +5, +8 

(iv) 0, 1, 2, 3 

 

Q.5 Tell whether the number is positive or negative. 

(i) 5 

(ii) –9 

(iii) 0 

(iv) +100 

(v) –449 

 

Q.  6  Write next three numbers according to signs. 

(i) –4 

(ii) 5 

(iii) 0 

(iv) –111 

(v) 545 

 

Q. 7    Choose the correct answers 

(i) The directed number b/w 3 and 5 is _________ (4, –4, 7) 

(ii) The positive directed number b/w –1 and 2 is _________(0, 1, 3) 

(iii) How many integer’s are there in  2, 3, 4, 5, 6      
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      (4, 3, 5) 

(iv) These all are positive integers  2,3,5, 6  

      (Yes, Not) 

(v) Zero is integer. 

    (Positive, Negative) Neither positive nor negative 

 

5.1.2 Arithmetic Operations 

 The operations between the numbers in which +, –, ×,  sign are used are 

called arithmetic operations on that numbers. 

 We simply say that +, –, ×,  are arithmetic operations where symbol “+” 

denotes the addition, “–” denotes the subtraction, “×” denotes the multiplication 

and  denotes the division between two or more than two numbers. 

We discuss it in detail here 

 

1. Arithmetic operation on addition 

 We used symbol “+” (plus) for addition as state earlier. 

 When two numbers and joined by this operation we have a third number in 

addition form i.e. 

 2 + 3 = 5, 

 3 + 5 = 8, 

 9 + 11 = 20, 

 9 + 19 = 28, which shows the quantity of both numbers. 

 We can say that two pencils and three rubbers join together to form a five 

things which shows quantity. 

 

2. Arithmetic operation on subtraction 

 We used symbol “–” (minus) for subtraction. If we deduct one quantity or 

number from another quantity or number then we can says that the process of 

subtraction takes place e.g. 

10 – 5 = 5, 

20 – 6 = 14, 

30 – 9 = 21, 

45 – 28 = 17 etc 

 

3. Arithmetic operation on multiplication 

 If we multiplied one directed number to the other number then we can say 

that multiplication process can be take place e.g. 

5 × 4 = 20, 

8 × 8 = 64, 

9 × 6 = 54 etc 
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5.1.3 Addition of two directed numbers 

We may have to add  

(i) two positive directed no.’s 

(ii) two negative directed no.s. 

(iii) one of numbers may be positive directed number and other 

negative directed no. 

 

(i) Addition of two positive Directed numbers 

 It is just addition of any two numbers 

Example: add +7 and +2 

7

2

9







 

Add +15 and +17 

15

17

32







 

Add +5 and +3 

5

3

8







 

 We can add it by drawing a line on page and then count it we have a 

result. e.g. 

 +5 is drawn as ||||| and +3 is as ||| combine these all lines i.e. ||||||||  

 Count these lines which is required answers +8. 

 

 We can also add two directed numbers as. 

(+5) + (+3) = (+3) + (+5) = +8 

 Which shows that commutative property of addition holds for positive 

directed numbers. 

 

(ii) Addition of two negative directed numbers 

 Let we have two negative directed number –3 and –5 we can add it as 
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3

5

8







  

 

Similarly, –10 and -22 

We have 

22

10

32







  

Also, –02 and –34 

34

02

36







  etc

 

We can also add two negative numbers by 

 

(–5) + (–3) = –8 

(–3) + (–5) = –8 

 Which shows that commutative property holds for addition of two 

negative directed numbers. 

 Above two cases implies that position of the numbers didn’t affect the 

answer. The answer is same in  both cases. 

 

(iii) Addition of a positive and negative directed numbers: 

If we add two directed numbers which are in opposite sign i.e. one is negative and 

other is positive we have a answer like that 

Add +9 and -5 

9

5

4






 

Add –25 and +13 
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25

13

12







  

 Above two examples illustrate that. 
 We deduct the likes of bigger number i.e. in first example +9 is a bigger 

number we draw nine lines ||||||||| and deduct five lines from these nine lines. We 

have four lines left behind but problem is that which sign “+” or “–” is used. 

 The answer of this question with the bigger number is the sign of the 

answer i.e. addition sign (+) is used by the bigger number 9  

  + is used for the answer i.e. +4. 

 Note:  Read as “therefore” 

  In second example bigger number is 25 

  we deduct thirteen lines from twenty five and have a result/answer 

–12 and sign of bigger number is “–” minus 

  minus 12 is answer (–12) 

  Similarly, commutative property holds for addition of two opposite 

sign directed number. 

Activity  2 

Q. 1 
i.  If two directed numbers have same symbols, then what is symbol 

of their sum. i.e. sign. 

ii. If two directed numbers have different symbols then what is the 

resultant symbol if both are added. 

Q. 2 

i. (+3) + (+1)   = ______________ 

ii.         (+3) + (–4)   = ______________ 

iii. (-7) + (+8)   = ______________ 

iv. (-9) + (–11)   = ______________ 

v. (–100) + (+49)  = ______________ 

 

Q. 3  Mark true and false sentence by () and () 

1. Two positive numbers are added then the answer is a positive no. 

2. Two negative numbers are added then the answer is a negative no. 

3. If positive is a bigger no add with the negative number which is 

small from positive no. then the answer is negative no. 

4. If we add +4 by –13 then answer is +9. 

5. If we add +17 by -45 then answer is -28. 
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Self Assessment Exercise 2 
(i)  (+4) + (+3) (xi) (+19) + (+18) 
(ii) (+7) + (+11) (xii) (+22) + (–12) 
(iii) (+19) + (+21) (xiii) (+45) + (–25) 
(iv) (–84) + (+12) (xiv) (–13) + (+20) 
(v) (–2) + (+3) (xv) (–21) + (+11) 
(vi) (–100) + (–55) (xvi) (–7) + (+27) 
(vii) (–9) + (–13) (xvii) (–88) + (–72) 
(viii) (–5) + (+14) (xviii) (–99) + (–99) 
(ix) (+9) + (+13) (xix) (–81) + (+80) 
(x) (+99) + (–99) (xx) (+54) + (–54) 

5.1.4 Subtraction of directed numbers 

Following are the cases of subtraction of directed numbers. 

(i) Subtraction of positive numbers from the positive numbers. 

(ii) Subtraction of negative numbers from negative numbers. 

(iii) Subtraction of negative numbers from positive numbers. 

(iv) Subtraction of a positive numbers from negative numbers. 

 

Subtraction of a positive numbers from a positive numbers: 

Example: 

1. Subtract +5 and +9 

9

5

4









 

 

2. Subtract +15 from +28 

28

15

13









 

3. Subtract +33 from +25 

25

33

8
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       Subtraction of a negative number from a negative number 

Example: 

(i) Subtract –6 from –8 

8

6

2









 

(ii) Subtract –56 from –88 

88

56

32







  

(iii) Subtract –99 from –66 

66

99

33







  

 

Subtraction of a negative numbers from a positive numbers 

Examples: 

(i) Subtracted –3 from +4 

4

3

7







  

(ii) Subtract –10 from +25 

25

10

35







  

(iii) Subtract –88 from +99 



133 

99

88

187







  

Activity 3 
A.   Fill in the blanks. 

1. +9 + 5 = ____________ 

2. –9 + 5 = ____________ 

3. –8 + 4 = ____________ 

4. –155 + 145 = ____________ 

5. +200 –150 = ____________ 

B. Solve the following 

(i) (+40) – (+20) 

(ii) (+25) – (+65) 

(iii) (+100) – (–50) 

(iv) (+120) – (–210) 

(v) (–300) – (+250) 

(vi) (–295) – (–305) 

5.2 Fractions and Decimal fractions 

5.2.1 Fractions 

 In previous classes we learnt the concept of fractions and their various 

types. 

 There are many types of fractions which are state as follows 

 

1. Lowest form fraction 

 The fraction in which both numerator and denominator are not further 

divisible by a non-zero number other than 1 is called lowest form of fraction 

Example:  
2 1 2 13 4

,  ,  ,  ,  
3 5 7 9 7

 are examples. 

 

2. Equivalent fraction 

If the denominator and numerator of any fraction is multiplied or divided by any 

non-zero number, the new fraction thus obtained will be an equivalent fraction. 

Example: 

Two fraction 
a

b
 and 

c

d
 where 0b   and 0d   are equivalent if ad = bc i.e. 

6

15
 

and 
2

5
 are equivalent fractions because 2 15 6 5 30     etc. 
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5.2.2 Reducible and irreducible fractions 

1. Reducible fractions 

 If denominator and numerator of a fraction are divisible by the same non-

zero no other than one, then it is called reducible fraction 

Example 

6

9
 is a reducible fraction as 3 is the common divisor of 6 and 9. 

i.e. 
6

9
 can be reduced into 

2

3
. Which cannot further reduced. 

 

2. Irreducible fraction 

 The fraction in its simplest form is called irreducible fraction 

Example: in above example in reducible fraction 
6

9
 can be reduced into 

2

3
 

which cannot further reduce3d and are in simplest form, such types 

of fractions are irreducible fraction while 
7

3
, 

9

7
, 

2

5
, 

18

23
 are 

examples of irreducible fraction. 

 

Activity Identify reducible and irreducible fractions. 

17

40
,  

23

48
,  

83

3
,  

81

90
, 

87

86
,  

22

33
,  

4

8
,  

41

27
 

50

100
,  

25

75
,  

77

38
 

 

5.2.3 Some important other types of fractions 

 Common types of fractions are of three types: 

(i) Proper fraction 

(ii) Improper fraction 

(iii) Compound fraction 

 

1. Proper fractions 

 A fraction in which numerator is smaller than denominator is called proper 

fraction. 

Examples: 
1

9
, 

3

12
, 

7

8
, 

25

83
 are examples of proper fraction. 
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  Proper fractions are reducible or irreducible common fraction. 

 

2. Improper fractions 

 The fraction in which numerator is greater than denominator is called 

improper fraction. 

 Examples: 
3

2
, 

5

3
, 

11

7
, 

18

8
, 

  

5

2
, 

1100

120
, etc 

It can also be reducible or irreducible common fraction. 

 

3. Compound fractions 

 The sum of natural no’s and a proper fraction is called compound fraction. 

 

Example: 

1
3

4
, 

5
14

19
, 

3
120

31
, are examples of compound fractions. 

 

Note: 

We have also learnt the basic operations of addition, subtraction, multiplication, 

division and also commutative and associative properties of addition and 

multiplication over the fraction. 

Self Assessment Exercise 3 

Q. 1. Fill in the blanks. 

(i) The sum of __________ and proper fraction is called compound 

fraction. 

(ii) Reducing fraction or reducible fraction is that in which numerator 

and denominator are __________ or multiplied by 

_______________ number. 

(iii) 
1

2
, 

3

5
, 

7

9
, 

25

83
, are _______________ fractions. 

(iv) 
3

2
, 

5

3
, 

7

3
 are _______________ fractions. 

 

Q.  2. Separate proper, improper and compound fraction from the following. 

 

7

8
, 

3

4
, 

5

8
, 

1
5

5
, 

4

3
, 

101

99
, 

7
16

12
, 

5

20
, 

4

1
, 

2

8
, 
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3
5

10
, 

10

3
, 

4
3

7
, 

3
7

2
, 

17

9
 

 

Q. 3 Which of the following parts are equivalent fractions? 

(i) 
6

7
, 

2

3
  (ii) 

1

3
, 

3

9
 

(iii) 
8

16
, 

6

12
 (iv) 

7

9
, 

9

7
 

(v) 
10

20
, 

25

12
 (vi) 

25

100
, 

2

8
 

(vii) 
200

1000
, 

1

5
 (viii) 

7
1

8
, 

7

8
 

(ix) 
1

3
, 

27

3
  (x) 

7

4
, 

3
1

4
 

 

Q. 4 Write the following into their lowest form. 

(i) 
25

100
  (ii) 

75

175
 (iii) 

96

144
 

(iv) 
135

180
  (v) 

121

341
 

 

Q. 5 Simplify the following 

(i) 
3

1
4

 + 
2

7
7

 

(ii) 
1

2
3

 + 
67

1
3

 

(iii) 
2

5
5

 + 
1

9
10

 

(iv) 
8

30
21

 + 
18

8
40

 

(v) 
12

3
5

 + 
7

3
3

 

 

5.2.4 Decimals 

 In previous classes we have learnt about the decimal fractions up to 3 

decimal places. 

 Let us revise it 
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 The numbers of the form 3.1415, 33.25, 58.1, 38.2, 9.5 are called decimal 

numbers in which the number before decimal is called integral part and 

after the decimal is called decimal part. 

 i.e. 

 the number  3.14159 where 3 is a integral part and 14159 is a decimal part. 

 We obtained such type of number by dividing fractions. e.g. 

 

10

3
 is written as. 

 
 

 The fraction 
10

3
 is converted into decimal 3.333 –  Decimal fraction up 

to 4 decimal places. 

 We know that the digits on the right side of a decimal point is the number 

of decimal places or the order of decimal fraction. 

Example: 29.4653 = 20 + 9 + 
4

10
 + 

6

100
 + 

5

1000
 + 

3

10000
 

  The place value increase ten times moving from right to left. 

Example: 3.9141 = 3+ 
9

10
+ 

1

100
+ 

4

1000
+ 

1

10000
 

 

Activity No.4 
Write the decimal fraction expressed into the expanded form. 

2 + 
3

10
 + 

4

100
 + 

5

1000
+ 

6

10000
 

 

Solution: 

2 + 
3

10
 + 

4

100
 + 

5

1000
+ 

6

10000
 = 2 + 0.3 + 0.04 + 0.005 + 0.0006 

 

// // = 2 + 0.3456 

// // = 2.3456 

 

Activity No. 5 

3

3.3

10

9

10

9

10......... so on

10

3
= 3.33.......= 
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Write or express the decimal fraction 3.0235 in expanded form. 

 

Solution: 

3.0235 = 3 + 
0

10
 + 

2

100
 + 

3

1000
+ 

5

10000
 

3.0235 = 3 + 
2

100
 + 

3

1000
+ 

5

10000
 

 

Self Assessment Exercise 4 
1. Write decimal fractions expressed in expanded form. 

(i) 3 + 
2

10
+ 

4

100
+ 

5

1000
 + 

9

10000
 

(ii) 70 + 9 + 
7

10
 + 

1

100
 + 

3

10000
 

(iii) 30 + 7 + 
4

100
 + 

9

10000
 

(iv) 4 + 
1

100
 + 

3

1000
 + 

6

10000
 

(v) 9 + 
9

10
 + 

8

100
 + 

7

1000
 + 

6

10000
 

 

2. Write the following decimal fractions in expanded form. 

(i) 5.1321 

(ii) 7.0222 

(iii) 2.1234 

(iv) 9.8764 

(v) 3.14195 

 

3. Convert the following into decimal fraction. 

(i) 
10

3
 

(ii) 7
5

 

(iii) 15
7

 

(iv) 32
12

 

(v) 1
7
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5.3 LCM and GCD 

5.3.1 LCM 

 

LCM stands for Least common Multiple 

In this section we find least common multiples of algebraic expression by. 

1. Factorization Method 

2. By Division Method 

 

5.3.1 (a)  

1. L.C.M by factorization method 

 In this process we make a factors of given algebraic expression. Procedure 

to find L.C.M is explained through examples. 

 

(i) Example 1 

Find L.C.M of 15x
2
, 45xy and 30xyz by factorization 

 

Solution 

Factorization of 15x
2
 = 3.5x.x 

Factorization of 45xy = 3.3.6.x.y 

Factorization of 30xyz = 2.3.5.x.y.z 

Product of common factor = 3.5.x.y = 15xy 

Product of uncommon factor = 2.3.x.z = 6xz 

L.C.M = Product of common factors × product of uncommon factors 

L.C.M = 15xy × 6xz 

L.C.M = 90x
2
yz 

 90x
2
yz is least common multiple. 

 

 

(ii) Example 2 

Find L.C.M of x
2
 – 1 and x

3
 – 1 by factorization. 

 

Solution 

 Factorization of  x
2
 – 1 = (x)

2
 – (1)

2
 

// //   = (x –1) (x+1) 

Factorization of  x
3
 – 1  = (x)

3
 – (1)

3
 

// //   = (x – 1) (x
2
 + 1 + x) 

Product of common factor  = (x – 1) 

Product of uncommon factors = (x + 1) (x
2
 + 1 + x) 

 L.C.M = Product of common factor × product of uncommon factor. 

L.C.M = (x – 1) (x + 1) (x
2
 + 1 + x) 

// = (x
2
 – 1) (x

2
 + 1 + x) (Ans) 
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5.3.1 (b) 

(2) L.C.M by division Method 

 In this process we have two algebraic expressions we find H.C.F and 

L.C.M which are represented by H and L respectively, then the relation among 

them can be expressed as: 

A × B = H × L 

 Where A & B shows algebraic expressions 

 It is called formula or relation between L.C.M and H.C.F. 

 

We can also illustrate it by an examples. 

 

1 Example 1 

 L.C.M and H.C.F of two algebraic expression we have to find where two 

algebraic expressions are x
3
 + x

2
 + x + 1 and x

3
 – x

2
 + x – 1 

 

Solution 

Factors of x
3
 – x

2
 + x – 1 = x

2
(x – 1) + 1(x – 1) 

// //   = (x
2
 + 1) (x – 1) 

Factors of x
3
 + x

2
 + x + 1 = x

2
(x + 1) + 1(x + 1) 

// //   = (x
2
 + 1) ( x + 1) 

Product of common factors  = (x
2
 + 1) 

Product of uncommon factors = (x – 1) (x + 1) 

 H.C.F = Product of common factor 

 H.C.F  = x
2
 + 1 

and L.C.M =  Product of common factor × production of 

uncommon factor 

L.C.M = (x
2
 + 1) (x + 1) (x – 1) 

L.C.M = (x
2
 + 1) (x

2
 – 1) 

L.C.M = x
4
 – 1 (Ans). 

Activity 6 
Q 1   Fill in the blanks. 

(i) LCM stands for ________________ 

(ii) LCM defines by two methods which are ________________ and 

________________. 

(iii) Factors of 18x
2
yz is ________________. 

(iv) Factor of x
2
 – 1 and x

3
 – 1 is ________________, 

________________. 

(v) L.C.M = Product of ________________ factor × product of 

________________ factor. 
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Q. 2. Find L.C.M of the following by factorization. 

 

(i) xyz  , x
2
yz

2
  , x

3
y

3
z 

(ii) 9xy
2
z  , 18x

2
yz  , 27x

2
y

2
z

2
 

(iii) 8xy
3
  , 34x

2
  , 12xyz 

(iv) l
2
 – m

2
  , l

4
 – m

4
  , l

6
 – m

6
 

(v) (a + b)
2
 , a

2
 – b

2
  , a

3
 + b

3
 

 

5.3.2 GCD 

GCD stands for Greatest common divisor. 

We shall discuss two method for GCD 

1. Factorization 

2. Division 

Greatest common divisor of two or more polynomials we means a highest or 

greatest degree of polynomial that divides exactly these polynomial. 

 

5.2.2 (a) By Factorization method 

GD explains by factorization method as follows in example 

 

(i) Example 1 

Find GCD of 10x
2
yz and 20x

2
y

2
z

2
 

 Solution 

Factors of 10x
2
yz = 2.5.x.x.y.z 

Factors of 20x
2
y

2
z

2
 = 2.2.5.x.x.y.y.z.z 

Common factors are = 2.5.x.x.y.z 

 GCD = 2.5.x.x.y.z 

 GCD = 10x
2
yz  (Ans) 

 

(ii) Example 2 

Find GCD of z
2
 – 4, z + 2 and a

2
 + ab, a

2
 – b

2
 

 Solution 

Factors of z
2
 – 4 = (z – 2) (z + 2) 

Factors of z + 2 = (z + 2) 

Common factors  = z + 2 

 GCD = z + 2   (Ans) 

Factors of a
2
 + ab = a(a + b) 

Factors of a
2
 – b

2
 = (a – b) (a + b) 

Common factors  = (a + b) 
 GCD = (a + b)  (Ans) 

 

5.3.2 (b) By Division method 
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GCD explains by division method as follows illustrated in examples. 

 

(i) Example 1 

 
Now, 

 
Reminder by –4 we get 

 
 GCD is x

2
 – x + 1  (Ans) 

 

 

(ii) Example 2 

10x
4
 + 3x

3
 + 8 ; 8x

4
 + 3x +10 

 

 
Dividing 5 from reminder we get 

3x
3
 – 3x – 2 

x  - 5x  + 5x - 4
3 2

2

2x  - 9x  + 9x - 7
3 2

+2x  - 10x  + 10 - 8
3 2

x  - x + 1
2

- + - +

x  - x + 1
2

x

x  - 5x  + 5x - 4
3 2

+x  -   x  +   x
3 2

- 4x  + 4x - 4
2

- + -

x  - x + 1
2

1

x  - x + 1
2

+x  - x + 1
2

- + -

8x  - 3x + 10
4

5

10x  + 3x  + 8
4 3

5

40x  + 15x  + 40
4 3

+40x  + 0     + 50 + 15x
4

-         -         -       - 

15x  - 15x - 10
3
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and so on 

 

Self Assessment Exercise 5 

Q. 1 Find GCD by factorization 

(i) x
2
, xy, x

2
y

2
 

(ii) a
2
 + ab, a

2
 – b

2
 

(iii) x
2
 – 5x + 6, x

2
 – x – 6 

(iv) x
2
 – x – 2, x

2
 + x – 6, x

2
 – 3x + 2 

(v) (x
2
 – a

2
) , (x + a) 

2. Find GCD by division method 

(i) x + 3    and 3x
2
 + 9x 

(ii) x
4
 + x

3
 – 6x

2
   and x

4
 – 9x

2
 

(iii) 3x
4
 + 7x

2
 + 4  ; 2x

5
 + 3x

3
 + x

2
 + x + 1 

(iv) x
4
 – 5x

2
 + 4  ; x

5
 – 11x + 10 

 

5.4 Concepts of Measurements 

The concepts of foundation of measurements rests upon physical quantities in 

terms of which laws are expressed. 

Therefore, these 1uantities have to be measured accurately. 

Among these are mass, length, time, velocity, force, density, temperature electric 

current and numerous others. 

We only concern here with mass, length, time and temperature. 

These quantities are based quantities and the other quantities derived from these 

quantities are derived quantities such as velocity, force, work, power, energy etc. 

The base quantities are the minimum number of those quantities in terms of which 

other physical quantities can be defined as state earlier. 

These examples of base quantities are length, mass and time. 

3x  - 3x - 2
3

8x

8x  + 3x + 10
4

3

24x  + 9x + 30
4

+24x  - 24x   - 16x
4 2

-        +          +

24x  + 25x + 30
2
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We concern here with the measurements of these four and temperature which 

involves two steps: 

First, the choice of a standard, and second, the establishment of procedure that 

how to measure these quantities and comparing them with standard values. 

 

International System of Units 

 In 1960, an international committee agreed on a set of definitions and 

standard to describe the physical quantities. 

 The system that was established is called system international (SI) 

Abbreviation used for system international is (SI). 

System international is built up from three kinds of units. 

(i) Base units 

(ii) Supplementary units 

(iii) Derived unit 

As stated earlier there are seven base unit for various quantities namely, length, 

mass, electric current, time, temperature, luminous intensity, amount of substance  

Base units are shown in figure/table with their symbol and SI units. 
Physical quantities SI unit Symbol 
Length meter m 
Mass kilogram Kg 
Time second S 
Electric intent/current ampere A 
Thermodynamic Temperature Kelvin K 
Intensity of light candela cd 
Amount of substance mole mol. 

 

Conversations for indicating units 

 While measuring different quantities we requires special care, more 

particularly in writing prefixes. 

 Following points should be kept in mind while using units. 

 

(i) Full name of units does not begin with a capital letter even if named after 

a scientist e.g. Newton 

(ii) The symbol of unit named after a scientist has initial letter such as N. for 

Newton. 

(iii) Compound prefixes are not allowed. For example IUUF may be written a 

IPF. 

 

5.4.1 Concept of measurements of length 

 In international system length is measured as standard meter. 
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 Standard meter is the bar of an alloy of platinum and iridium kept under 

controlled conditions at the “International Bureau of weights and Measures” near 

Paris. 

 In the meter rod the distance between two lines marked on this bar 

measured at 0
o
C is considered one standard meter. 

Meter can be defined as “One meter is the distance travelled by light in vacuum 

during a time of 
1

299,792,458
 second. 

 In meter rod there is a several lines of cm which are further divided into 

mm. where cm means centimeter and mm means millimeter. 

By this meter rod we measured the length of any dimension. 

Let us say we want to draw and measured the length of 20cm. 

 First of all we draw a point on a paper such like that. 

 
 Then we place meter rod or any measuring scale which has a reading 

marked on them. 

 Placed the 0cm point of the meter rod or scale on the marked point. 

 
 Then marked a line with help of pencil to draw it on page. We keep on the 

line with the pencil until 20cm has come on the reading of meter rod or an 

bar alloy. 

 By this way we can draw a line of 20cm. 

 Now pick up the meter rod and we can see that 20cm line is drawn on the 

plane, or page. 

 

 Similarly, how can we measured the length of any dimension of the line 

which are given. 

 If we repeat the above given point to backward we find length of line. 

 Let us say we have a line i.e. 10cm long. 

 
 First of all take a meter rod. 

 Place 0 at point A of the line and keep on to the point B. 

 If it is of 10cm long then meter rod shows that the line is 10cm long (i.e. B 

point is on 10cm on the meter rod). 

 By this way we can measured the length of any line which are given to us. 

x


0 1 32

x

A B10cm
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Activity 7 
Q. 1. Draw a lines of 5cm, 8cm, 6.5cm, 3cm with the help of scale where cm 

means centimeter. 

Q. 2. Measures the length of the given lines in cm. 

1.  

  

 

2.  

  

 

3.  

  

 

4.  

  

 

5.  

  

 

Concept of measurement of Mass 

 Measuring of mass is used every time in different parts of the world with 

the passage of time, these units were made more refined and acceptable Mass is 

measured usually in kilograms. Where kilograms is defined as. 

 A standard kilogram is the mass of platinum and iridium alloy cylinder 

kept at the “International Bureau of weights and Measures” near Paris. 

 In 1 kilograms there are 1000 grams which divides kilogram into grams. 

 Mass is measured with the help of these kilogram or just only if small 

mass in grams. 

 Mass can be measured with the help of two pans which are linked with the 

strings and other ends of these strings are attached to the rod and that rod is 

separated into two parts i.e. its control part which is fixed and other two ends are 

moveable. 

A B

A B

A B

A B

A B
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 We place that objects or subjects or substance which we wants to be 

measured in one pan and weight on the other pan when the pans are on their level 

position or rod is horizontal to surface of length we find that the weight of the 

object. 

 By this way we can measured mass any mass any weight of the object. 

That why the unit of mass is kilogram because it is measured with the help of 

kilogram. 

Now a day’s digit mass measuring machines or instruments are available with the 

help of which we can measured the mass or weight very easily. 

 

Concept of Measurements of Time 

 

The scientists measured the time of all the days of the year 1900A.D.  

Considering a day consist of 24 hours, an hour of 60 minutes and a minute of 60 

seconds they estimated the duration of one solar day. The 
1

86400
 part of that solar 

day is called standard second and we measured the time in second which is also 

unit of time. 

A cesium atomic clock used as a standard measure of one second with the help of 

this atomic clock, in 1967 the standard second was redefined as. 

A second is the duration in which 

the cesium –133 atom completes 

9,192,631,770 vibrations. 

Unit of time is second and symbol used for second is s. 

 

 We can measured the time with clock, with stop watch and many other 

instruments such like that 

 If we are on the journey and we want to measured the time with the help 

of stop watch or clock. 

 We want to measured the time that in which time we reach Lahore from 

Islamabad. 

 When we start our jou7rney from Islamabad in a car we click the button of 

stop watch and carry on our journey. After some time we reach Lahore i.e. our 

destination we stop the stop watch and see the time in which we reached Lahore 

by this way we measured any time of any length. 

Lastly, we come across the 

 

Concept of measurement of temperature 

 Heat has always been the necessity of human beings, animal and plants in 

this world without which their existence would not have been possible. 



149 

 Before the advancement of science temperature was judged by touching an 

object which was a substandard method. 

 After the invention of temperature measuring instruments, temperature 

was also included in the list of base quantities like mass, length and time. 

 First of all we describe about thermometry. 

 The word “thermo” means heat and “metry” means measurement, 

therefore thermometry means that measurement of heat. (Thermometer) it is an 

instrument which is used to measured the hotness or coldness or simply say 

temperature of the baby. 

 According to the principal of thermometry, if two objects are in different 

temperatures are joined together, after a certain time they attain the same 

temperature. This is known as the state of thermal equilibrium. 

 We measured the temperature with the help of different instruments. 

In ordinary life we used Fahrenheit and centigrade or Celsius and for scientific 

purpose we used Kelvin scale. 

 

Conversion of these three scales 

 

(i) Conversion of Celsius to Fahrenheit scale 

 

9
32

5
F CT T     

 Where FT  = Temperature of Fahrenheit 

  FT  = Temperature of Celsius  

 

(ii) Conversion of Fahrenheit to Celsius Scale 

 
5

32
9

C FT T     

 

(iii) Relationship between Kelvin and Celsius scales 

 

 
273K CT T   

 Where KT  is a temperature in Kelvin scale 

 If temperature is given in any scale i.e. Kelvin, Fahrenheit, Celsius we can 

convert it to the other by using above formulas. 

 

Example Temperature is announced to be 30c in laboratory How much this 

temperature be in Fahrenheit scale. 

 

Solution As we know the formula of conversion of Celsius to Fahrenheit 

scale is that 
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9
32

5
F CT T     

Where 30CT    

 
9

5
FT 

1

30 32    

 9 6 32FT      

 54 32FT     

 86 (Ans)FT F   

 

 

2. Example 

 Convert 45 C  to Kelvin scale 

 

Solution 

As 273K CT T   

 and 45CT C   

 45 273KT    

 318 (Ans)KT K  

 

Self Assessment No. 6 
1. Write the formulas of the following. 

(i) Conversion of Celsius to Fahrenheit scale. 

(ii) Conversion of Fahrenheit to Celsius scale. 

(iii) Conversion of Kelvin and Celsius scale. 

 

2. Convert the following temperatures into Fahrenheit scale. 

 

(i) 10 C   (ii) 25 C   (iii) 35 C  

 

3. Convert the following temperatures into Celsius scale. 

 (i) 90 F   (ii) 70 F  

 

4. Convert the following Celsius scale into Kelvin scale. 

 (i) 22 C   (ii) 18 C  

 (iii) 08 C   (iv) 25 C  

 (v) 30 C  
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5.5 Unitary Method 

 Unitary Method is a method which is very useful in solving many 

problems with the help of this method, we can find the price of any number of 

things. If the price of one thing or unit thing is given vice versa we can also find 

price of one numbers of things if the price of total numbers of things are given. 

From above we deduct the following principles in unitary method. 

(i) Finding price of more things if price of one thing is given. 

(ii) Finding price of one thing if price of more things is given. 

(iii) Find price of a given number of things if the price of other number 

of things are/is given. 

 

 

We also deduct from these points that  

(i) Cost   = Rate × Quantity 

(ii) Rate   = 
Cost

Quantity
 

 (iii) Quantity  = 
Cost

Rate
 

We explain these three points with the help of examples step by step. 

 

 

5.5.1 Finding the price of more things if price of one thing is given: 

 

1. Example: If price of one ball is 20.Rs. Find the price of 10 balls. 

 Solution 

Price of one ball   = 20 Rs. 

Price of ten ball  = ? 

Price of one × 10 balls = 20 × 10 

Price of 10 balls   = 200 Rs. 

     Price of 10 balls is 200 Rs. 

 

2. Example 2 

If price of one Television is Rs. 4000. Find price of three televisions. 

 

Solution 

Price of one Television   = 4000 

Price of three Television   = ? 

Price of one × three Television = 4000 × 3 

Price of 3 Television    = 12000 Rs. 

 Price of 3 television is 12000 Rs. 
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3. Example 

Price of 1Kg Apples is 50.Rs. Find price of 
1

7
2

Kg Apples. 

Solution 

Price of one Kg Apple = 50 Rs. 

Price of 
1

7
2

Kg Apple  = ? 

First of all we convert compound fraction into improper or simple fraction. 

i.e. 
1

7
2

Kg = 
15

2
Kg 

 Price of 
15

2
 Kg Apple = 50

25 15

2


1

 

// // //  = 375 Rs. 

 Price of 
1

7
2

 Kg Apples is 375 Rs. 

 

 

4. Example 

 A man purchase a house at rate of 10,00000 if he purchase 3 more houses 

at the same rate. What is the total price of these houses. 

Solution 

Purchase price of 1 house   = 100,0000 

Purchase price of 4 houses  = ? 

( 4 houses is because he purchase 3 more houses ie.e 1 + 3 = 4) 

Purchase price of 1 × 4 hoses  = 100,0000 × 4 

// // //   = 400,0000 Rs. 

     Ans 

Example:   Ali purchase 4 books at the rate of Rs 25 per book. How much does 

he spend on buying 4 books. 

 

Solution 

 Purchase price of one book  = 25 

 Purchase price of 4 books   = ? 

  purchase price of 1 × 4 books = 25 × 4 

 //  //  // = 100 Rs. 

 

Example: 
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Cost of one egg is 7Rs. How much cost of 1 dozen eggs? 

 

 

Solution 

 Cost of one egg is   = 25 

 As we know that 1 dozen = 12 
  Cost of 1 dozen  = 7 × 12 

 //  //  = 84 Rs. (Ans) 

 

Example: 

The price of 1 Kg rice is 27.75. Find the cost of 
3

3
4

 Kg of rice. 

Solution 

Price of 1 Kg rice   = 27.75 

Price of 
3

3
4

Kg rice  = ? 

As. 

3
3

4
Kg    = 

15

4
Kg 

 Price of 
15

1
4

 Kg rice  = 
15

27.75
4

  

//  //  // = 
2775

100 20

15


3

4
 

//  //  // = 
8325

80
 

     = 104.06 (Ans) 

 

5.2.2 Find the price of unit thing when price of more things are given. 

We can find price of unit thing by dividing the total price by number of things. 

Let us explain this method with the help of examples. 

 

1. Example 

 If price of 10 note books is Rs. 105, then find the price of one of the note 

book. 

 

Solution 

Given price of 10 note books  = 105 

Dividing both sides of 10 
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Price of 
10

10
 note books  = 

105

10
 

Price of 1 note book   = 10.5 Rs. 

 

2. Example  

 The price of one dozen banana is 250 what will be the price of two 

bananas? 

 

Solution 

 Price of 1 dozen bananas   = Rs. 250 

 As 1 dozen     = 12 

 Price of 12 bananas   = Rs 250 

 Price of 
12

12
 bananas   = Rs. 

250

12
 

 Price of 1 banana   = Rs 
250

12
 

Price of 1 × 2 bananas   = Rs 
250

12
2  

Price of 2 bananas   = 41.6  (Ans) 

 

3. Example 

Price of 100Kg wheat is Rs 780. Find price of 1Kg wheat? 

Solution 

Given price of 100Kg wheat   = Rs 780 

Then 

Price of 
100

100
Kg wheat   = Rs 

78 0

10 0
 

Price of 1Kg wheat     = Rs 7.8 

 

4. Example 

Price of half dozen chairs is 3600. Find price of one chair. 

 

Solution 

As given price of half dozen chairs   = Rs. 3600 

As half dozen      = 6 

Price of 6 chairs     = Rs. 3600 

Price of 
6

6
 chairs     = Rs 

3600

6
 

Price of one/1 chair     = 600 
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3. Example 

 

Price of one dozen Knives is 180Rs. Find price of one Knives? 

Solution 

Price of one dozen Knives    = Rs. 180 

Price of 12 knives     = Rs. 180 

Price of 
12

12
 knives     = Rs. 

180

12 1

 

Price of 1 knives     = 15  (Ans) 

 

 

5.5.3 Price of a given number of things when price of some similar things is 

given. 

We illustrate it by example. 

 

1. Example 

 Ayesha purchase 10 toys each of same price at Rs. 250. Find price of 30 

toys. 

 

Solution 

Ayesha purchase 10 toys   = 250 

 Ayesha purchase 
3

3
4

 toy   = 
3

3
4

 

 Ayesha purchase 1 toy    = 25 

 Ayesha purchase 1 × 30 toys   = 25 × 30 

Ayesha purchase 30 toys    = 750  (Ans) 

 

2. Example 

Price of 8 machines is 10950. Find price of 16 machines. 

 

Solution 

 Price of 8 machines  = 10950 Rs. 

 Price of 16 machines  = 10950 × 2 

 Price of 16 machines  = 21900  (Ans) 

 

3. Example 

Price of 
1

2
2

Kg sugar is Rs. 125. Find price of 
1

7
2

Kg sugar 

Solution 
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 Price of 
1

2
2

Kg sugar  = Rs. 125 

 Price of 1 Kg sugar  = 
12 5

5 2

 

 Price of 1Kg sugar  = 50 

 Price of 
1

1 7
2

 Kg sugar = 50
25 15

2
  

 Price of 
1

7
2

Kg sugar  = Rs. 375   (Ans) 

 

 

4. Example 

 Waqas gives Rs. 50 discount on the sale of an amount of Rs. 100. Find the 

amount of discount on the sale of amount of Rs.9550. 

 

Solution 

Amount of discount on Rs. 100 = Rs. 5 

Amount of discount on Rs. 1  = 
5

100
 

Amount of discount on 9550  = 
5

1

100
955 0  

Amount of  //  // = 
1

955
2
  

//  // // // = Rs. 477.5 (Ans) 

 

Activity 9 
1. Fill in the blanks 

 If price of one ball is 10 Rs. 

(i) The price of 3 ball = ______________  

(ii) The price of 13 ball = ______________  

(iii) The price of 17 ball = ______________  

(iv) The price of 45 ball = ______________  

(v) The price of 53 ball = ______________  

 

2. Mark true and false sentences as () and (). 

If price of 3 toothbrushes is 30Rs. Then. 

(i) The price of 1 brush will be Rs. 10. 

(ii) The price of 5 brushes will be Rs.70. 
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(iii) The price of 8 brushes will be Rs. 80. 

(iv) The price of dozen brushes will be Rs. 120. 

(v) The price of two dozen brushes will be Rs. 200. 

 

Self Assessment Exercise 7 
1. Find the price of 10 objects in the following if: 

 

(i) Price of one book is Rs.70 

(ii) Price of one pen is Rs.15 

(iii) Price of one banana is Rs.10 

(iv) Price of one toy is Rs.50 

(v) Price of one ball is Rs.20 

 

2. Find price of unit thing in the following cases. 

 

(i) Price of 5 books is 100 Rs. 

(ii) Price of 7 toys is 84 Rs. 

(iii) Price of 1 dozen handkerchief is Rs. 144 

(iv) Price of half dozen eggs is Rs. 30 

(v) Price of ten caps is 150 Rs. 

 

3. Ali monthly saving is Rs. 500. How much he saved in 1 year? 

4. Shop keeper repairs one watch at Rs. 50. Find price in which he repairs 7 

watches? 

5. Annual rent of a house is Rs. 54600. Find its monthly rent? 

6. A train covers 727.50Km distance in 15 hour’s. How much distance does 

it come in 1 hour? 

7. Price of 1Kg mangoes is Rs.300. find the  

(i) Price of 5Kg mangoes. 

(ii) Price of 
1

12
2

kg mangoes. 

8. Price of 40Kg salt is 160. Find price of 5Kg salt? 

 

5.6 Percentage 
 Percentage is a word which has been derived from Latin word per centum 

which means “out of 100” 

 Symbol % is used for percentage. 

 12% means 
12

100
 and is read as 12%. 
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 In this unit we have to learnt about the concept of percentage and its uses 

in solving simple problems on profit and loss. 

 

5.6.1 Concept of cost price, sale price and loss. 

 In everyday life we purchase or sale sort of things in which we have a 

profit sometime and sometime we face loss. When we sale or purchase some 

things or goods. Often the prices or decreased sometimes. 

 

Cost price or purchase price 

 A price at which someone buy a particular things, substances, elements are 

called cost price or purchase price. 

 Symbolically cost price is denoted by C.P. 

 

 

Sale Price 

 A price at which the particular items are sold are called sale price. 

 Symbolically sale price is denoted by C.P. 

 

Profit or loss 

 If sale price is greater than cost price then. There is a profit or gain. If sale 

price is less than cost price then there is a loss. 

 Therefore 

 Profit = Sale Price – Cost Price 

Loss = cost price – Sale price 

Also remember that 

C.P = S.P – profit 

S.P = C.P + profit 

C.P = S.P + loss 

S.P = C.P – loss 

 Means if two quantities/or value are given then we find the third one. 

 

5.6.2 Relation among percentage, common fraction and Decimal fraction 

 In this section we also learned about the relationship between among 

percentage, common fraction and decimal fraction. 

 Conversion of percentage into common and Decimal fraction. To convert 

the percentage into common and decimal fraction we write 100 instead of % in 

denominator and to convert into a decimal fraction we divide the given number by 

100. 
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 Table illustrate the conversion of percentage into common and decimal 

fraction. 

Percentage Common fraction Decimal fraction 
15% 
 

15

100
 

0.15 

112% 
 

112

100
 

1.12 

115% 
 

115

100
 

1.15 

75% 
 

75

100
 

0.75 

50% 50

100
 

0.50 

 Similarly, we can convert decimal fraction or common fraction into 

percentage. 

 

5.6.3 Find profit or loss percent when cost and sale price are given 

 We have already learnt about that increased percent is called profit percent 

and decreased percent is called loss percent. 

 Following formulas are helpful in finding profit or loss percent. 

Profit percent  = 
Profit

100
C.P

  

Loss percent  = 
loss

100
C.P

  

Symbolically profit or loss percent is written as  

Profit percent  = profit % 

Loss percent   = loss % 

 

Example 1 

 Convert 
75

100
 into percentage? 

 

Solution 

 
75 75 100

100 100 100
   

 // 
75

50


1

100
2 1

100
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1

As
100

% 

 // 150 %  (Ans) 

  

Example 2 

 Convert 
7

13
 into percentage? 

 

Solution 

 
7 7 100

13 13 100
   

 // 
7 1

100
13 100

 
   
 

 

 
7 700

3 13
 % 

 // = 
700

13
% 

 // = 53.8 % 

 
Example 3 

A dealer buy a cell phone for Rs. 2000 and sells it for Rs. 2200. Find 

profit or loss. 

 

Solution 

Here C.P = 2000 

  S.P = 2200 

Profit  = S.P – C.P 

//  = 2200 – 2000 

//  = 200  (Ans) 

  He got 200 Rs. Proft. 

Example 4 

A fruits seller bought of 1250 and sells all that fruit at Rs. 1150. Find 

profit or loss. 

 

Solution 

C.P = 1250 

S.P = 1150 

13

53.8

700

65

50

39

110
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Here 

Loss = C.P – S.P 

// = 1250 – 1150 

// = 100 

  He has a loss of 100 Rs. 

 

Example 5 

 Find profit or C.P or loss or S.P in the following. 

 Also find profit or loss percent. 

(i) C.P = Rs.50 ; profit = Rs.3 

(ii) S.P = Rs.92 ; loss = Rs.8 

(iii) C.P = 100  ; S.P = 120 

(iv) S.P = 250  ; C.P = 270 

(v) C.P = 800  ; Profit = 50 

 

(i) C.P = Rs. 50  ; profit = Rs.3 

 Profit  = S.P – C.P 

 3  = 50 – C.P 

 C.P  = 50 – 3 

 C.P  = 47 

Now, 

 Profit % = 
Profit

100
C.P

 % 

 // 
3

100
47

  % 

 // 

6.3

300300
% 47

28247

180

  

 // = 6.3 % 

 

(ii) S.P = Rs.92 ; loss = Rs.8 

 

Solution 

 Loss = C.P – S.P 

 8 = C.P – 92 

 C.P = 100 

Now, 

 Loss % = 
loss

100%
C.P
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 // 
8

100
 100 8%  

 

(iii) C.P = 100 ; S.P = 120 

 

Solution 

 

 Profit = S.P – C.P 

 // = 120 – 100 

 // = 20 

Now, 

 profit % = 
Profit

100%
C.P

  

 // 
20

100
 100 %  

 // = 20 % 

 

 (iv) S.P = 250 ; C.P = 270 

 

Solution 
 Loss = C.P – S.P 

 loss = 270 – 250 

 // = 20 

Now, 

 Loss % = 
loss

100%
C.P

  

 // 
20

27 0
 10 0 8%  

 // 

7.4

200200
27

18927

110

  

 // = 7.4 %  (Ans) 

 

(v) C.P = 800 ; profit = 50 

 

Solution 

Profit  = S.P – C.P 

50 = S.P – 800 
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or 

S.P  = 800 +50 

S.P = 850 

Now, 

Profit % = 
Profit

100
C.P

  

 Profit % = 
50

8 00
100  

 //  = 
50

25

8 4

6.2

25
4

24

10

  

 //  = 6.2 % (Ans) 

Self Assessment Exercise 9 

1. Find profit or loss percent in the following cases. 

(i) C.P = 50-Rs , S.P = 80-Rs 

(ii) C.P = 160-Rs , S.P = 120-Rs 

(iii) C.P = 547-Rs , S.P = 500-Rs 

(iv) C.P = 8-Rs , S.P = 12-Rs 

(v) C.P = 1024-Rs , S.P = 1050-Rs 

 

2. Fill in the blank by calculating the missing quantities where possible. 

 Where C.P = Cost Price 

  S.P = Sale price 

  Profit % = profit percent 

  Loss % = loss percent 

Sr No. C.P S.P Profit Loss Profit % Loss % 
1 500 ________ 25  5%  

2 ________ 620 ________  20%  

3 ________ 9735  ________  15% 

4 25 ________  ________  10% 

5 60 70 ________  ________  

6 1540 1386  ________  ________ 

7 13800 ________ ________  1
9 %

2
 

 

8 ________ 400  ________  1
3 %

2
 

9 ________ 25 ________  2.5  

10 6000 ________  ________  2.50% 
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ANSWERS 

Self Assessment Exercise 1. 

Q. 1 
i.  Negative 

ii. Positive 

iii. Right Side  

iv. Left Side  

v. Integers 

vi. Opposite 

Q. 2 

i.   

ii.  
iii.  (because “0” is neither positive nor negative) 

iv.  (here is a five integers b/w –1 & +5) 

v.  
Q.3  

i.  –29, –28 

ii. 11, 12, 13, 14 

iii. 0, 1, 2, 3, 4 

iv. None 

Q4 

 (i)

  
  

(ii)  

 

(iii)

 

 
 

(iv)  

Q.5 

i. Positive 

ii. Negative 

iii.  Neither negative nor positive 

iv.  Positive 

v.  Negative 

0 +2 +4 +6

-1 0 +1 +2

+3 +5 +8+4

0 2 31
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Q. 6 

i. –5, –6, –7. (because it goes on negative side) 

ii. 6, 7, 8 

iii. 1, 2, 3 

iv. –112, –113, –114 

v.  546, 547, 548 

Q. 7 

i. 4 

ii. 1 (0 is not because zero is neither positive nor negative) 

iii. 5 

iv. Not 

v. Neither positive nor negative 

 

Activity 2 

Q. 1 
i. Sign will be same 

ii. The sign of the answer will be of bigger quantity 

Q. 2 

i.  4 

ii. –1 

iii. +1 

iv. –20 

v. –51 

 

Q. 3 

i.   

ii.  

iii.  

iv.  

vi.    

 

Self Assessment Exercise 2. 
 

1- +7 11- +37 
2- +18 12- +10 
3- +40 13- +20 
4- +4 14- +7 
5- +1 15- –10 
6- –155 16- –50 
7- –22 17- –160 
8- +9 18- –198 
9- +22 19- –1 
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10- –0 20- 0 

Activity 3 

A.     
1. 14 

2. –4 

3. –4 

4. –10 

5. +50 

B.  

(i) +20 

(ii) –40 

(iii) +150 

(iv) +330 

(v) –550 

(vi) +10 

 

Self Assessment Exercise 2. 
Q. 1 Fill in the blanks 

 (i) Natural number 

(ii) divided, same  

(iii) Proper fractions 

(iv) Improper fractions 

 

Q. 2.  

(i)  

Proper Improper Compound 

7
8

 

3
4

 

5
8

 

5
20

 

2
8

 

4
3

 

101
99

 

4
1

 

10
3

 

17
9

 

15.
5

 

716.
12

 

43.
7

 

37.
2

 

35.
10

 

 

Q. 3  

(i), (iv), (v), (viii), (ix), (x) are not equivalent where 

(ii), (iii), (vi), (vii) are equivalent fractions. 



167 

 

Q. 4  

(i) 
1

4
  (ii) 

3

7
 

(iii)  
2

3
  (iv) 

3

4
 

(v) 
11

31
 

 

Q. 5  

(i) 
253

28
  (ii) 

77

3
 

(iii) 
29

2
  (iv) 

17309

421
 

(v) 
161

15
 

 

Answer Self Assessment 4 
1. (i) 3.2459 

 (ii) 79.7103 

(iii) 37.0409 

(iv) 4.0136 

(v) 9.9876 

 

2. (i) 5 + 
1

10
 + 

3

100
 + 

2

100
 + 

1

10000
 

(ii) 7 + 
2

100
 + 

2

1000
 + 

2

10000
 

(iii) 2 + 
1

10
 + 

2

100
 + 

3

1000
 + 

4

10000
 

(iv) 9 + 
8

10
 + 

7

100
 + 

6

1000
 + 

4

10000
 

(v) 3 + 
1

10
 + 

4

100
 + 

1

1000
 + 

9

10000
 

 

3. (i) 3.3333 

(ii) 1.4000 

(iii) 2.1428 
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(iv) 2.750 

(v) 0.1428 

Activity 6 

Q. 1.  

(i) Least common multiples 

(ii) Factorization and division 

(iii) 2.3.3:x.x.y.z. 

(iv) (x – 1) (x + 1) , (x – 1) (x
2
 + x + 1) 

(v) common , un-common 

Q. 2 

(i) x
3
y

3
z

2
   common = x

2
y

2
z × uncommon = xyz 

(ii) 54x
2
y

2
z

2
  common = 9x

2
y

2
z × uncommon = 6z 

(iii) 408x
2
y

2
z  common = 4xy × uncommon = 102xyz 

(iv) (l
4
 – m

4
) (l

4
 + l

2
m

2
 + m

4
) common = l2 – m

2
 × uncommon =  

(v) (a + b) (a + b) (a – b)  common = a + b × uncommon =  

    (a + b) (a – b) (a
2
 – ab + b

2
) (a

2
 – ab + b

2
) 

 

Answer Self Assessment 5. 
 

Q. 1.  

(i) x 

(ii) a + b 

(iii) x – 3 

(iv) x – 2 

(v) x + a 

 

Q. 2.  

(i) x + 3 

(ii) x
3
 + 3x

2
 

(iii) x
2
 + 1 

(iv) x
2
 + x – 2 

Activity 7 

i. 13cm 

ii. 7cm 

iii. 8cm 

iv. 15cm 
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Self Assessment Exercise 6  
Q No.1  

(i) 
9

32
5

F CT T    

(ii)  
5

32
9

C FT T    

(iii) 273K CT T   

Q No.2   

(i) 50 F  

(ii) 77 F  

(iii) 95 F  

 

Q No.3   

(i) 32.2 C  

(ii) 21.1 C  

 

Q No. 4  

  (i) 295K 

(ii) 291K 

(iii) 281K 

(iv) 298K 

(v) 303K 

 

Activity 8 
Q. 1 

 (i) 30  (ii) 130 

(iii) 170  (iv) 450 

(v) 530 

Q. 2 
(i)   (ii)  

(iii)   (iv)  

(v)  

 

Activity 9 

1. Fill in the blanks. 

(i) 30 

(ii) 130 

(iii) 170 

(iv) 450 

(v) 530 



170 

Self Assessment Exercise 7 
1. (i) 700 

(ii) 150 

(iii) 100 

(iv) 500 

(v) 530 

 

2. (i) 20 

(ii) 12 

(iii) 12 

(iv) 5 

(v) 15 

3. 6000 

4. 350 

5. 4550 

6. 48.3 

7. (i) 1500 (ii) 7500 

8. 20 

 

Self Assessment Exercise 8 

1.   

1. S.P = 525 

2. C.P = 516.67 

3. C.P = 11452.96 

4. S.P = 25 

5. Profit% = 
2

16 %
3

 Profit = 10 

6. loss % = 10%   loss = 154 

7. S.P = 15111  profit = 311 

8. C.P = 386.47 

9. C.P = 24.39 

10. S.P = 6000 

 

2.  

(i) 60% 

(ii) 25% 

(iii) 8.6% 

(iv) 50% 

(v) 2.5% 
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OBJECTIVE OF THE UNIT 
 

In teaching of Algebra you will learn :  

1. Concept of polynomials 

2. Degree of Polynomials 

3. Addition of Polynomials 

4. Subtraction of Polynomials 

5. Multiplication of Polynomials 

6. Division of Polynomials 

7. Algebraic Expressions 

8. Evaluation the algebraic expressions 

9. Forming a linear equation in one variable and its solution 

10. Solving word problems from everyday life in valuing linear equations 

11. Establishing the formulae 

12. Factorizing the following types of expressions 
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6.1 Teaching of Algebra 

 

6.1.1 Concept of Algebra 

Mathematics that we have learnt so far is concerned with the numbers and their 

manipulation. This type or branch of mathematics is called arithmetic. Now we 

shall learn another type of mathematics that deals with general properties of 

numbers and their generalization. This branch of mathematics is called algebra. 

Algebra was introduced by an Arab Muslim Mathematician Mohammad Bin 

Musa Al Khawarzimi who did spade work in this subject. He wrote a book Al – 

Jabr – wa – Al – Muqabaia in 820A.D. For that reason this branch of Mathematics 

is called Algebra. 

 

6.1.2 Generalized Arithmetic 

This knowledge actually helps us in solving complicated problems of 

Mathematics by using arithmetical operations   ,,, , numbers and unknown 

quantities [in terms of a,b,c ……, X, Y, Z]. such arithmetical operations are also 

used in algebra as are used in arithmetic, for example in arithmetic 2 + 5 means to 

add 2 to 5. Similarly X + 5, means to add an unknown quantity x to 5 or x – y 

mean to subtract an unknown quantity y from another unknown quantity X. 

Remember that the unknown quantities are generally represented by English 

alphabets. 

 

6.1.3 Constant 

we know that, the value of a number is fixed. For example, the value of 4 will 

remain 4.  

 

6.1.4 Variable 

As in arithmetic, the numbers are also used in algebra, but the only difference is 

that we make use of English alphabets X, Y, Z instead of numbers. Any of these 

letters, can represent a given number. If the given numbers are 2, 3 or 4 then X 

may represent any of these numbers. 

For example the sum of an unknown quantity X and 4 can be written as X  +  4. 

Here 4 will remain as 4 but X can have different value of X  +  4. Therefore, 4 is a 

constant and X is a variable. 
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6.1.5 Concept of Polynomials 

 Algebraic Term 

An algebraic term is a constants, a variable variables, such as 8, 5x, xy,
x

y
, 

9y
2
x, 18xyz etc. 

 Algebraic Expressions and Sentences 

An algebraic expression consists of a single term or terms connected by 

symbols of addition and subtraction. 

Consider the following tables 

Table I 

Serial No In words In algebra 

1 

2 

3 

4 

5 

6 

a Plus b 

x Minus y 

Four C minus three d 

Six x Minus two y plus 

four 

x Plus y plus z 

Seven m 

a  +  b 

x – y 

4c – 3d 

6x – 2y  +  4 

x  +  y  +  z 

7m 

 

Table II 

Serial No In words In algebra 

1 

2 

3 

4 

5 

6 

two plus four is equal to 

six 

x is not equal to y 

nine is greater than five 

eight is less than nine 

six is not greater than 

seven 

two x is not less than 

eight 

2  +  4 = 6 

x ≠ y 

a > 5 

8 < 9 

6 ≯ 7 

2x ≮ 8 

 

In Table I the given statements are incomplete. In algebra we call these Algebraic 

expressions. Such statements are also called expression in which constants or 

variables or both are linked by basic operations. 

In Table II the given statements are complete, while reading; we can well 

understand the meaning of these. In algebra we call these as Algebraic Sentences. 

From Table II, an algebraic Sentence shows a condition and a relation between 

two algebraic expressions. 
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In Serial No.1 (table II) 2 + 4 and 6 are two different expressions and relation for 

equality is between them. Similarly in serial No 3 (table II), there is a particular 

relation between and 5, that is the first expression is greater than the second one. 

6.1.6 Co – efficient 

Any number which is a multiple of a variable is called the co – efficient of that 

variable. For example, in 3x, 5y, au and cz, 3, 5, a and c are co – efficient of x, y, 

u and z respectively. 

 

6.1.7 Base and Exponent 

We write 6 × 6 as 6
2
 and read it as S raised to the power 2. Similarly, x – x as x

2
 

and read it as x raised to the power 2, x – x – x or x
3
 as x power 3. In 6

2
, six is 

called the base and 2 is called its exponent. The raised to the exponent 2 shows 

that six is multiplied by six. Similarly, in x
2
, x is the base and 2 is its exponents, in 

x
3
, x is the base and 3 is its exponent and in y

4
, y is the base and 4 its exponent. 

Remember that 

x
1
 can be written as x, x is the base and 1 is the 

exponent, we red it as x raised to the power 1 

 

Example: Write the base, co – efficient and exponent in 7x
5
 

Solution: Base = x 

Co – efficient = 7 

Exponent = 5 

 

6.1.8 Polynomials  

A polynomial is an algebraic expression of one or more variables whose 

exponents (power) are non – negative integers. 

7x, x
3
  +  xy  7x

2
 – xy  +  y

2
  a

2
  +  ab  +  3 

p
2
 – pq  +  5  2x

2
y  +  3xy  +  10 x

2
 – 

2

3

2
x   +  5x  +  

3

1
etc. 

The following algebraic expressions are not polynomials. 

(i) 
x

x
1

  or x + x
 – 1

 

Because of second term having exponent -1 which is negative integer 

(ii) x
3
 + y1

/5
 + 6 

Again second term having exponent 
3

1
 which is not an integer 

Degree of A Polynomial 

The degree of polynomial in one variable is the highest exponent of the same 

variable. In case of more than one variable the degree of a polynomial is the 

highest sum of the exponents of the variables. 
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Example 

x
4
  +  3x

3
  +  7, which is in one variable  

Exponent of the 1
st
 term = 4 

// // // 2
nd

 term = 3 

// // // 3
rd

 term = 0 

Hence the degree of the polynomial is 4, which is the highest exponent. 

 

Activity: 1 

Q1 Write the following in algebraic form. 

i Two x Plus three y 

ii Five a Minus two b 

iii The sum of P and q is divided by m 

iv Answer has x rupees. If he gets 4 rupees more, then the total 

becomes 10. 

v The product of 3 and x is equal to 12. 

 

Q2 Write the following algebraic sentences and expression in words. 

i x + 9 

ii p
2
 – q

2
 

iii 3x – 14y – 20 

iv 7x=21 

v x>3 + 4 

vi 
2

yx 
 

Q3 Write the base, co – efficient and exponent in the following expressions. 

i 3x
2
 

ii 6z
5
 

iii  – 3y
2
 

iv  – 7m
3
 

 

Q4 Write the variables and constants in the given algebraic expressions. 

i z + c 

ii y + x + 5a 

iii 3x
2
 + 5y + 7 

iv xy +
x

z
+ 5 

v  – 3x
2
 + 7y + c 

vi 2x
2
 – 3y

2
 + d 

 

Q5 Which of the following algebraic expressions are polynomials? 
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i x
2
 – 2x + 1 

ii y
2
 – 2 +

2

1

y  

iii 
– 4x +6x

3
 – 3x

2
 +  

3

7  

iv 
2

1

y   +  
2

1

x  

v 5

62





xy

xyyx

 

 

Q6 Write the degree of each of the following polynomials. 

I 6x
2
 + 3x + 2 

ii y
2
 – 6x

2
y

2
 + y

3
 

iii xy
2
z + 5y

2
z + 6x

2
z

2
 

iv x
4
 – x

6
  +  x5  +  x

3
  +  3 

v 3 – x
3
 +  bx 

 

6.1.9 Algebraic Sentence 

We have already learnt that an algebraic sentence is a relationship between two 

algebraic expressions. The following symbols are used to convey their 

relationship: 

Equality  = 

Not Equal  ≠ 

Less than  < 

Greater than  > 

Not less than  ≮ 

Not greater than ≯ 

 

Some examples of algebraic expressions are given below: 

i) 3 + 4=7  and  3 + 4 ≠ 5 

ii) 2 × 3>5  and  2 × 3 ≯ 8 

iii) 3 × 3 < 10  and  3 × 3 ≯ 6 

 

Example: Identify algebraic expressions and algebraic sentences. 

i) x + y  ii) 3x=5  iii) x>3 

iv) x
2
 + xy + y

2
 v) 2y<9  vi) a + b + c 

 

Solution: The following expressions are: 
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x + y, x
2
 + xy + y

2
,  A + b + c 

The algebraic sentences are: 

3x=5, x>3, 2y>9 

 

6.1.10 Types of Algebraic Sentence 

There are three types of algebraic sentences: 

i) True Sentences 

ii) False Sentences 

iii) Open Sentences 

 

True Sentences 

The algebraic sentences which are correct according to the given relations are 

called true sentences. 

For example: 2 + 3=5,  2 × 3 = 6,  3 – 2=1 

5 < 6,   5 ≮ 3,  5>4, 5 ≯ 6 

are true sentences 

 

False Sentences 

The algebraic sentences which are not correct according to the given relation are 

called false sentences. 

For example: 

7 + 3=12, 7>9 6<5 etc 

are false sentences 

 

Open Sentences 

The algebraic sentences which are true for some conditions and false for other 

condition are called open sentences. 

i) x + 3=10 ii) x – 5=3 

iii) 5 + x>8 iv) 4
7


x
 

Self-AssessmentExercise 1 

Form the following open sentences, make true and false sentences: 

i) x + 2=3  ii) x + 2<3  iii) x + 2>3 

 

Activity: 2 

Q1 Identify true, false and open sentences from the following: 

i) 6 × 2 = 12  ii) 3 + 5=35 

iii) 3x – x>4x  iv) 2x + 3x=5x 

v) 3(x + 2)=8  vi) 15 = 
100

15
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Q2 Separate algebraic expressions and algebraic sentence from: 

i) x3 + y3  ii) x + y=3   

iii) 6x – 3=<x  iv) 2a + b + 3c  

v) 2x + 3x ≠ 6x  vi) 2x – 3=0 

Q3 From the following open sentences make true and false sentences 

suggesting some value of x: 

i) x + 3=4 

ii) x<3 

(iii) 3x – 4<0 

 

For example: x + 3=9 

This sentence is for x=6 and false for other values of x. hence it is 

an open sentence. Similarly; 7a > 10, x + 2<3 etc.are the example 

of open sentence. 

Example: Identify true, false and open sentences from the algebraic sentences 

given below: 

i) x + 3 = 5  ii) 5 – 2 ≠4   

iii) 5<7   iv) 3 × 4 = 70   

v) 10 ÷ 5<3  vi) y–5=3  

 

Solution: The algebraic sentences x + 3=5 and y – 5=3 are open sentences. 

The algebraic sentences 5 – 2 ≠ 4 and 5<7 are true sentences. 

The algebraic sentences 3 × 4=10 and 10 ÷ 5 >3 are false 

sentences. 

 

 

6.1.11 Types of Open Sentences 

Open sentences are of two types: 

i) Equations  ii) in equations 

 

Equations 

Open sentences like x + 3=5, 6 + y=9 involving sign “=” are called equations. The 

value of the variable for which the equation becomes true is called the root of the 

equation. For example, x + 3=5 is true for x=2. Here 2 is the root of the equation. 

Similarly 6 + y=9 is true for y=3. Here 3 is the root of the equation. Therefore the 

value of the variable for which the equation becomes true is called the solution of 

the equation. 

 

In equations 
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Open sentences like x>3, 1 + y<6 involving sign”>” or “<” are called in – 

equation. The values of variable for which an in – equation becomes a true 

sentences are the element of the solution of the in – equation. 

For example, x>3 is true for x=4, 5, 6…… 

Similarly 1 + y<6 is true for y=1, 2, 2, 4….. 

 

Self –Assessment Exercise   2 

Q1 Use =, < and > in the blank blocks so that the sentences becomes true. 

i) 6 + 4 10   ii) 15 12 

iii) 12 × 16x  iv) 5x + 2x 13x 

v) 18–14 3  vi) 12a – 4a 9a 

vii) 8x – 7x 5x  viii) 7a – 7a 0 

ix) 0 5   x) 7y – 3y 4y 

xi) 8 – 5 3   xii) 8 7 

 

Activity: 3 

Q1 Separate equations and in – equations from the following: 

i) x + 2=3  ii) y – 2=5  iii) 7 + x<5 

iv) 2 + y<3  v) 3x + 2=1  vi) 2y + 2>6 

vii) 4x – 5>15  viii) 2y + 3=15  ix) 5x + 3=x + 4 

 

6.1.12 Addition of Polynomial 

Like Term 

Terms containing the same variables and the same corresponding exponents are 

called like terms. For examples: 

6xy
2
, – 10xy

2
 are like terms. 

 – 11xy
2
, 7xy

2
, 

5

1
xzy

2
 are also like terms. 

Unlike Term 

Terms containing the same variable or different variables but having different 

corresponding exponents are called unlike terms. 

For example: 

3xy
2
, – 7x

2
y are unlike terms. 

5

1
x

2
zy, 

5

1
xy

2
z, 7xyz

2
 are also unlike terms. 

 

Addition of Polynomial 

An algebraic expression consists of like and unlike terms. Addition of algebraic 

expressions means addition of like terms. 

Rules of Addition 
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i) The sum of two positive terms is positive. 

 For example 3x, 8x are two like terms. 

 3x + 8x = (3 + 8) x = 11x 

ii) The sum of two negative terms is negative. 

 For example 

  – 5x, –5x – 8x 

  (–5x)  + (–8x) = –5x – 8x 

    = (– 5 – 8)x 

    = – 13x 

iii) if two terms having different sign are added then the result is different of 

the terms with the sign of greater term. 

 For example: 

  – 5x + 8x= + 3x 

 Similarly 

 5x + 8x= – 3x 

Example 1: Find the sum of 3x
2
, – 7x

2
 

Solution: Horizontal Method: 

3x
2
 + 7x

2
 

= (3 + 7)n
2
 

=10n
2
 

Vertical Method: 

3x
2
 

+ 7x
2
 

10x
2 

 

Example 2: Find the sum of  

x
2
 – 2x, 2x

2
 + 3x + 5 

Solution: Horizontal Method: 

(x
2
 – 2x) + (2x

2
 + 3x + 5) 

= x
2
 – 2x + 2x

2
 + 3x + 5  

=x
2
 + 2x

2
 – 2x + 3x + 5 [combine the line term] 

=x
2
 + 2x

2
 + (– 2)n + 3x + 5 

=3x
2
 + x

2
 + 5 

 

Vertical Method: 

x
2
 – 2x 

2x
2
 + 3x + 5 

3x
2
 + x + 5 

 

Example3 Find the sum of  

5a + 2b – 8, 6a + 9, 7b + 2a – 4 
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Solution: Horizontal Method 

(5a + 2b – 8) + (6a + 9) + (7b + 2a – 4) 

=5a + 2b – 8 + 6a + 9 + 7b + 2a – 4 

=(5 + 6 + 2) a + (2 + 7) b – 3 

= 13a + 9b – 3 

Vertical method 

5a + 2b – 8 

6a+ 9 

2a + 7b – 4 

13a + 9b – 3 

Example 4: Find the sum of 2x
2
 + y

2
 + 3z

2
, 6x

2
 – 3y

2
 + 9z + 6 

Solution: (2x
2
 + y

2
 + 3z

2
) + (6x

2
 – 3y

2
 + 9z + b) 

=2x
2
 + y

2
 + 3z

2
 + 6x

2
 – 3y

2
 + 9z + 6 

=2x
2
 + 6x

2
 + y

2
 – 3y

2
 + 3z

2
 + 9z + 6 

=(2 + 6)x
2
 + (7 – 3)y

2
 + 3z

2
 + 9z + 6 

=8x
2
 – 2y

2
 + 3z

2
 + 9z + b Ans 

Example 5: Find the sum of  

4x
2
 – 5ny – 6y

2
, 11xy – 7x

2
 + 10y

2
, 6y

2
 – 5x

2
 + 10xy 

Solution: (4x
2
 – 5xy – 6y

2
) + (11xy – 7x

2
 + 10y

2
) + (6y

2
 – 5x

2
 + 10xy) 

=4x
2
 – 7x

2
 – 5x

2
 – 5xy + 11xy + 10xy – 6y

2
 + 10y

2
 + 6y

2
 

=(4 – 7 – 5)x
2
 + ( – 5 + 11 + 10)xy + ( – 6 + 10 + 6)y

2
 

= – 8x
2
 + 16xy + 10y

2
 

 

Activity: 4 

Q1 Put the like and unlike terms together in the given algebraic 

expressions: 

i) 3x
2
 – 5x – x

2
 – 4x + 7x

2
 

ii) x
2
 + xy + 3x

3
 + 9xy 

iii) xy
2
 + x

2
y + 2xy + 3x

2
y 

 

Q 2  Add: 

i) m
3
 and 4m

3
 and 4m

3
           ii)   lm and 3lm and 4lm 

iii) a
2
 and – 2a

2
 and 4a

2
 and – 5a

2
iv)   y

3
 and – 2y

3
 and   

    – 4y
3
and – 7y

3
 

v) 3pq and 3pq and 7pq and 2pq 

 

 

6.1.13 Subtraction of Polynomial 

In the subtraction of polynomials we must remember the following points 

(i) Change the sign of the terms to be subtracted 

  i.. 
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  “ + ” into “ – ” 

  and “–” into “ + ” 

(ii) After changing the sign add the like terms: 

Example 1: Subtract 4x – 10 from 8x – 12 

Solution: Horizontal Method 

(8x – 12) – (4x – 10) 

=8x – 12 – 4x + 10 

=8x – 4x – 12 + 10 

=(8 – 4)x – 2 

=4x – 2 

Vertical Method 

8x – 12 

 + 4x – 10 [change the signs) 

4x – 2 

Example 2: Subtract 4x
2
 – 7x from 3x

2
 – 9x – 6 

Solution: Horizontal Method 

(3x
2
 – 9x – 6) – (4x

2
 – 7x) 

=3x
2
 – 9x – 6 – 4x

2
 + 7x 

=3x
2
 – 4x

2
 – 9x + 7x – 6 

=(3 – 4)x
2
 + ( – 9 + 7)x – 6 

= – x
2
 – 2x – 6 

Vertical Method 

3x
2
 – 9x – 6 

± 4x
2
±7x 

 – x
2
 – 2x – 6 

Example 3: Subtract 2a
5
 – 2a

4
 + 5a

3
 – 8 from 5a

5
 + 3a

4
 – 2a3 + 3a + 1 

Solution: Horizontal Method 

(5a
5
 + 3a

4
 – 2a

3
 + 3a + 1) – (2a

5
 – 2a

4
 + 5a

3
 – 8) 

=5a
5
 + 3a

4
 – 2a

3
 + 3a + 1 – 2a5 + 2a

4
 – 5a

3
 + 8 

=5a
5
 – 2a

5
 + 3a

4
 + 2a

4
 – 2a

3
 – 5a

3
 + 3a + 1 + 8 

=3a
5
 + 5a

4
 – 7a

3
 + 3a + 9 

Vertical Method 

5a
5
 + 3a

4
 – 2a

3
 + 3a + 1 

±2a
5
±2a4±5a

3
 ± 8 

3a
5
 + 5a

4
 – 7a

3
 + 3a + 9 

 

 

Activity: 5 

Q No.1 Simplify: 

i) What should be subtracted from 11n so that the remainder is 5n. 

ii) How much 15x
2 
is greater than 4x

2
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iii) How much z
2
y

2
 is smaller than 3z

3
y

2
 

iv) What should be added to 6l
2
m

2
 so that that the sum is 13l

2
m

2
 

Q No.2  

i) What should be subtracted from – 2a
2
 + 7ab + 15b

2
 so that the 

difference is a
2
 – 5ab + 3b

2
 

ii) Subtract 2a
2
 – 3a + 14 from – 4a

2
 + 4a – 5 and add – 3a

2
 + 2a + 7 

to their resultant. 

iii) subtract 2p
2
 + 3pq + 2q

2
 from the sum of p

2
 – 2pq + q

2
 and 2p

2
 – 

3q
2
 + pq 

 

6.1.14 Multiplication of Polynomial 

The product of two terms with like signs is positive and the product of two terms 

with unlike signs is negative. 

Thus 

(i) (+x)( + y) = + (xy) 

(ii) (+x)( – x) = – (xy) 

(iii) (–x)( + x) = – (xy) 

(iv) (–x)( + y) = + (xy) 

 

In multiplication we must remember the following points. 

(i) The product of the numerical co – efficient will be the co – efficient of the 

product. 

 For Example (7x + 9)(2x)= 14x
2
 + 18x 

(ii) Write all the variables existing in the several expressions are to be taken in 

the product with exponents equal to the sum of the exponents of the like 

bases in the terms. 

 For example 

 (6x
2
y

2
z) × (2xyz) = 12x

3
y

3
z

2
 

Example 1: Multiply (10x
2
 + 3) by 5x 

Solution: 5x × (10x
2
 + 3) = 5x × 10x

2
 + 5x × 3 

  = (5 × 10) x
1 + 2

 + (5 × 3)x 

  = 50x
3
 + 15x 

Example 2: Multiply 8x
3
 – 3x

2
 + x by 6x 

Solution: 6x(8x
3
 – 3x

2
 + x) 

=6x × 8x
3
 – 6x × 3x

2
 + 6x + x1 

=(6 × 8) x
1 + 3

 – (6 × 3)x
1 + 2

 + (6 × 1)x1 + 1 

=48x
4
 – 18x

3
 + 6x

3
 

Example 3: Multiply 2x + 3 by x – 2 

Solution: (2x + 3)(x – 2) 

=2x × (x – 2) + 3(x – 2) 

=2x
2
 – 4x + 3x – 6 
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=2x
2
 + 3x – 4x – 6 

=2x
2
 – x – 6 

Example 4: Multiply (3x
2
 + 4x – 2) by (4x – 3) 

Solution: (3x
2
 + 4x – 2)(4x – 3) 

=3x
2
(4x – 3) + 4x(4x – 3) – 2(4x – 3) 

=(3x
2
)(4x) – 3x

2
(3) + 4x(4x) – 4x(3) – 2(4x) + 2(3) 

=12x
3
- 9x

2
 + 16x

2
 – 12x – 8x + 6 

=12x
3
 + 7x

2
 – 2x + 6 

Example 5: Multiply (4a
3
 + 5a

2
 + 6) by (a – 2) 

Solution: (4a
3
 + 5a

2
 + 6)(a – 2) 

=(4a
3
)(a – 2) + (5a

2
)(a – 2) + 6(a – 2) 

=4a
3
(a) – 4a

3
(2) + 5a

2
(a) – 5a

2
(2) + 6(a) – 6(2) 

=4a
4
 – 8a

3
 + 5a

3
 + 10a

2
 + 6a – 12 

=4a
4
 – 3a

3
 – 10a

2
 + 6a – 12 

 

Activity: 6 

Q No.1  Simplify: 

i) 







lm

6

5
 ii) 
















abab

2

1

4

3
   

iii)   cbacab 3432 212  

 

Q No.2  Find the product in each case for the following. 

i) ab, bc, ca ii) 3a
2
b, 4ab

2
, 9abc 

 

Q No.3  Multiply the expressions given in each case: 

i) 5x + 3y + 4z,2x  ii) x
2
 + y

3
 + 2

2
, 2x

3
 

 

6.1.15 Division of A Polynomial 

Consider the following example. 

12
22

32222

4

48





  

Similarly consider the following examples. 

 

 

 

Example1: 
x

x3

 

Solution: xx
x

xxx

x

x
.

..3

  



188 

 

= x
2
 

ii) 
2

5

3

15

x

x
 

35
.

....

3

15
x

xx

xxxxx





  

iii) 
2

6

5

25

x

x
 

2

6

5

25

x

x


  

265  x  

=5x
4
 

iv) 
73

5 10

y

y
 

3710

3

5

3

5
yy  

 

v) 
yx

yx
3

25

3

21
 

 = – 7x
5 – 3

y
2 – 1

 

 = – 7x
2
y 

vi) (x
5
 – x

2
) ÷ x

2
 

2

55

x

xx 
  

 
2

2

2

5

x

x

x

x
  

 

= x
3
–1 

 

This method is known as “short division method” 

The above examples may also be solved by the method of long division. 

 

i) 

 
  

± x
3

x
3

x
2

0

x
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ii) 

 
  

iii) 

 
  

iv) 

 
  

v) 

 
 

Note: We prefer method of long division when 

divisor consists of two or more terms. 

 

 

Example 1: Divide x
2
 + 2xy + y

2
 by x + y 

Solution:  

 
 

Description of Steps 

i) Divide the first term of the dividend by the first term of the divisor. 

± 15x
5

15x
5

5x
3

0

3x
2

± 25x
6

25x
6

5x
4

0

5x
2

± 5y
10

5y
10

5y
3

0

3y
7

3

± 21x y
5 2

-21x y
5 2

-7x y
2

0

3x y
3

x + y

x + y x  + 2xy + y
2 2

± x  ±   xy
2

xy + y
2

± xy ± y
2

0
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ii) Multiply the divisor by the quotient got in the step (i) 

iii) Subtract the product from the dividend. 

iv) Proceed with the remainder again as with the original dividend. 

So the required quotient = x + y 

 

 

Example 2: Divide x
2
 + 3x + 2 by x + 1 

Solution:  

 
Example 3: Divide x

2
 – 7x + 10 by x–5  

Solution:  

 
 

 

 

 

 

 

Example 4: Divide x
3 
+ 2x – 12  by x – 2 

Solution: 

x + 2

x + 1 x  + 3x + 2
2

± x  ±   x
2

2x + 2
± 2x ± 2

0

x - 2

x - 5 x  + 7x + 10
2

± x  ±  5x
2

- 2x + 10

± 2x ± 10

0
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Example 5: Divide 24x
2
 + 2xy – 35y

2
 by 4x + 5y 

Solution: 

 
 

Self-Assessment Exercise   3 

Q No.1  

i) Divide x
4
 + x

2
 + 1 by x

2
 – x + 1 

ii) Divide x
4
 – 3x

2
y

2
 + y4 by x

2
 – xy – y

2
 

 

Activity: 7 

Q No.2 Perform the indicated division. 

i) (3x
3
 + x – 2 + x

2
) ÷ (3x – 2) 

ii) (2x
3
 – 2x

2
 + 3x + 6) ÷ (x

2
 – 1) 

iii) (x
4
 – 1 + x) ÷ (x – 1) 

iv) (6x
4
 + 5x

3
 + 2x

2
 – x + 2) ÷ (3x

2
 – 2x + 1) 

v) (8x
4
 + 14x

3
y – 23x

2
y

2
 – 14xy

3
 + 15y

4
) ÷ (2x

2
 + 3xy – 5y

2
) 

 

Establishing Formula 

Formulae play an important role in algebra. Very lengthy and difficult expressions 

can be simplified by using formula instead of performing the usual process of 

multiplication or division.  

Let us establish some important formula. 

 

x  - 2x + b
2

x - 2 x  + 2x - 12
3

± x                 ± 2x
3 2

2x  + 2x - 12
2

6x - 12

± 2x  ± 4x
2

± 6x ± 12

0

6x - 7y

4x + 5y 24x  + 2xy - 35y
2 2

± 24x  ± 30xy
2

- 28xy - 35y
2

   ±28xy ± 35y
2

0
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Formula I 

 (x + a) (x + b) = x
2
 + (a + b) x + ab 

(x + a) (x + b) = x(x + b)  + a (x + b) 

= x
2
 + bx + ax + ab 

= x
2
 + (b + a) x + ab 

= x
2
 + (a + b) x  + ab 

 
= x

2
 + (a + b) x + ab 

Thus 

(x + a) = x
2
 + (a + b) x + ab 

 

 

 

Example 1: Find the product by using formula 

(i) (x + 3) (x + 2)  (ii) (x – 10) (x – 9) 

Solution: (i) (x + 3) (x + 2) = x
2
 + x(3 + 2) + (3 × 2) 

   = x
2
 + 5x + 6 

(ii) (x – 10) (x – 9)= x
2
 + (–10 – 9) x + (–10) (–9) 

   = x
2
 – 19x + 90 

Example 2: Find the missing term in each of the following. 

(i) (x + 3) (x + 5) = x
2
 + ( ) + 15 

(ii)  
16

3

94

3

34

1

3

2




















xxx
 

Solution: 
(i) (x + 3) (x + 5) = x

2
 + (3 + 5) x + 3 × 5 

   = x
2
 + 8x + 15 Missing term is 8x 

(ii) 





















































4

3

4

1

34

3

4

1

34

3

34

1

3

2
xxxx

 

    
16

3

39

2


xx

Missing term is 
3

x
 

Formula II 

 (a + b)
2
 = a

2
 + 2ab + b

2
 

 (a + b)
2
= (a + b) (a + b) 

  = a(a + b) + b(a + b) 

  = a
2
 + ab + ba + b

2
 

  = a
2
 + 2ab + b

2
 

 

Thus 

x + a

× x + b

x  + ax
2

+ bx + ba

x  + ax + bx + ab
2
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(a + b)
2
 = a

2
 + 2ab + b

2
 

 

Remember that: 

(Sum of two terms)
2
 = (1

st
 term)

2
 + 2(1

st
 term × 2

nd
 term) + (2

nd
 term)

2
 

 

The square of the sum of two terms is equal 

to the sum of their square plus twice their 

product. 

 

Example 1: Expand (a + 5)
2
 

Solution: (a + 5)
2
= 9

2
 + 2x

5
a + 5

2
 

  = a
2
 + 10a + 25 

 

Example 2: 

222

3

4

3

4

4

3
2

4

3

3

4

4

3





































a

b

a

b

b

a

b

a

a

b

b

a
 

  = 
2

2

2

2

9

16
2

16

9

a

b

b

a


 
Example 3: Evaluate (107)

2
 by using formulae 

Solution: (107)
2
 = (100 + 7)

2
 

  = (100)
2
 + 2(100 × 7) + (7)

2
 

  = 10000 + 1400 + 49 

  = 11449 

 

Formula III 

(a – b)
2
 = a

2
 – 2ab + b

2
 

 (a – b)
2
= (a–b) (a–b) 

  = a(a–b) –b(a–b) 

  = a
2
 –ab–ba + b

2
 

  = a
2
–ab–ab + b

2 

  =a
2
 – 2ab + b

2
 

 

Remember that: 

The square of the difference of two terms 

equals the sum of their squares Minus twice 

their product. 

 

Example 1: Evaluate (a – 5)
2
 

Solution: (a – 5)
2
 = a

2
 – 2(a × 5) + 5

2
 

  = a
2 

– 109 + 25 
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Example 2: Evaluate 

2

5

6

6

5










x

y

y

x

 

Solution:  
222

5

6

5

6

6

5
2

6

5

5

6

6

5




































x

y

x

y

y

x

y

x

x

y

y

x

 

 
2

2

2

2

25

36
2

36

25

x

y

y

x


 

Example 3: Simplify (5x–6y)
2
 + (6x – 5y)

2
 

Solution: (5x – 6y)
2
 + (6x – 5y)

2
 

=(25x
2
 – 60xy + 36y

2
) + (36x

2
 – 60xy + 25y

2
) 

=25x
2
 + 36x

2
 – 60xy – 60xy + 36y

2
 + 25y

2
 

=61x
2
 – 120xy + 61y

2
 

 
Formula IV 

(a + b) (a – b) = a
2
 – b

2 

(a + b) (a – b)  = a(a–b) + b(a–b) 

  = a
2
 –ab–ba – b

2
 

  = a
2
–ab + ab + b

2 

  =a
2 – 

b
2
 

 

The product of sum and difference of two 

terms equals the difference of their squares. 

 

Example 1: Simplify (x + 7) (x – 7) 

Solution: (x + 7) (x – 7) = x
2
 – 7

2
 = x

2
 – 49 

Example 2: Simplify 

    22 babababa   

Solution:           babababababa 




 

22
22

 

    baba   

  = a
2
 – b

2
 

Example 3: Using formula, evaluate 107 × 93 

Solution: 107 × 93  = (100 + 7) (100 – 7) 

    = (100)
2
 – (7)

2
 

    = 10000 – 49 
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    = 9951 

The following formulae can be deduced from the formulae established above. 

(i) a
2
 + b

2
=(a + b)

2
 – 2ab 

(ii) a
2
 + b

2
=(a – b)

2
 – 2ab 

(iii) 4ab = (a + b)
2
 – (a – b)

2
 

(iv) 2(a
2
 + b

2
)=(a – b)

2
 + (a – b)

2
 

(v) (a – b) = 
 
 ba

ba



 22

 

(vi)  
 
 ba

ba
ba






22

 
If we consider each of a – b, a + b,a

2
 + b

2
 and a

2
 – b

2
 as a single term ten each of 

the above formulae consists of 3 terms. If any two of these are given then the 3
rd

 

term can be found. 

Example 1: Find the value of a
2
 + b2 if a + b=11 and ab=24 

Solution: a
2
 + b

2   
= (a + b)

2
 – 2ab   formulae 

  = (11)
2
 – 2 × 24 

 = 121 – 48 

 = 73 

 

Example 2: If a + b=14, a – b=20, find the value of a
2
 + b

2
 

Solution: We have  

2(a
2
 + b

2
) = (a + b)

2
 + (a – b)

2
  formula 

       = (14)
2
 + 2

2
 

    = 196 + 4 

     = 200 

Therefore, a
2
 + b

2
=100 

Example 3: if ,62
1

2

2 
x

x

 find the value of x
x

1


 

Solution: 
2

2

2
11

2
1

xx
xx

x
x 










 

  = 2
1

2

2 
x

x

 

  = 62 + 2 (substituting the value of )
1

2

2

x
x 

 

 2
2

864
1











x
x

 
Therefore, 



196 

 

 sidesbothofrootsequaretaking8
1


x
x

 
 

Self-Assessment Exercise   4 

Q 1 Find the missing term in each of the following 

i (3x + 4) (3x – 4) = 9x
2
 + ( ) – 16 

ii (2x + 7) (2x + 3) = ( ) + 20x + ( ) 

iii (2y – 7) (2y + 3) = 4y
2
 + ( ) – 21 

 

Q 2 if 25a
2
 + 20ab + ( ) is perfect square of a binomial, find the missing 

term. 

Q3 If each of the following expressions is a square of the different of two 

terms find the missing term. 

(i) 4a
2
 – ( ) + 9b

2
 

(ii) 16a
2
 – ( ) + 

2

16

9
b  

(iii) 36 – 12x + ( ) 

(iv) ( ) –ab + a
2
 

(v) )(
2

1

4

1 2  aba  

(vi) 100a
2
 – 2 + ( ) 

 

Activity: 8 

Q1 Simplify by using formula 

(i) (a + 5) (3a + 3) 

(ii) (5 × – 3) (5x–5) 

(iii) (2a – 3) (2a – 4) 

 

Q 2 Using the formula evaluate square of each of the following. 

(i) 53 (ii) 77 

(iii) 509 (iv) 1006 

 

Q 3 Simplify. 

 (i) (3a – 4b)
2
 + (5b – 6a)

2
 

(ii) (15a – 10b)
2
 + (7a – 9b)

2
 

(iii) (6b – 3a)
2
 + (3a + 6b)

2
 

 

Q4 Using the formula evaluate 

(i) 46 × 54 

(ii) 197 × 203 
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(iii) 999 × 1001 

(iv) 0.96 × 1.04 

 

Q5 Evaluate 

(i) a
2
 + b

2
 if a + b=7, ab = 12 

(ii) 9a
2
 + 4b

2
 if 3a – 2b=5, ab=4 

(iii) x
2
 + y

2 
if x + y=15, x – y

2
 

(iv) abc if ab + 3c=12, ab – 3c=4 

(v) x + y if x – y=17, xy= – 30 

(vi) x + 14
11

2

2 
x

xif
x

 

 

 

 

6.1.16 Factorization 

Factors of an expression are the expressions whose product is the given 

expression. 

The process of expressing the given expressions as a product of its factors is 

called Factorization or Factoring. 

 

Remember that: 

Factorization is the reverse process of multiplication. 

Consider the following equation: 

(i) 4(x + y + z) = 4x + 4y + 4z 

(ii) (x + 6)
2 

= x + 12x + 36 

(iii) (y – 3) (y + 3) = y
2
 – 9  

(iv) (x + 2) (x + 5) = x
2
 + 7x + 10 

 

In above equations, we know how to find the products given on the L.H.S of the 

equations. 

Now let us learn to resolve into factors, each type of expression given on the 

R.H.S of the equations. 

 

(i) Factorizing Expressions of The Type ax + ay + az 

 

Example 1: Factorize 2x – 4y + 6z 

Solution: 2x – 4y + 6z 

  = 2(x – 2y + 3z) 

2 is a factor common to 

each term. 

  

Example 2: Factorize x
2
 – xy + xz x is a factor common to 
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Solution: x
2
 – xy + xz 

  = x(x – y + z) 

each term. 

  

Example 3: Factorize 3x
2
 – 6xy 

Solution: 3x
2
 – 6xy 

  = 3x(x – 2y) 

3x is a factor common to 

each term. 

  

Example 4: Factorize x(a + b) + y(a + b) 

Solution: Here a compound expression a + b is 

common x(a + b) + y(a + b)=(a + 

b)(x + y) 

(factoring out a + b) 

 

 

 

 

Factorizing a
2 

± 2ab + b
2
 (Perfect Square Trinomials) 

If an expression consists of three terms, two of them are complete squares and 3
rd

 

term is twice the multiple of the square roots of the other thus, then the expression 

is a complete square. 

e.g a
2
 + 2ab + b

2
=(a + b)

2
 

anda
2 – 

2ab + b
2
=(a – b)

2
 

 

Example 1: Factorize 9a
2
 + 30ab + 25b

2
 

Solution: 9a
2
 + 30ab + 25b

2
 

  = (3a)
2
 + 2(3a) + (5b) + (5b)

2
 

  = (3a + 5b)
2 

 

Example 2: Factorize 16x
2
 – 64x + 64 

Solution: 16x
2
 – 64x + 64 

  = 16(x
2
 – 4x + 4) 

  = (16((x)
2
 – 2(2)(x) – (2)

2
) 

  = 16(x – 2)2 

 

Example 3: Factor 8x
3
y + 8x2y

2
 + 2xy

3
 

Solution: 8x
3
y + 8x

2
y

2
 + 2xy

3
 = 2xy (4x

2
 + 4xy + y

2
) 

     = 2xy[(2x
2
) + 2(2x)(y) + (y

2
)] 

     = 2xy(2x + y)
2
 

 

Factorizing Expressions of The Type a
2
 – b

2
 (Difference of Two Square) 

In order to square a2 – b2 we add and subtract ab so that 

a
2
 – b

2
 = a

2
 – ab + ab – b

2
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  = a(a – b) + b(a – b) 

  = (a + b) (a – b) 

Remember that: 

 

If the expression is of the form a
2
 – b

2
 then it can be 

factored as a
2
 – b

2
 = (a – b) (a + b) 

 

Example 1: Factorize 36x
2
 – 81 

Solution: 36x
2
 – 81 = (6x)

2
 – 92 

   =(6x + 9) (6x – 9) 

 

Example 2: Factorize 16y
2
b – 81bx

2
 

Solution: 16y
2
b – 81bx

2
 = b(16y

2
 – 81x

2
)  

=[(4y)
2
 – (9x)

2
] 

  =(4y + 9x) (4y – 9x) 

 

Example 3: Factorize (3x – 5y)
2
 – 49z

2
 

  (3x – 5)
2
 – 49z

2
 = (3x – 5y)

2
 – (7z)

2
 

 

Example 4: Factorize 36(x + y)
2
 – 25 (x – y)

2
 

  (3x – 5y)
2
 – 49z

2
 = [6(x + y)

2
 – [5(x – y)

2
 

    = [6(x + y) + 5(x – y)] [6(x + y) – 5 (x – y) 

    = (11x + y) (x + 11y) 

 

Example 5: Evaluate (677)
2
 – (323)

2
 

Solution: (677)
2
 – (332)

2
 = (677 + 323) (677 – 323) 

    = 1000 × 354 

    = 354000 

 

Example 6: Simply 
643.0987.0

643.0643.0987.0987.0




 

Solution: The numerator is difference of two squares, so we shall factor it. 

   
643.0987.0

643.0987.0

643.0987.0

643.0643.0987.0987.0
22









 

  
643.0987.0

643.0987.0643.0987.0




  

643.0987.0   

= 0.344 

 

Factorizing By Regrouping of Terms 
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Sometimes all terms of an expression do not have a common factor and the 

expression is also not any of the three types discussed above then the terms are re 

– arranged in groups, an expression may be common to each group. Consider the 

following examples of such cases. 

 

Example 1: Factorize 7x + cx + 7c + c
2
 

Solution: 7x + cx + 7c + c
2
 = (7x + cx) + (7c + c

2
) 

  = x(7 + c) + c(7 + c) 1
st
 group has x in common 

  = (7 + c) (x + c) 2
nd

 group has c in common 

 

Example 2: Factorize 2x
2
y – 2xy + 4y

2
x – 4y

2
 

Solution: 2x
2
y – 2xy + 4y

2
x – 4y

2
 = 2y(x

2
 – x + 2yx – 2y) 

  = 2y[x(x – 1) + 2y((x – 1)] 

  = 2y(x – 1) (x + 2y) 

 

Factorizing the Expressions of the type x
2
 ± px ± q 

 

For factoring the expressions of the type x
2
 ± px + q, the following steps may be 

followed. 

(i) Find two vectors, whose sum or difference is P. 

(ii) Split up the middle term px into two terms writing the factors of q as co – 

efficient of x (or the variable used). 

(iii) Group the term into two expressions. 

(iv) Factor out the common factors of the groups. 

 

Example 1: Factorize x
2
 + 7x + 12 

Solution:  x
2
 + 7x + 12 

  = x
2
 + 3x + 4x + 12 

  =x(x + 3) + 4(x + 3) 

  =(x + 3) (x + 4) 

 12 = 1 × 12 

 = 2 × 6 

 = 3 × 4 

3 + 4 = 7 

 

Example 2: Factorize x
2
 + 15x – 100 

Solution: x
2
 + 15x – 100 

Step I = x
2
 + 20x – 5x – 100 

Step II = x(x + 20) – 5(x + 20) 

Step III = (x + 20) (x – 5) 

 100 = 1 × 100 

 = 2 × 50 

 = 4 × 25 

 = 5 × 20 

 = 10 × 10 

20 – 5 = 15 

20 × ( – 5) = – 100 

 

Be Careful: 
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Do you get the same expression if you recollect the 

two middle term at step I? i.e. 20x – 5x=15x 

Example 3: Factorize x
2
 – 5x – 6 

Solution: x
2
 – 5x – 6 

  = x
2
 – 6x + x – 6 

  =x(x – 6) + 1(x – 6) 

  =(x – 6) (X + 1) 

 

6 = 1 × 6 

= 2 × 3 

 – 6 + 1 = – 5 

 – 6 ×( + 1) = – 6 

 

Example 4: Factorize x
2
 – x – 6 

Solution: x
2
 – x – 6 

  = x
2
 – 3x + 2x – 6 

  =x(x – 3) + 2(x – 3) 

  =(x – 3) (x + 2) 

 

6 = 1 × 6 

 = 2 × 3 

 – 3 + 2 = – 1 

 – 3 ×(2) = – 6 

Note: The two expressions got by breaking the middle term can be written in any 

order e.g. –x = 3x + 2x 

= 2x – 3x 

Remember that: 

Any pair of factors of a can be used in 4 different ways. e.g. q = ± 14 then factors 

of 14 will be selected according to the value of p as follows. 

Q P Pair Equations 

+ 14 + 15 + 1, + 14 x
2
 + 15x + 14=0 

– 14 + 13 – 1, + 14 x
2
 + 13x – 14=0 

– 14 – 13 + 1, – 14 x
2
 – 13 – 14=0 

+ 14 – 15 – 1, – 14 x
2
 – 13x + 14=0 

 

Self-Assessment Exercise   5 

For breaking up the middle term of the expression x
2
 + px + q find out the pairs 

for the given values of p and q. 

Q P Pair Equations 

15 8   

– 15 2   

– 15 – 2   

15 – 8   

15 – 16   

– 15 14   

– 15 - 14   

15 - 16   
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Activity: 9 

Resolve into factors. 

Q1.  6ab – 14ac 

Q2.  3m
3
np – 6m

2
n 

Q3.  x
2
y

2
z + x

2
yz

2
 + ny

2
z

2
 

 

Factorize 

Q4 .  x
2
 – 18xy + 81y

2
 

Q5.  
2

22
2

2

2 2

d

yc
xy

ba

ac
x

b

a
  

Q6 .  a
4
b

4
x

2
 – 2a

2
b

2
c

2
d

2
xy + c

4
d

4
y

2
 

 

 

 

 

Factorize: 

Q7 .  11(a + b)
2
 – 99c

2
 

Q8.  

22

4

7
16

4

5
25 

















 xx  

Q9 . (674.17)
2
 – (325.83)

2
 

Q10 .  
   

391.0109.0

391.9409.0
22




 

 

Resolve into factors. 

Q11.  t
2
 – 5t + t – 5 

Q12.  x
2
 – 7x + x – 7 

 

Factorize. 

Q13.  x
2
 + 15x – 286 

Q14.  3x
2
 – 9x

2
 – 120x 

Q15.  x
2
 – 80x + 1591 

Q16.  (ax – by)
2
 + 11(ax – by) – 60 

 

6.1.17 Concept of Symbolic Expressions 

The concept of symbolic expression may be understood with the following 

statement say seven added to five times a number gives thirty. Taking x a5 

unknown number the statement can be written mathematically as: 

5x + 7=30 
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This algebraic statement is known as an equation. Similarly, ax–b=c is an 

equation in which x connected by a sign of equality constitute an algebraic 

equation. The expressions to the left and to the right of the sign of equality are 

two sides of the equation. 

The symbol for which a value is to be determined is formed as the unknown 

quantity of the equation. Other symbols is used in an algebraic equation are taken 

as constants, such as the letters a, b, c etc. 

The value of the unknown quantity satisfying the equality of both the sides of the 

equation is known as a root of the equation. 

Simple equations may be off three different forms. 

For example: 

(i) ax=b (ii) ax + b=c (iii) ax + b=cx + d 

 

6.1.18 Linear Equations 

As equation consisting of polynomial of degree one is called the linear equation/ 

For example: 

2x + 7y = 9 

 

Formation of Linear Equations: In One Variable  

A linear equation is a statement of equality in which there is at least one variable 

involved. 

For example: 

5x + 7 = 13 is a linear equation in variable x with degree one. 

 

Solution of Linear Equations 

To solve linear equation means to find the value of variable or unknown quantity 

in the given equation. 

To find the value of variable or to solve linear equations, remember the following 

values. 

(i) When equal quantities are added to both sides of equation, the results are 

also equal. 

For example: x – 5=6 

Add 5 to both sides of equation. 

x – 5 + 5=6 + 5 

x=11 

(ii) When equal quantities subtracted from both sides of equation, the results 

are also equal. 

For example: x + 7=11 

Subtract 7 from both sides of equation. 

x + 7 – 7 = 9 – 7 

x=2 
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(iii) When equal quantities are multiplied with both sides of equation, the 

products are same. 

 

 

For example: 

2
5

1
x  

Multiply both sides of equation by 5 

25
5

1
5 










 x  

x = 10 

(iv) When both sides of equation are divided by a non – zero quantity, the 

quotients are also equal  

For example: 5x = 15 

Dividing both sides by 5 

5

351

5

5








 x
 

(v) Collect together the like terms on both sides and simplify. 

For example: 5x=6 – x 

5x + x=6 

6x= 6 

6

6

6

6




 x
 

x = 1 

 

Example 1: Solve the equation 

3x + 6=9 

Solution: 3x + 6=9 

1

3

3

3

3

33

693

















x

x

x

x

 

All the above equations are equivalent equations. 

 

Example 2: Solve 

3

2
86

2

xx
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Solution: 
3

2
86

2

xx
  

86
3

2

2


xx
 

68
3

2

2


xx
 

14
6

43


 xx
 

14
6

7


x
 

7x = 84 

7

84

7

7


x
 

x = 12 

Solution set =  12  

 

6.1.19 Concept of Linear Equations in Two Variable 

Concept of Linear Equation in two Variables: 

Many statements can be written in the form of algebraic expressions or algebraic 

sentences. 

Example 1: Price of 2 chair and 3 Tables is = Rs 40 let the price of one chair b 

= x and the price of one table = y 

Example 2: Sum of two numbers is 45 let the numbers are a and b then we can 

write 

 a + b=45 

Example 3: Six times a number subtracted from twice of another number is 80 

it can be expressed as 

2x – 6y=80 

All equations formed in example 1, 2, 3 are linear equations in two variables. 

 

In general a linear equation in two variables may be 

written as ax + by = c 

 

6.1.20 Equivalent Linear Equations In Two Variables 

We know that a linear equation in one variable can be converted to an equivalent 

by 

(i) Adding the same expressions to both sides of an equation 

(ii) Subtracting the same expressions from both sides of an equation 
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(iii) Multiplying dividing both sides of the equation by a non – zero quantity 

 

 

For example: 2x + 3y=7 

6x + 9y=21 (Multiplying by 3) 

2

7

2

3
 yx  (Dividing by 2) 

All are equivalent equations. 

 

6.1.21 Simultaneous Linear Equations 

If two or more equations consisting of two variables are simultaneously satisfied 

by the same values of the variables then these are called simultaneous Linear 

Equations. The pair of these values is the solution of these equations. In general 

simultaneous linear equations are written in the form: 

a1x + b1y=c1 ……. (i) 

a2x + b2y=c2 ……. (ii) 

Remember that: 

The simultaneous linear equations (i) and (ii) have a 

unique solution if and only if a1b2 – b1a2 ≠ 0 

 

Do you know? 

If a1b2 – b1a2 ≠ 0 then the two equations (i) and (ii) are 

either equivalent linear equations or they have no 

solutions 

 

6.1.22 Solving Simultaneous Linear Equations 

There are different methods for solving simultaneous linear equations. Two of 

these are explained here by examples. 

(i) Convert any one (or both) the equations into equivalent 

equations keeping in mind that either the co – efficient of x 

(one variable) or the co – efficient of y (the 2
nd

 variable) 

becomes the same.  

(ii) Eliminate the variable with equal co – efficient by adding or 

subtracting one equation from the other. 

 

Example 1: Solve  3x + 4y=20 

   2x + y=15 

Solution: 3x + 4y=20 (1) 

  2x + y=15 (2) 
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5

5
Y    (Dividing both sides by 5) 

Y = – 1 

Placing this value of y in (1) or in equation (2) 

3x + 4( – 1) = 20 

  3x – 4=20 

  3x=20 + 4 

  3x=24 

  
3

842




x  

x = 8 

So the solution of these equations 

X=8 , y= – 1 

It can also be written as a pair (8, – 1) 

The student may check that the answer is correct. 

 

Example 2: Solve 

  3x + 5y=5 

  x + 2y=1 

Solution: Instead of eliminating one variable as in the previous example, we 

use another method. 

Solution: 3x + 5y=5  (1) 

  x + 2y=1  (2) 

From 2  x = 1– 2y   (3) 

  3(1 – 2y) + (5y = 5 (substituting the value of x from (3) in (1) 

or 3 – 6y + 5y=5 

or  – y + 3=5 

or  – y=2 

or  – y=2 

y = – 2 

Placing this value of y in (3) 

X=1 – 2(– 2) 

= 1 + 4 

X=5 

the pair (5, – 2) is the solution of given equation. 

 

Self-Assessment Exercise 6 

6x + 8y = 40

± 6x ± 3y = ± 45

(1)

(2)

5y = -5

(multiplying (1) by (2)

(multiplying (2) by 3)
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From the linear equations in two variables from the following sentences 

(i) Price of 6 candies and 2 chocolates is Rs.1230 

(ii) Price of 5 books is equal to Rs.3 less than the price of 7 note books. 

Activity: 10 

Q1 3x – 4y = – 14 

y –5x + 5=0 

Q2 
5

7

4

1

5

1
 yx  

 3(x + y) = 16 – y 

Q3 
8

23

5

33 yxyx 



 

x + 5y = 38 

Solve the following equations: 

Q4 273
2

8 







 x

x
 

Q5 5x + 2(2x – 1) = 3x – 14 

Q6 
5432

xxxx
  

 

6.1.23 Solving Problems with the Help of Linear Equation 

Many arithmetic problems can be solved with the help of algebraic equations. 

By using this method, the variable may be assigned to unknown quantity and is 

made an equation with the known quantity. Finally the equation framed in this 

way is solved. 

Before dealing with this kind of problems the students should have sufficient 

practice in forming symbolic expressions. 

For unknown quantity, the variable X, Y, Z may be assigned. 

Keep the following points in mind to solve the word problem. 

1 –  Read to equation carefully and find the relationship that exists. 

2 –  Make sure particularly about 

(i) What is required? 

(ii) What is given? 

3 –  Unknown quantity may be represented by x, y or z. 

4 –  Form the equation according to given condition. 

5 –  Solve the equation. 

6 –  Solution the equation. 

 

Example 1: 

The sum of two consecutive integers is 23. Find the integers. 

Solution: 
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Let ‘x’ be the first integer. Then the next consecutive integer will be x + 1. 

Sum of two consecutive numbers = x + (x + 1) according to the conditions 

x + x + 1 = 23 

2x = 23 – 1 

2x = 22 

X = 11 

 First integer  = 11 

Second integer  = x + 1 

= 11 + 1 

Second integer  = 12 

 

Example 2: 

A number is 5 more than the twice another, then find the number. 

Solution: 

Let the number be x 

Twice of number =2x 

2
nd

 number is 5 more than twice of the first number. 

And 

Second number  = 2x + 5 

According to the condition 

x + (2x + 5)  =  35 

3x = 35 – 5 

3x = 30 

3

3x

 
= 

3

30
 

x = 10 

Second number  = 2x + 5 

= 2(10) + 5 

= 20 + 5 

= 25 

Second number  = 23 

 

Example 3: 

Two sisters are given Rs.72 for buying some sweets. One of them gets Rs 14 

more than the other. How much does each get. 

 

Solution: Let the one brother gets Rs x  

Then the other sister gets Rs. (x + 14) 

Then according to the given condition 

x + x + 14 = 72 

2x + 14 = 72 
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2x  = 72 – 14 

2x  = 58 

x  = 29 

One sister gets   = 29 

Herother sister gets   = x + 14 

 = 29 + 14 

Then other sister gets  = 43 

 

Activity: 11 

Q1 The sum of two numbers is 215 and their difference is 53. Find the 

numbers? 

Q2 The age of a man 7 years ago was seven times the age of his son. Father’s 

age after 3 years will be three times the age of the son. Find their present 

ages. 

Q3 The sum of three consecutive integers is 27. Find the smallest integer? 

Q4 Mudassir walk by a rope 27 meters long. He cuts in into two pieces in 

such a way that one rope is 9 meters longer than the other what are the 

lengths of the two ropes? 
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6.2 Geometry 

An our own elders may God have mercy upon them, used to say, ‘The study of 

mathematics is for the mind like soap for the clothes, which washes away from 

them dirt, and cleans, the spots and strains’ (Ibn-e-Khaldun) 

The word Geometry has been derived from two Greek words “Geo” means earth 

and “Metron” means measurement. 

1
 The word Geometry means the measurement of earth. 

As Egyptians were the pioneers of Geometry. 

Greek established the basics of Geometry on logic. 

Some theorems, problems and their uses have been studied in previous class. 

Though we used to start from the beginning 

For revision purpose, we solve the following i.e. 

 Point   

 Plane 

 Line-Segment 

 Line 

 Rays 

 

We cannot define point clearly and precisely similarly that of a numbers. 

But we can say that point is a dot which has zero dimensions or say that has no 

dimension and having arbitrary direction. 

From any point we cannot say that in which direction we have to move. 

 

6.2.1 Basics 

Line 

Joining consecutively point to point to form a line 

Remembering ………. 

 

 
 

In geometry, it may simply call a line. 

Arrows heads on both sides shows that line never ends at any point. It is extended 

to both sides and goes to infinitely point where infinite point is that where we or I 

can never reached. 

 

 
 

Line Segment 

                                                 
1 Three dots are used for (therefore) (So) (Hence) 

line

A B
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AB is a line segment a part of a line. Its starting point is (A) and ends at point (B). 

Whatever its length or magnitude is. 

 

Rays 

If points are extended to only one side or we say that we know the starting point 

then it is called ray. e.g. (:)
2
 

 
 

 
 

(1) Shows that its starting point is A and never ending at other point where as 

starting point of (2) is B but do not have ending point, these two are 

examples of rays. 

 

Plane 

If two lines are drawn in such a way that they are perpendicular to each other i.e. 

they formed (90
o
) angle to each other then they both formed a plane. Where 

usually we called it xy-plane or also called Cartesian plane. 

Both lines are named as xx  and yy where x and y denotes positive sides and x

and y denotes negative sides of the line if we started if from origin or a point O. 

As shown in figure. 

 

                                                 
2
 ( (:) Symbol denotes such that) 

A
(1)

B
(2)
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Example 

Draw a line segment of length 6.5cm using a ruler or a pair of compasses. 

Method A 

1- Make a point X on a sheet of paper. 

 Such as  

2- Place the ruler such that its zero mark coincides with X. 

 

 
 

3- Make another point Y conceding with 6.5cm marking on the ruler. i.e 

 

 
 

4- Join the 2 points by moving the pencil along the straight edge of the ruler. 

y

x

1 2 3 4 .......
0x

y

X

X

0 1 2 3 4 5

0 1 2 3 4 5 6 7 8

6.5cm
Y
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5- XY = 6.5cm 

 

Method B 

With the help of compass 

1- Mark a point X on a sheet of paper. 

2- Draw ray XO as shown. 

 

 
 

3- Place needle of the compass at the zero mark of the ruler and open it wide 

enough such that the tip of the pencil of compass falls on the 6.5 cm mark 

on the scale. 

4- Place the needle on X and draw at Y. 

 

 
 

5- XY = 6.5cm 

 

Activity: 12 

 

 Draw a line AB = 7.8cm by any method. 

 Draw a linen CD whose length is equal to length AB. 

 Draw a line whose length is double of the length of AB. 

 Draw a lien ST whose length is half of CD. 

 Draw a lien PQ equal to the sum of ST and AB. 

 i.e. PQ = ST + AB. 

 

Challenge 

Draw a line XY such that XY = AB –CD Measure XY and verify. 

6.5cm YX

X O

OX Y
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After the clearance of the concept of lien we have more different about points and 

a line which are as. 

 Collinear Points 

 Concurrent lines 

 Intersecting lines 

 Perpendicular lines 

 Parallel line 

 Half plane etc. 

 Those points which are on the same line is called collinear points. 

 Those lines which are similar according to same plane are called 

concurrent lines. 

 Those lines which are intersecting through any point to each other are 

called intersecting line. 

 

6.2.2 Bisecting a line Segment 

1- Draw a lien AB = 7cm and bisect it. 

2- Draw XY = 7cm. 

 

 
 

3- Place the needle of the compass on X. Open compass such that its radius is 

more than half the length of XY and draw one arc above and on below XY 

as shown. 

Similarly on Y 

X Y

3.5cm 3.5cm

A

Bisector

B



216 

 

4- Join A and B with a dotted line, cutting XY at O, at right angle. 

5- XY is bisected at O. 

6- XO = OY 3.5cm 

 The lines which are at right angle to each other are called perpendicular 

lines. 

AS above example 

 Parallel lines are those lines which never cuts each other at any point. The 

angle b/w these lines are zero. 

 

Activity: 13 

 

 Draw AB = 6cm. Construct a perpendicular at point P on AB such that AP 

= 2cm 

 Bisect the following segments 

a. AB = 5cm b. AB = 4.8cm 

c. AB = 10.2cm 

(Chose a suitable scale) 

 

6.2.3 Rectangle 

A rectangle has 4 sides and 4 vertices. Its opposite sides are of equal length. 

 

 
 

Note: 

In this figure End points of line segments are vertices whereas  earlier describe 

AB, CD, BC, DA are sides or line segments. 

 

 

 

 

 

D

A B

C
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  More figures of rectangles are given below. 

 

 
 

 

 

6.2.4 Square 

A square has four sides and four vertices. Its all sides are of equal length. 

 

 
 

XY, YZ, ZW and WX are sides of square where X, Y, Z andW are vertices. 
  More figures of square and given below. 

 

A B

A
, B

, C

ar
e 
re

ct
an

gl
es

C

X

Y Z

W
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6.2.5 Triangle 

A triangle has 3 sides and 3 vertices. Sides of a triangle may or may not be equal 

in length. 

 
 
  Some more figures. 

 

A

A
, B

, C
, D

ar
e 

al
l 

Sq
ua

re
s

B
C

D
C

B
A
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Note: 
 

  
Both are right triangle. 

 

 

 

 

 

 

 

 

A

B

C

A, B
, C

, D

are all

tria
ngles

D

90 90



220 

 

Activity 14 

Write number of sides and name of each figure. 

 

(i) 

 

(iii) 

 
  

Sides _____________ 
Name ____________ 

  
Sides _____________ 
Name ____________ 

(ii) 

 

(iv) 

 
  

Sides _____________ 
Name ____________ 

  
Sides _____________ 
Name ____________ 

 

(v) 

 
Sides ___________________ 
Name ___________________ 
Teachers are advised to give the task of your class students to make a diagrams of 

triangles, squares, rectangles neatly on neat copy. 
5, 5 diagrams. 

 

Challenge 

Coloured the diagram with different colours and write the no.’s of triangles, 

square’s and rectangle in it. 
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6.2.6 Practical Geometry 

Construction of angles 

For the construction of angle one is angle after this he must has known about 

construction. 

First of all what is angles. 

We know that the two rays with a common end points form an angle. 

 

 
O

Q

B

A
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In the given figure, the common end point of  OA  and OB  is O. Thus the ray OA  

and OB  form an angle AOB the point O is called vertex of the angle. Where, we 

named that angle as Q. 

It is simple to draw an angle using protractor. To construct an angle, you need a 

ruler and a pair of compasses. 

 

Construct an angle equal to 70
o
. (without using a protractor) 

 <PQR = 70
o
 is the given angle. 

 

 
 

 Place the needle of the compass on Q and draw an arc cutting QR at A and 

QP at B. 

 

Q

70
o

R

P
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 Draw a line OX. 

 Using the same radius and with O as the centre, draw an arc cutting OX at 

N. 

 

 

 
 Place the compass on A ad draw an arc cutting QP at B. 

 

RA

P

B

Q

XNO
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 Using the same radius and with N as the centre, draw another arc cutting 

the previous one at M. 

 

 
 

 Join OM. 

 

RA

P

B

Q

RN

M

O
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 <MON = 70
o
 

 

 

 

Activity: 15 

Construct an angle equal to 140
o
 (i.e. twice of 70

o
) 

Construction Special Angles 

 Construct < ABC = 60
o
 

 Draw a ray BX. 

 With B as centre and any radius, draw a long arc cutting BX at C. as 

shown in fig. 

 

NO X

M

70
o
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 With C as centre and the same radius, draw another arc cutting the 

previous are at A. 

 

 
 

 Join AB. 

 

 

XB

C

B C X

A

A

B C X

60
o
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 You have constructed <ABC = 60
o
 

 

Activity: 16 

 

Draw two more angles ABD and DEB in the same manner on the diagram shown 

above. 

What do you notice about the line EC? 

Similarly, 

Construct an <ABC = 120
o
 

 

6.2.7 Circle 

Consider a figure.  

It is a circle. 

Side and no vertex 

 

 
 

Make a circle on paper with help of compass. For this draw a point on a plane. 

Place compass needle on that point and open the compass according to your 

A

C

BO

D

T

S

diameter

chord STradius
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requirement and draw a line in a circle like shape and cut it with the help of pair 

of scissors. 

Now, fold it in middle and unfold it. We get a line segment AB as shown in 

figure.  

The line segment AB is known as diameter of circle. 

Half of the diameter is called radius of the circle. Where,central point O is called 

the centre of the circle. 

 

Note: 

 Diameter is twice the radius, i.e. diameter = 2 radius 

 Diameter of circle passes through the centre of the circle. 

 Plural of radius is radii. 

 

 

 

 

 

Activity 17 

Measure the length of diameters and radii of the following circles. (in cm) 

 
(i) 

 

(ii) 

 
Diameter = __________________ 
Radius    = __________________ 
 

Diameter _______________________ 
Radius    _______________________ 

 

Concept of circumference of circle 

As we know that, A circle is a set of points which are equidistant from fixed 

point. Fixed point is called centre of circle. As earlier describe a line segment 

which joins any point of a circle to its centre is called radial segment and its 

length is called radius. 

A line segment that joins two point of a circle is called chord. 
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A chord passing through centre of a circle is called diameter of a circle. 

Remember, 

Length of diameter = 2 radius. 

i.e. d = 2r 

whereas diameter is abbreviated as d and radius as r 

 

Note 

 A diameter of a circle is a chord but a chord may not be a diameter. 

 Chord, diameter, radial segment, centre etc are not parts of a circle. 

The length of a boundary of a circle is called circumference of a circle. 

OR 

Outer most part of a circle which are measured by any string is called 

circumference of a circle. 

 

 
 

Dark line from A to B is circumference of a circle. 

How to measure circumference of a circle 

1- Take balloon which are fully fixed with air or a gas. 

2- The nozzle point of the balloon from where gas or air is to be filled is 

tightened with string and then take around to the balloon and come back to 

the nozzle point. 

3- After this break the string from that point and measured the string with the 

help of scale or any meter rod. 

4- You will find the circumference of the circle very easily. 

e.g. 

 

A

B
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Such as 

 

 
 

 

Activity: 18 

1- Take a ring or any bangle, or any circular wire. 

2- Cut and straighten it. 

3- Measure the length of straight wire which is circumference of bangle, or 

ring. 

 

You have easily notice that the circumference of each circle is slightly more than 

three times the length of diameter.  

You also find that the value of circumference divides the value of diameter is 

approximately equal to 3.14. 

This value is denoted by Greek letter   (read as pie). 
 is unit less because it is ratio of two similar quantities 

 

 
circlethatofdiameter

circleofnceCircumfere
 

Also, 3.14 = 
7

22
 

 
7

22
    toequalelyapproximatfordss tan  

The value of   was first calculated by Archimedes. 

 

Formula of Circumference of Circle 

We know that 

ball
on

Stri
ngA

B

A B6cm
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diameter

nceCircumfere
 

As diameter = d = r 


r

ncecircumfere

2
 

Circumference = 2 r 

C = 2 r 

C denotes circumference and r denotes radius 

(  Symbol is used for “implies that”) 

 

How to find circumference if radius or diameter is given 

 It is easy to find circumference of circle if radius or diameter is given. 

Such that 

If given radius = r = 2cm then we have to know the formula. 

C = 2 r where   = 3.14 

Put r = 2cm and   = 3.14 

We have 

C = 2(3.14) (2) = 12.56 

 

Activity: 19 

1. Find circumference of circle having 

(i) Radius = r = 3.5cm 

(ii) Diameter = d = 4.2cm 

Take value of   as 
7

22
 

2. Find circumference of a circle if diameter of a circle is 330cm. 

As diameter = 2 radius 

Take value of   as 3.14 

3. With the help of formula C = 2 r 

(i) Find radius if circumference of circle is 6.28 where   = 3.14 

(ii) Find diameter if circumference of circle is 9.42 where   = 3.14 

(iii) Find radius of a circle or diameter of a circle if 

a. C = 220 

b. C = 66 

c. C = 
7

110
 

Where C is circumference 
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6.2.8 Perimeter 

Look at the given figure. It is a triangle. It has three line segment AB is 5cm long; 

line segment BC is 4cm long and line segment CA is 3cm long. 

The sum of these lengths is 12cm (5cm + 4cm + 3cm). This sum is called 

perimeter of . 

 

 
 

OR 

We can say that total length of all the sides of the figure is called perimeter. 

OR 

Simply say perimeter is a boundary. 

 

Example 

 

C

3cm 4cm

A B5cm
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Line segment AB = 5cm 

Line segment BC = 2cm 

Line segment CD = 5cm 

Line segment DA = 2cm 

Perimeter of ABCD = 14cm 

i.e. sum of all sides 

 

Activity: 20 

Find perimeter of the square 

 

 
 

Self-Assessment Exercise 7 

Find perimeter of following 

D

A B

C5cm

2cm 2cm

5cm

I H

GF 3cm

3cm

3cm3cm

I H

GF 3cm

3cm

3cm3cm

I H

GF 3cm

3cm

3cm3cm
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(i) 

 
 

 

 

Line segment = ___________ cm 

Line segment = ___________ cm 

Line segment = ___________ cm 

Line segment = ___________ cm 

Perimeter      = ___________ cm 

 
(ii) 

 
 

 

Line segment = ___________ cm 

Line segment = ___________ cm 

Line segment = ___________ cm 

Line segment = ___________ cm 

D C

BA 6cm

6cm

3cm 3cm

D C

BA 6cm

6cm

3cm 3cm

D C

BA 6cm

6cm

3cm 3cm

X 7cm

3cm

Y

Z

5cm

X 7cm

3cm

Y

Z

5cm

X 7cm

3cm

Y

Z

5cm
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Perimeter      = ___________ cm 

 

(iii) 

 
 

 

Line segment AB = ___________ cm 

Line segment BC = ___________ cm 

Line segment CD = ___________ cm 

Line segment DA = ___________ cm 

Perimeter       = ___________ cm 

 

2- A triangle has four sides 13cm, 9cm, and 7cm. find perimeter of the 

triangle. 

3- The length and width of a door is 215cm and 115cm respectively. Find its 

perimeter. 

4- A square has each side 5cm. Find its perimeter. 

 

6.2.9 Area of right-Angled triangle 

We know that in a right angled triangle, two sides are adjacent to right angle 

which is 90
o
. one of these is called the base and other is called altitude or height 

or perpendicular 

For example 

C

A

B

D

3.5cm
3cm

3cm
3.5cm
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Consider the given diagram. 

 

 
 

In ABC, angle <B is right angle. If we consider AB as a base and BC as a 

height or  

 

Perpendicular 

As we know that area of rectangle or square is length ×height or altitude which is  

Area = height × altitude 

 

90o

B Base A

hypoheight

C

90o

B Base A

hypoheight

C

90o

B Base A

hypoheight

C
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Where AB is length and BC is altitude 

If we coincide D with B then we have half of the rectangle and have two right 

triangles. Which are AB and DCB. As see in figure. 

 

 
 

Then we can say that Area of triangle DAB B Half of Area of rectangle ABCD. 

D C

A B

Altitude

length

D C

A B

Altitude

length

D C

A B

Altitude

length

D C

A BLength

Altitude

D C

A BLength

Altitude

D C

A BLength

Altitude
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 Area of triangle Altitudelength 
2

1
 

We can also say that 

Area of right triangle heightbase
2

1
 

Example: The base is 20m and height is 10m of a right angled triangle.  

Find its area. 

Solution: 

We know that 

R. 

Area of triangle  heightbase
2

1
 

// // 1020
2

1
  

// // 100m
2
. 

 

 

Self-Assessment Exercise 8 

1- Find Areas of the right angled triangles the lengths of whose sides are 

given in the table below. 

(i) 3m, 4m 

(ii) 7m, 3m 

(iii) 4.5m, 6m 

(iv) 7.2m, 11m 

(v) 19m, 2m 

(vi) 6cm, 9cm 

(vii) 12cm, 36cm 

(viii) 100cm, 9m 

 

similarly we find length or height of right angled triangle if area and one length or 

height is given. 

For example we used different situation i.e. 

2

heightBase
trianglerightofArea


  

Base 
height

Area


2
 or 

height
base

Area


2
 or 

AreaheightBase 2  

If any two quantities are given then we find third by using any formula. 
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Example: 

Area of right triangle is 20m
2
. Find height if base is 4m. 

Solution: 

As we know that. 

Area  heightbase
2

1
 

2 x 4 Area = base x height  

As Area = 20m2 and 

Base = 4m 

Then  becomes 

2 x 20m
2
 = 4m x height 

height
m

m


4

40 2

 

height
m

m


4
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10m = height 

Self-Assessment Exercise   9 

1. Complete the table: 
Sr. No. Area base height 

1- 
2- 
3- 
4- 
5- 

400m
2 

…………….. 
…………….. 
150m

2 
5400m

2 

…………….. 
10m 
15.5m 
…………….. 
900m 

20m 
6m 
75.5m 
33m 
…………….. 

 

2- In a right angle triangle base is 10m and height is 15m. 

Find its area.  

3- If Area is 5500m
2
 and base is 1000cm find height after converting base 

into meters. 

 

6.2.10 Area of Trapezium 

We know that trapezium is a quadrilateral (four side closed figure). In which one 

pair of opposite sides is parallel and the other two opposite sides are non-parallel. 

 

Procedure to finding the area of a trapezium 

1- Draw a trapezium ABCD on a paper. 
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2- Join A and C. In this way two triangles ABC and ACD are formed. 

3- Draw a perpendicular AE from point A on BC which meets BC at the 

point E. 

4- Extended AD  to point F such that AF and CF are perpendicular to each 

other. 

 Here CFm B height of ACD. 

 Note that AEm = CFm  

5- Find area of ABC which is AEmBCXm 
2

1
 

6- Similarly area of ACD is  

 CFmADm 
2

1

 
7- Finally area of trapezium 

 //  = area of ABC + Area of ACD 

 // 
CFmADmACmBCm 

2

1

2

1
 

 // 
 ADmBCmAEm 

2

1

 

 //   sidesparalleloflengthsofsumheight 
2

1
 

 

Activity: 21 

The teacher should ask area students to find the area by taking trapezium PQRS. 

A D
F

CEB

A D
F

CEB

A D
F

CEB



241 

 

 Area of trapezium sidesparalledloflengthsofsumheight 
2

1
 

Note:  

Height of trapezium is perpendicular distance b/w parallel sides. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Self-Assessment Exercise   10 

1- Find the area of trapeziums given below. 

 

(i) 

 
 
(ii) 

 

D 5cm C

BA

E

4cm

8cm
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2- If area of a trapezium is 400m
2
, the lengths of 11 sides are 30m and 50m 

respectively then find height of the trapezium. 

Hint: Using formula. 

Area = sidesofsumheight //
2

1
  

3- Find area of trapeziums with the following measurements. 

 
Sr. No. Length of // sides Height 
(i) 3cm, 4cm 2cm 
(ii) 4cm, 6cm 3cm 
(iii) 10m, 5m 7m 
(iv) 8.5cm, 11cm 2.5cm 
(v) 5cm, 6cm 3.8cm 
 

4- Find height of trapezium if Area = 800m and length of 11 sides are 120m, 

80m 

5- Area of trapezium is 625cm, height of trapezium is 25cm. 

 (i) Find Sum of length of 11 sides. 

 (ii) Length of other side if length of one side is 18cm. 

 

6.2.11 Area of rectangle 

As we know the rectangle is four sided diagram or side are equal in length. In 

rectangle there are two lengths and 2 heights such as. 

 

20cmL M

12cm

O N

10cm

16cm
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This correspondence line shows the opposite heights and 

opposite lengths. 
 from this we conclude that area of rectangle is product of (1) length & one 

height. 

i.e 

Area of rectangle = length x height. 

Area = BCAB   

OR 

Area = ADDC  

Similarly, as in trapezium case two things are provided then we find the third one. 

This case is similar to that, Area and length are given then we find height of 

rectangle or if length and height are given then we find Area. 

 

Examples: 

1- Find area of rectangle if length of a rectangle is 5cm and height is 10cm. 

Also draw diagram of this rectangle after choosing suitable scale. 

 

length

height height

length

A B

CD
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Solution: 
As we know that  
Area of rectangle = length x height 
1cm = 1unit 
As length = 5cm 

Put in formula, we have 
Area = 5cm x 10cm. 
Area = 50cm

2
  (Ans) 

 
 

2- Find length if area of rectangle is 400m
2
 and height is 20m. 

 

Solution:  

As we know that  

Area of rectangle = length x height 

Given Area = 400m
2
 

  Height = 20m 

Put in formula 

400m
2
 = length x 20m 

ng b/s by 20m 

m

mlength

m

m

20

20

20

400 2 
  

20m = length 

Length is also 20m. 

If length and height becomes equal in four sided diagram then it becomes a 

square. And Area of square is Area of square = length  length 

 

Activity: 22 

Teacher should ask the student to make a rectangle of a cardboard by cutting it 

with the help of scissor and also make a square. Then find area of that rectangle or 

square. 

 

D

A B

length
5cm

height 10cm
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Self-Assessment Exercise   11 

1- Find Area of rectangle if length is 35cm and height is 1m. 

 Hint: Solve it after converting height into cm. 

2- Find Area of square if length is 10cm. showing this by drawing a figure. 

3- Find length of four sided diagram whose area is 625cm
2
 and tell whether it 

is a square or rectangle. 

6.2.12 Area of circular region 

Divide a circular region into 8, 16, 32 equal parts cut these regions carefully and 

re-arrange them in the following way. 

 

 

 
fig(i) 

  

 

 
fig(ii) 

 

 

rrr

rrr



246 

 

from adjoining figures we see that after re-arranging these equal parts side by side 

and close to each other, a rectangle is obtained. 

We also note that half of the pieces or part is above and half are below place. 

Therefore length of rectangle is half of the circumference (2 r) and width is 

equal to radius of circular region. 

So area of circular region =  

Area of rectangle obtained 

From circular region 

// = length of rectangle X Width 

// = πr × r 

// =  r
2 

 C Area of circular region =  r
2
. 

 

Activity: 23 

The teacher should ask the students to draw a circle on a piece of cardboard and 

do the above procedure practically. 

 

 

 

 

 

 

 

 

 

Self-Assessment Exercise   12 

Complete the following table. 

 
Sr. No.   Radius Diame. Circm. Area 

(i) 22/7 7cm ………. ………. ………. 
(ii) 22/7 ………. 28dm ………. ………. 
(iii) 3.14 ………. ………. 31.4m ………. 
(iv) 

7

1
3  

………. 
cm

11

2
3  

………. ………. 

(v) 22/7 ………. ………. 
dm

7

2
6  

………. 

(vi) 3.14 ………. ………. ………. 12.56m
2 

(vii) 3.14 ………. ………. ………. 78.5m
2 

 

Some Important formulas 
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1- Surface area of cylinder = 2 rh 

2- Total surface area of cylinder = 2 r(r+h) 

3- Volume of a cylinder = length   width   height 

 // //  =  r
2h 
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6.3 Teaching of Trigonometry 

6.3.1 Trigonometric Ratios of an Acute Angle 
Let us consider a right angled triangle 

PQR with respect to n angle 

( )  with m PQR=90theta QPR    in 

anti-clockwise direction from PQ to PQ . 

In the triangle PQR, the side QR opposite 

to the angle   is called perpendicular. 

The side AB , common arm of  and right 

angle is the base and the side PR, opposite. 
For the given right angled triangle PQR, 

the trigonometric ratios of the angle   are 

defined as: 
 

 
 

sin ; cos
perpendicular p hypotenuse q

ec
hypotenuse q perpendicular p

      

cos ; s
base r hypotenuse q

ec
hypotenuse q base r

      

tan ; cot
perpendicular p base r

base r perpendicular p
      

 

The six trigonometric ratios have been described with reference to a right angled 

triangle PQR. 

 

 

 

 

 

 

 

 

 

P Q

R

p
=

p
er

p
en

d
ic

u
l a

r

q=
hy

po
te

nu
se

r=base





249 

 

Now we describe these trigonometric 

ratios with reference to an angle 

M EXF    

Let EXF  be an acute angle. We 

take a point C on XF
uuur

 such that ZY
uuur

 

meets XE
uuur

 at y perpendicularly so that 

a right triangle XYZ is obtained.  

If we take M YXZ   , then  

 

 
 

sin ; cos
MYZ M XZ

ec
M XZ MYZ

    

cos ; s
M XY M XZ

ec
M XZ M XZ

    

tan ; cot
MYZ M XY

M Xy MYZ
    

 

Remember that: 

i. 
1

cos
sin

ec


  

ii. 
1

s
cos

ec


  

iii. 
1

cot
tan




  

iv. 
1

tan
cos




  

  

X Y E

F

Z



F.N Unit-6 Geometry Part-3 remaining 
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6.3.2 Trigonometric Ratios of complementary Angles 
We consider a right angled triangle 

ABC in which , 90M A M B      

then 90 .M C     

Using the trigonometric ratios of C , 

we get 
 

 
 

 

 sin 90 ........... (i)
M AB c

bM AC
    

Using ratio of A , we get 

cos ........ (ii)
M AB c

bM AC
    

From (i) and (ii), we get 

  sin 90 cos     

Similarly, we have 

  cos 90 sin    

 tan 90 cot    

 cot 90 tan    

 sec 90 cosec    

 cos 90 secec     

 

  

A B

C

c



ab

90
o

90 -
o
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Self-Assessment Exercise   13 
Q.1 Considering the adjoin triangle ABC, 

 verify that 

(i) sin cos 1ec    

(ii) cos sec 1    

(iii) tan cot 1    

 

 
Q.2 For each of the following right angled triangles, name the  

(i) hypotenuse 

(ii) side opposite to x 

(iii) side adjacent to x 

 
(a) 

 

(b) 

 
  

A B

C

4

35

B

C

A

x

A B

C

x
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(c) 

 

 

 
(d) 

 

 

 

  

B

C

A

A

C

B

x
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Activity: 24 

Q.1 For each of the following right-angled triangle,Find trigonometric ratios. 

(i) sin  

(ii) cos  

(iii) tan  

(iv) sec  

(v)     cosec  

(vi) cot  

(vii) tan  

(viii) sin  

(ix) sec  

(x) cos  

(a) 

 

(b) 

 

 (c) 

 

  

 

Q.2 Fill in the blanks 

(i)  sin30 sin 90 60 cos      

(ii)  cos30 cos 90 60 sin      

(iii)  tan 60 tan 90 30 cot      

(iv)  sin 60 sin 90 30 cos      

(v)  cos60 cos 90 30 sin      

(vi)  sin 45 sin 90 45 cos      

(vii)  tan 45 tan 90 45 cot      

(viii)  cos45 cos 90 45 sin      

 

 

 

 

B A

C

4 5

3





B A

C

8 17

3





B A

C

5 13

12
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6.3.3 Trigonometric Identities 

 
We shall consider some of the 

fundamental identities used in 

trigonometry. They key to these 

basic identities is the Pythagoras 

theorem in geometry. 
“The Square of the length of the 

hypotenuse of a right triangle is 

equal to the sum of the squares of 

the lengths of the other two sides” 

 
 
Fig (i) 
 

For example in the figure (i) 

c
2
 = a

2
 + b

2
 

5
2
 = 3

2
 + 4

2
 

25 = 9 + 16 

 

Remember that: 

(i) sum of the lengths of two sides of a triangle is greater than the length of 

third side  

(ii) difference of lengths of two sides of a triangle is less than the length of 

third side 

 

By Pythagoras Theorem, we have 

a
2
 + b

2
 = c

2
  (i) 

or
2 2 2

2

2 2 2
(Dividing by )

a b c
c

c c c
   

or
2 2sin cos 1 (ii)    

 

5

c
3a

b

4
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Now dividing (i) by b
2
, we have 

2 2 2

2 2 2

a b c

c b b
   

or
2 2tan 1 sec (iii)    

 

Now dividing equation (i) by a
2
, we have 

2 2 2

2 2 2

a b c

a a a
   

or
2 21 cot cos (iv)ec    

 

Self-Assessment Exercise   14 

Q.1 Explain that 

sin cos
tan and cot

cos sin

 
 

 
   

 

Activity: 25 

 

Prove that 

Q.1 
sin cos

1
cos secec

 

 
   

Q.2    2sec 1 sec 1 tan      

Q.3 2sec 1 tan    

Q.4 
sin 1 cos

1 cos sin

 

 





 

 

Values of Trigonometric Ratios of angles 45 ,30  and 60    
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  Trigonometric Ratios of 45  
Consider a right - angled triangle ABC 

with 90  and 1M ABC M BC M AB      

unit. 
Also 

45  and 2M BAC M ACB M AC       

 

 
 

Therefore  
1

sin 45 ; cos 45 2
2

M BC M AC
ec

M AC M BC
       

  
1

cos 45 ; sec45 2
2

M AB M AC

M AC M AB
       

  tan 45 1 ; cot 45 1
M BC M AB

M AB M BC
       

 

Trigonometric Ratios of 30and 60  

 Consider a right angled triangle ABC, in which 90M B   ; 

60M BAC   , 30M ACB    

If 1M AB   unit, then 2M AC   units. 

By Pythagoras theorem, we have 
2 2 2

AB BC AC   

or    
22 2

1 2BC   

2

4 1 3BC     

3BC   

In right angled triangle ABC, 
 

 
 

A B

C

1

1

45
o

45
o

2

A B

C

2

1

60
o

3

30
o
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1
sin30 cos 30 2

2

M AB
ec

M AC
       

3 2
cos30 sec30

2 3

M BC

M AC
       

1
tan30 cot 3 3

3

M AB

M BC
       

Again in the right angled triangle ABC, 

3 2
sin 60 cos 60

2 3

M BC
ec

M AC
       

1
cos60 sec60 2

2

M AB

M AC
       

1
tan 60 3 cot 60

3

M BC

M AB
       

 

These results in the form of a table can be written as: 

  0  30  45  60  90  

sin  0 1

2
 

1

2
 3

2
 

1 

cos  1 3

2
 

1

2
 

1

2
 

0 

tan  0 1

3
 

1 3  
Not defined 

 

Self-Assessment Exercise   15 

Q.1 Find the value of the following trigonometric ratios without using the 

calculator 

(i) sin30  

(ii) cos30  

(iii) tan30  

(iv) sec60  

(v) cos60  

(vi) cot 60  

(vii) sin 60  

(viii) sec30  

(ix) cos30  

(x) sin 45  
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(xi) cos45  

(xii) tan 60  

 

 

  



259 

 

Activity:26 

Q.1 If sin 45  and cos45  equal to 
1

2
 each, then find the values of the 

following. 

(i) 2sin 45 2cos45   

(ii)  3cos45 4sin 45   

(iii) 5cos45 3sin 45   

 

Q.2 Find the values of the following 

(i) 2sin60 cos60    

(ii) 2cos60 sin60   

(iii) cos60 cos30 sin60 sin30     

(iv) sin60 cos30 cos60 sin30     

(v) cos60 cos30 sin60 sin30     

(vi) tan30 cot30 1   
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ANSWERS OF SELF ASSESSMENT EXERCISE 

 
Self-Assessment Exercise 1:  

 Open Sentence True sentences False sentences 

i) x + 2=3  1 + 2=3 2 + 2=3 

ii) x + 2<3  0 + 2<3 1 + 2<3 

iii) x + 2>3  2 + 2>3  – 2 + 2>3 

 

 

Self-Assessment Exercise 2: 

I = ii) > 

iii) < iv) < 

v) > vi) < 

vii) < viii) = 

ix) < x) = 

xi) = xii) > 

 

Self-Assessment Exercise 3: 

Q1 

i) x
2
 + x + 1 

ii) x
2
 + xy – y

2 

 

Self-Assessment Exercise 4:  

Q1  

(i) No term is missing 

(ii) Missing terms are 4x
2
 and 21 

(iii) Missing term is – 8y 

 

Q2 Missing term = x
2
 – (2b)

2
=4b

2
 

 

Q3 (i) 12ab (ii) 6ab

 (iii) x
2
 (iv) 1/4b

2
 

 (v) 
2

4

1
b  (vi) 

21000

1

a
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Self-Assessment Exercise: 5 

 

Pairs Equations 

+15, +8 X
2
+15x+8=0 

-15, +2 X
2
-15x+2=0 

-15, -2 X
2
-15x-2=0 

+15, -8 X
2
+15x-8=0 

 

 

   

Self-Assessment Exercise 6 

6x + 2y = 1230 

5x = 7y-3 

 

Self-Assessment Exercise 7 

1- (i) AB = 6cm, BC = 3cm Perimeter = 18cm 

  CD = 6cm, AD = 3cm 

 (ii) XY = 7cm, YZ = 3cm, XZ = 5cm 

  Perimeter = 15cm. 

 (iii) Perimeter = 13cm 

2- Perimeter = 29cm 

3- Perimeter = 660cm 

4- Perimeter = 20cm 

 

Self-Assessment Exercise 8 

1- (i) 6m (ii) m
2

21
 

 (iii) 13.5m (iv) 39.6m 

 (v) 19m (vi) 45000cm 

 

Self-Assessment Exercise 9 

 

(2) 75m (3) 1100m 

 

Self-Assessment Exercise 11 

1. 3500 

2. 100 

3. 25  square 
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Self-Assessment Exercise 12 

i. Diameter =  14 cm Circumference = 43.96 cm Area = 153.94 cm
2 

 

ii. Radius =  14 cm Circumference = 87.92 cm Area = 615.75 cm
2
 

iii. Radius =  5 cm Diameter = 10 cm  Area = 78.54 cm
2
 

iv. Radius =  1.6 cm Circumference = 10 cm Area = 8.04 cm
2
 

v. Radius =  1 cm Diameter = 2 cm  Area = 3.14 cm
2
 

vi. Radius =  2 cm Diameter = 4 cm  Circum = 12.56 cm 

vii. Radius =  5 cm Diameter = 10 cm  Circm. = 31.4 cm 

 

 

Self-Assessment Exercise 13 

Q.2 (a) (i) AC  (ii) BC  (iii) AB  

(b) (i) AC   (ii) BC  (iii) AB  

(c) (i) AC  (ii) BC  (iii) AB  

(d) (i) AC  (ii) AB  (iii) BC
 

 

 

Self-Assessment Exercise 15 

 

Q.1 (i) 
1

2
 (ii) 

3

2
 (iii) 

1

3
 (iv) 2 (v) 

1

2
  

(vi) 
1

3
 (vii) 

3

2
 (viii) 

2

3
 (ix) 2  (x) 

1

2
  

(xi)
1

2
 (xii) 3  
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ANSWERS OF ACTIVITIES 

 
Activity: 1 

Q.1  

i.  2x + 3y 

ii.  5a – 2b 

iii.  
3

qp 
 

iv.  x + 4=10 

v.  3x=12 

 

Q.2 

i.  x plus 9 

ii. square of p minus square of q 

iii.  3x minus 14y minus 20 

iv.  7x equal to 21 

v.  x is greater than 3 plus 4 

vi.  difference of x and y divided by 2. 

 

Q.3 

 I Ii iii iv 

Base 3x Z y M 

Co – efficient 3 6  – 3  – 7 

Exponent 2 5 2 3 

 

Q.4 

i variable  : z  constant  : c 

ii //  : x, y,  //  : 5a 

iii //  : x, y,  //  : 7 

iv //  : x, y, z  //  : 5 

v //  : x, z  //  : c 

vi //  : xy  //  : d 

 

Q.5 

i.  Algebraic expression 

ii.  Not algebraic // 

iii.  Algebraic // 

iv.  Not // // 
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v.  // // // 

 

Q.6 

i.  2 

ii.  4 

iii.  4 

iv.  6 

v.  3 

 

Activity: 2  

Q1 

i) True  Sentence  

ii) False  Sentence 

iii) False  Sentence 

iv) True Sentence 

v) Open  Sentence 

vi) False Sentence 

 

Q No.2 

 Algebraic expression: 

 x
3
 + y

3
, 2a + b + 3c 

 Algebraic sentence: 

 x + y=3,  6x – 3cx, 2x + 3x ≠ 0 

 

Q No.3 

 Open sentences True Sentence False Sentence 

i) x + 3 = 4 for x = 1 

1 + 3=4 

for n=0, 2, 2 

0 + 3=4 

2 + 3=4 

ii) x<3 for n=1, 2 

1<3 

2<3 

for n=3, 4 ….. 

3<3 

4<3 

iii) 3x – 4<0 for x=0, 1, 2, – 1, – 2 

…,. 

 – 4<0 

 – 1<0 

 – 7<0 

for x=2, 3, 4 …. 

2<0 

5<0 

8<0 

Activity: 3 

i) Equation  ii) Equation 
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iii) In – equation  iv) In – equation 

v) Equation  vi) In – equation 

vii) In – equation  viii) Equation 

ix) Equation 

 

Activity: 4 

Q.1 

i) 3x
2
 – 5x – x

2
 – 4x + 7x

2
 = 3x

2
 – x

2
 + 7x

2
 – 5x – 4x 

ii) x
2
 + xy + 3x

3
 + 9xy = x

3
 + 3x

3
 + zy + 9xy 

iii) xy
2
 + x

2
y + 2xy

2
 + 3x

2
y = x

2
y + 3x

2
y + xy

2
 + 2xy

2
 

 

Q2 

i) 9m
3
  ii) 81m 

iii)  – 2a
2
  iv)  – 12y

3
 

v) 15pq 

 

Activity: 5  

 

Q1 

i) 6x  ii) 11x
2
 

iii) 2z
2
y

2
  iv) 7l

2
m

2
 

Q2 

i)  – 3a
2
 + 12ab + 12b

2
 

ii)  – 9a
2
 + 9a – 12 

iii) p
2
 – 4pq

2
 – 4q

2
 

 

Activity: 6 

Q No.1 

i) 
43

9

1
ml  

ii) 
22

8

3
ba  

iii) 24a
5
b

5
c

4
 

 

Q No.2 

i) a
2
b

2
c

2
   ii) 108a

4
b

4
c 

 

Q No.3 

i) 10x
2
 + 6xy + 8xz  ii) 2x

5
 + 2x

3
y

3
 + 2x

3
z

3
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Activity: 7 

Q No.2  

i) Quotient = x
2
 + x + 1  ; Remainder = 0 

ii) Quotient = 2x – 2  ; Remainder = 5x + 4 

iii) Quotient = x
2
 + x

2
 + x + 2 ; Remainder = 1 

iv) Quotient = 2x
2
 + 3x + 2 ; Remainder = 0 

v) Quotient = 4x
2
 + xy – 3y2 ; Remainder = 0 

 

 

Activity: 8 

Q1 (i) 3a
2
 + 18a + 15 (ii) 25x

2
 – 40 + 15 

 (iii) 4a
2
 – 14a + 12 

Q2 (i) 2809  (ii) 5929 (iii) 25081 (iv) 1012036 

Q3 (i) 45a
2
 – 84ab + 41b

2
 

 (ii) 274a
2
 – 426ab + 181b

2
 

 (iii) 72b
2
 + 18a

2
 

Q4 (i) 2484  (ii) 39991 (iii) 999999 (iv) 0.9984 

Q5 i –  25 

 ii –  73 

 iii –  
2

229
 

 iv –  
3

32
 

 v –  13 

 vi –  4 

 

Activity: 9 

Q1 2a(3b – 7c) 

Q2 3m
2
n(mp – 2) 

Q3 xy
2
(xy + xz + yz) 

Q4 xy(x
2
 – x + y) 

Q5 5x
3
(x

2
 + 2x + 3) 

Q6 (y – a) (y – b) 

Q7 (n – 9y)
2
 

Q8 (1 – 3a
2
b

2
c)

2
 

Q9 

2











a

cy

b

ax
 

Q10 (a
2
b

2
x – c

2
d

2
y

2
)
2
 

Q11 (t – 5) (t + 1) 

Q12 (x – 7) (x + 1) 



267 

 

Q13 (x + 26) (x – 11) 

Q14 3x(x – 8) (x + 5) 

Q15 (ax – by + 15) (ax – by – 4) 

Q16 (x – 37) (x – 43) 

 

Activity:10 

Q1 (2, 5) 

Q2 (32, – 20) 

Q3 (28, 2) 

Q4  – 26/3 

Q5  2  

Q6 0 

 

Activity: 11 

Q1 The two required numbers are – 134 & 81. 

Q2 Father present age = 42 years 

 Son present age = 12 years 

Q3 8 

Q4 9, 18 

 

Activity 14 

i.   4   ii.   3    iii.   3 

    Rectangle      Equilateral- Triangle       Right Angle Triangle 

 

iv.   4   v.    4 

     Rhombus       Square 

 
Activity 19 

 

(1) (i) 22 (ii) 13.2 

(2) 1036.2 

(3) (i) 1 (ii) 3  

(iii)  

a. 35 radius, 70 diameter 

b. 21/2 radius, 21 diameter 

c. 5/2 radius, 5 diameter 

  

Activity 20 
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i. 12 

 

 

 

Activity: 24 

Q.1  

(a) (i) 4
5

 (ii) 
3

5
 (iii) 4

3
 (iv) 

5

3
  

(v) 
5

4
  (vi) 

4

3
 (vii) 

3

4
 (viii) 

3

5
  

(ix) 
5

4
 (x) 

4

5
 

(b) (i) 
8

17
 (ii) 

15

17
 (iii) 

8

15
 (iv) 

17

15
  

 (v) 
17

8
 (vi) 

8

15
 (vii) 

15

8
 (viii) 

15

17
  

 (ix) 
17

8
 (x) 

8

17
 

Q.2 

(i) cos60  (ii) sin 60  (iii) cot 30   

(iv) cos30  (v) sin30  (vi) cos45   

(vii) cot 45  (viii) sin 45  

 

 

Activity: 26 

Q.1 

(i) 4 2  (ii) 7 2  (iii) 2 2   

Q2.  

(i) 3 2   

(ii) 3 2   

(iii) 0 

(iv) 1
2

 

(v) 3 2  

(vi) 2  
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INTRODUCTION OF THE UNIT 

 
Teaching of mathematics is not a simple art or just knowing how to teach.  

Teaching mathematics is an art of knowing how to teach effectively and 

efficiently to ensure meaningful learning for obtaining the desired outcomes. This 

unit consists of three sections. In 1
st
 section teaching of sets is discussed. The 

second section consists of teaching of information handling and the third section 

comprised on financial Arithmetic. 

 

 

OBJECTIVES OF THE UNIT 

 
After studying this unit, prospective teachers will be able to describe, explain and 

teach: 

1. Sets, subsets, power set, complement of a set, different operation on sets 

2. Venn Diagrams 

3. Presentation of data 

4. Measures of central tendency 

5. Measures of variability 

6. Introduction to Financial Arithmetic 

7. Types of Bank Account 

8. Types of Finance 

9. Types of Insurance  
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7.1 TEACHING OF SETS 

We often deal with groups or collection of objects, such a set of books, a group of 

students, a list of states in a country, a collection of baseball cards, etc. Sets may 

be thought of as a mathematical way to represent collections or groups of objects. 

The concept of sets is an essential foundation for various other topics in 

mathematics. 

 

7.1.1  Set and Its Types 

Definition of Set 

A set is a collection of objects, things or symbols which are clearly defined.  The 

individual objects in a set are called the members or elements of the set. A set 

must be properly defined so that we can find out whether an object is a member of 

the set or not.  

Activity: Try to give some examples from real life. e.g.  set of vowels , set of 

your books, set of different colors etc. Set of students in your class. 

Set Notation 

We start with the most basic set notation - the symbol showing membership. The 

individual objects in a set are called the members or elements of the set. We 

relate a member and a set using the symbol ∈. If an object x is an element of set 

A, we will write x ∈ A. If an object z is not an element of set A, we write z ∉.  

Notation “∈” denotes “is an element of’ or “is a member of” or “belongs to” while 

“∉” denotes “is not an element of” or “is not a member of” or “does not belong 

to”  

 

Example: If A = {1, 3, 5} then 1 ∈ A and 2 ∉ A  

Activity: Ask students either a book is belongs to you or not. Then invite a 

student to write his/her answer on black/white board 

Activity:  write Y = {x : x is a city of Pakistan} then ask students either London is 

a member of Y or not. 

The number of elements in a set A is denoted by n(A). 

 

Examples 

1.  A is the set of positive integers less than 12 then  A = {1, 2, 3, …, 11} 

and n(A) = 11  

2.  If D is the set of integers x defined by –3 < x < 6 then  D = {–2, –1, 0, 1, 

2, 3, 4, 5} and n(D) = 8  

3. If Q is the set of letters in the word ‘HELLO’ then Q = {H, E, L, O } , 

n(Q) = 4 ← ‘L’ will not be repeated.  

 

Presentation of a Set 

There are three ways of representing a set. 
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i. Descriptive form 

ii. Set builder form 

iii. Tabular form. 

Tabular form 

The set can be represented by listing all its elements, separated by commas and 

enclosed within braces. 

Example 

 B = {2, 4, 6, 8, 10, 12} and X = {a, b, c, d, e, f, g, h}  

Set builder form 

 

This form is explained as: 

Example: 

 C = {x : x is an integer, x > – 3 }  

It will be read as: x’s are the elements of set C where all x belong to set of 

integers and are greater than -3. 

Descriptive form 

All these examples are of descriptive form: 

i. Set of vowels  

ii. Set of your books 

iii. Set of different colors  

iv. Set of students in your class etc. 

 

Finite Sets & Infinite Sets 

Finite sets are sets that have a finite members or finite number of elements.  

Example: A = {0, 2, 4, 6, 8, …, 20}  and C = {x : x is an integer, 2 < x < 5}  

An infinite set is a set which has infinite number of elements. It is not possible to 

explicitly list out all the elements of an infinite set.  

 

Example:  

 N is the set of natural numbers  

 A is the set of fractions 

 If C = {3, 6, 9, …} then C is an infinite set. 

Activity: Ask your students to recognize while the following sets are finite or 

infinite. 

Set of stars, set of colors, set of countries, set of leafs, set of students in your 

class, set of grains of sand, set of natural numbers, set of players of Pakistani 

hockey team.  



274 

 

The Null or Empty Set 

There are some sets that do not contain any element at all. For example, the set of 

months with 32 days. We call a set with no elements the null or empty set. It is 

represented by the symbol { } or Ø .  

Examples: 

1.  The set of dogs with six legs. 

2.  The set of squares with 5 sides. 

3.  The set of cars with 20 doors. 

4.  The set of integers which are both even and odd.  

 

Set Equality 

Consider the sets: 

P ={Tom, Dick, Harry, John} Q = {Dick, Harry, John, Tom}  

Since P and Q contain exactly the same number of members and the members are 

also same. We say that P is equal to Q, and we write P = Q. The order in which 

the members appear in the set is not important.  

Consider the sets: 

R = {2, 4, 6, 8,12},  S = {2, 4, 6, 8, 10} 

Since R and S do not contain exactly the same members, we say that R is not 

equal to S and we write R ≠ S. 

 

7.1.2 Venn Diagrams 

We can also represent sets using Venn diagrams. In a Venn diagram, the sets are 

represented by shapes; usually circles or ovals. The elements of a set are labeled 

within the circle.  

Example: Given the set P is the set of even numbers between 15 and 25. Draw 

and label a Venn diagram to represent the set P and indicate all the elements of set 

P in the Venn diagram.  

Solution:  
 

List out the elements of P as P = {16, 18, 20, 22, 24}  

Draw a circle or oval. Label it P . Put the elements in P.  

 
Example:  Draw and label a Venn diagram to represent the set  

R = {Monday, Tuesday, Wednesday}.  
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Solution:  
 

Draw a circle or oval. Label it R . Put the elements in R.  

 
 

Example: Given the set Q = {x : 2x – 3 < 11, x is a positive integer }. Draw and 

label a Venn diagram to represent the set Q.  

Solution:  

Since an equation is given, we need to first solve for x.  2x – 3 < 11 ⇒ 2x < 14 ⇒ 

x < 7  

 
So, Q = {1, 2, 3, 4, 5, 6}  

 

7.1.3 Operations on Sets 

Subsets 

If every element of a set B is also a member of a set A, then we say that  B is a 

subset of A. We use the symbol ⊂ to mean B is a subset of A and the symbol ⊄ to 

mean B is not a subset of A.  

Example: A = {1, 3, 5}, B = {1, 2, 3, 4, 5} 

So,  A ⊂  B because every element in A is also in B. 

If X = {1, 3, 5}, Y = {2, 3, 4, 5, 6}.  X ⊄  Y  because 1 is in X  but not in Y. 

Remember that: 

 Every set is a subset of itself i.e. for any set A, A ⊂  A 

 The empty set is a subset of any set A i.e. Ø ⊂  A 

 For any two sets A and B, if A ⊂  B and B ⊂  A then A = B 

Example: List all the subsets of the set Q = {x, y, z} 

Solution: The subsets of Q are { }, {x}, {y}, {z}, {x, y}, {x, z}, {y, z}and {x, y, 

z} 

The number of subsets for a finite set A is given by the formula: 

Number of subsets = 2 
n(A)

 where n(A) = number of elements in the finite set A. 

Activity: Ask students to calculate the number of subsets of the following sets: 
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  Q = {x, y, z} 

  P= {1, 2, 3, 4} 

  R= { set of vowels} 

 

Universal Set 

A universal set is the set of all elements under consideration, denoted by capital U 

or sometimes capital E. 

Example:  Given that U = {5, 6, 7, 8, 9, 10, 11, 12}, list the elements of the 

following sets present in U. 

a) A = {x : x is a factor of 60}   b) B = {x : x is a prime number} 

Solution: The elements of sets A and B can only be selected from the given 

universal set U . 

a) A = {5, 6, 10, 12} ,  b) B = {5, 7, 11} 

In Venn diagrams, the universal set is usually represented by a rectangle and 

labeled by U. 

Example:  
 

Draw a Venn diagram to represent the following sets:  

U = {1, 2, 3, 4, 5, 6, 7, 8, 9}, A = {1, 2, 5, 6}, B = {3, 9}  

Solution:  
Step 1 : Draw a rectangle and label it by U to represent the universal set.  

Step 2 : Draw circles within the rectangle to represent the other sets. Label the 

circles and write the relevant elements in each circle.  

Step 3 : Write the remaining elements outside the circles but within the rectangle. 

 
 

Complement of a Set 

Let U is the universal set and A is another set. Then the complement of set A, is 

the set of all elements in the universal set that are not in A and is denoted by A’ .  

,  
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The number of elements of A’ and the number of elements of A  make up the total 

number of elements in U. i.e 

U= A’UA 

 

Intersection of  Sets 

The intersection of two sets X and Y is the set of elements that are common to 

both set X and set Y. It is denoted by X ∩ Y and is read ‘X intersection Y’. 

Example:  

 

Draw a Venn diagram to represent the relationship between the sets  

X = {1, 2, 5, 6, 7, 9, 10} and Y = {1, 3, 4, 5, 6, 8, 10}  

Solution:  

 

We find that X ∩ Y = {1, 5, 6, 10} ← in both X and Y  

For the Venn diagram,  

Step 1 : Draw two overlapping circles to represent the two sets.  

Step 2 : Write down the elements in the intersection.  

Step 3 : Write down the remaining elements in the respective sets.  

Notice that you start filling the Venn diagram from the elements in the 

intersection first.  

 
If X ⊂Y then X ∩Y = X . We will illustrate this relationship in the following 

example. 

Activity:  

 

 

 
Ask your students to determine the relationship between X and Y  

X =  ? 
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Y = ? 

X ∩Y = ?  

Example 

X= {1, 2, 5, 6, 7, 9} 

Y= {1, 3, 4, 5, 6, 8} 

Z={3, 5, 6, 7, 8, 10} 

Then  

X∩Y∩Z= Common elements of set X set Y and set Z 

         = { 5,6} 

In figure intersection of set X set Y and set Z is represented by yellow color. 

 

 
 

Union of Sets 

The union of two sets A and B is the set of elements, which are in A or in B or in 

both. It is denoted by A U B and is read as ‘A union B’ 

Example :  Given U = {1, 2, 3, 4, 5, 6, 7, 8, 10} , X = {1, 2, 6, 7} and Y = {1, 3, 

4, 5, 8}  

Find X ∪ Y and draw a Venn diagram to illustrate X ∪ Y.  

 

Solution:  

X ∪ Y = {1, 2, 6, 7}∪ {1, 3, 4, 5, 8}  

          ={1, 2, 3, 4, 5, 6, 7, 8} and its Venn diagram is 
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Example: 

 

Given that U = {x : 1 ≤ x ≤ 10, x is an integer},  

G = {x : x is an even number which is also prime number},  

H = {x : x is an even number},  

P = {1, 2, 3, 4, 5}.  

List the elements of:  

a) G ∩ H ∪ P  

b) (G ∩ P) ∪ H 

 c) H  ∩ (G ∪ P ) 

 d) (P ∪ H ∪ G)’ ∩ (G ∩ H)  

 

Solution:  
G = {2, 3, 5, 7}, H = {2, 4, 6, 8, 10}  

a) G ∩ H ∪ P = {2} ∪ P ← G ∩ H = {2}  

= {1, 2, 3, 4, 5}  

b) (G ∩ P) ’ ∪ H = {2, 3, 5} ∪ H  

= {2, 3, 4, 5, 6, 8, 10}  

c) H ’ ∩ (G ∪ P ) = H ’ ∩ {1, 2, 3, 4, 5, 7}  

= {1, 3, 5, 7}  

d) (P ∪ H ∪ G) ’ ∩ (G ∩ H) = {9} ∩ (G ∩ H)  

= {9} ∩ {2} = { }  

 

7.1.4 De Morgan's Laws 

De Morgan’s Theorem gives the following equations on set operations. 

(A ∪ B)’ = A’ ∩ B’ 

 (A ∩ B)’ = A’ ∪ B’ 

De Morgan’s Theorem can be used to simplify expressions involving set 

operations. It is also used in Physics for the simplification of Boolean expressions 

and digital circuits. 

Activity: Write Given that U = {x : 1 ≤ x ≤ 10, x is an integer},  

A = {x : x is a prime integer},  

B = {x : x is an even integer} 

Ask students about elements of A’ , B’, A’ U B’, A’ ∩ B’, (A ∪ B)’ (A ∩ B)’ and 

then show that  

(A ∪ B)’ = A’ ∩ B’ 

(A ∩ B)’ = A’ ∪ B’ 

 

 

 

 



280 

Self Assessment Exercise. 1 

i. If A is set of consonants then s………………A. 

 ∉ 

 ∈ 

 = 

 None of them 

ii. A ∪ B contain s all elements of 

 A 

 B 

 A & B 

 None of them 

iii. A ∩ B contain s all elements of 

 A 

 B 

 A & B 

 Common elements of A & B 

iv. Empty set is denoted by  

 { } 

  Ø 

 Both  { } or Ø 

 None of them 

v. The descriptive form of  A={a, e, i, o, u } is  

 Set of Natural numbers. 

 Set of real numbers 

 Set of vowels  

 Set of consonants 

vi. Set builder notation for set A={ 3, 4, ………20} 

 A set of integers from 3 to 20 

 A={ x : x is an integer, 2 < x < 21}  

 A={ x : x is an integer, 2 < x < 20}  

 A={ x : x is an integer, 1 < x < 20}  
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7.2 TEACHING OF INFORMATION HANDLING 

Information handling means to view, organize, use, update, delete  and destroy 

data.    

Here a question arises that what is data 

 

Data 

Numbers or collection of different information quantities can become data. They 

may be measurements, or counts, or other aspects of the real world. Data is a 

collection of facts, such as values or measurements. It can be numbers, words, 

measurements, observations or even just descriptions of things. Once the data is 

gathered, we need to work out what to do with it. Because we gather data for 

drawing some inferences but by observing raw data we do not conclude the 

results from it. Here are a few simple data handling techniques by using which we 

can see the behavior of data and draw inferences. If we have a data set which is 

very large then it is difficult to handle it so we convert it in classes for to get its 

short form. 

A problem in statistics is that of condensing large sets of data. One of three 

processes may be involved: 

1.  to present a simple ‘neutral’ description of the facts of a certain situation 

2.  to draw conclusions from a set of facts (i.e. make an inference) 

3.  to refute an inference drawn by someone else, which may be done either 

by presenting new information or by demonstrating that existing 

information has been incorrectly interpreted. 

 

7.2.1 Frequency Distribution 

It is a representation, either in a graphical or tabular format, which displays the 

number of observations within a given interval. Frequency distributions are 

usually used within a statistical context. 

Frequency is how often something occurs. The frequency (f) of a particular 

observation is the number of times the observation occurs in the data.  

 

Distribution 

The distribution of a variable is the pattern of frequencies of the observation. 

 

Frequency Distribution Tables 

A frequency distribution table is one way in which you can organize data so that it 

makes more sense. Frequency distributions are also portrayed as frequency 

tables, histograms, or polygons. Frequency distribution tables can be used for both 

categorical and numeric variables. The intervals of frequency table must be 

mutually exclusive and exhaustive. Continuous variables should only be used 

with class intervals. By counting frequencies we can make a Frequency 

http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#frequency
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#freqdist
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#freqdist
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#histogram
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#freqpoly
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Distribution table. Following examples will figure out procedure of construction 

of frequency distribution table. 

Example 1 (Construction of a Frequency Distribution for Continuous Data) 

For example, we have a list of IQ scores for the students of a gifted class in a 

particular elementary school. The IQ scores are: 118, 123, 124, 125, 127, 128, 

129, 130, 130, 133, 136, 138, 141, 142, 149, 150, 154. That list doesn’t tell us 

much about anything. We can draw a frequency distribution table, which will give 

a better picture of our data than a simple list. 

 Figure out how many classes (categories) you need. There are no hard 

rules about how many classes to pick, but there are a couple of general 

guidelines: 

 Pick between 5 and 20 classes. For the list of IQs above, we picked 5 

classes. 

 Make sure you have a few items in each category. For example, if you 

have 20 items, choose 5 classes (4 items per category), not 20 classes 

(which would give you only 1 item per category). 

 Subtract the minimum data value from the maximum data value. For 

example, our  IQ list above had a minimum value of 118 and a maximum 

value of 154, so: 

154 – 118 = 36  

 Divide your answer in Step 2 by the number of classes you chose in Step 

1. 

36 / 5 = 7.2 

 Round the number from Step 3 up to a whole number to get the class 

width. Rounded up, 7.2 becomes 8. 

 Write down your lowest value for your first minimum data value: 

The lowest value is 118 

 Add the class width from Step 4 to Step 5 to get the next lower class limit: 

118 + 8 = 126 

 Repeat Step 6 for the other minimum data values (in other words, keep on 

adding your class width to your minimum data values) until you have 

created the number of classes you chose in Step 1. We chose 5 classes, so 

our 5 minimum data values are: 

118 

126 (118 + 8) 

134 (126 + 8) 

142 (134 + 8) 

150 (142 + 8) 

 Write down the upper class limits. These are the highest values that can be 

in the category, so in most cases you can subtract 1 from class width and 

add that to the minimum data value. For example: 
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118 + (8 – 1) = 125 

118 – 125 

126 – 133 

134 – 142 

143 – 149 

150 – 157 

 Add a second column for the number of items in each class, and label the 

columns with appropriate headings: 

 

IQ Number 

118 – 125  

126 – 133  

134 – 142  

143-149  

150 – 157  

 

 

 Count the number of items in each class, and put the total in the second 

column. The list of  IQ scores are: 118, 123, 124, 125, 127, 128, 129, 130, 

130, 133, 136, 138, 141, 142, 149, 150, 154. 

 

IQ Tally Frequency 

118 – 125 //// 4 

126 – 133 //// // 6 

134 – 142 //// 4 

 143-150 // 2 

150 – 157 / 1 

 

Remember that the total frequency of the all classes will be equal to the no of 

respondents.  

Example 2   

A survey was taken in Lahore. In each of 20 homes, people were asked how many 

cars were registered to their households. The results were recorded as follows: 

1, 2, 1, 0, 3, 4, 0, 1, 1, 1, 2, 2, 3, 2, 3, 2, 1, 4, 0, 0 

Use the following steps to present this data in a frequency distribution table. 

1. Divide the results (x) into intervals, and then count the number of results in 

each interval. In this case, the intervals would be the number of households 

with no car (0), one car (1), two cars (2) and so forth. 
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2. Make a table with separate columns for the interval numbers (the number of 

cars per household), the tallied results, and the frequency of results in each 

interval. Label these columns Number of cars, Tally and Frequency. 

3. Read the list of data from left to right and place a tally mark in the 

appropriate row. For example, the first result is a 1, so place a tally mark in 

the row beside where 1 appears in the interval column (Number of cars). 

The next result is a 2, so place a tally mark in the row beside the 2, and so 

on. When you reach your fifth tally mark, draw a tally line through the 

preceding four marks to make your final frequency calculations easier to 

read. 

 

4. Add up the number of tally marks in each row and record them in the final 

column entitled Frequency. 

Your frequency distribution table for this exercise should look like this: 

Table 1. Frequency table for the number of cars registered in each 

household 

Number of cars 

(x) 

Tally Frequency (No. of Homes) 

0  4 

1  6 

2  5 

3  3 

4  2 

By looking at this frequency distribution table quickly, we can see that out of 

20 households surveyed, 4 households had no cars, 6 households had 1 car, etc. 

Relative frequency and percentage frequency 

An analyst studying these data might want to know not only how long batteries 

last, but also what proportion of the batteries falls into each class interval of 

battery life. 

This relative frequency of a particular observation or class interval is found by 

dividing the frequency (f) by the number of observations (n): that is, (f ÷ n). 

Thus: 

Relative frequency = frequency ÷ number of observations 
The percentage frequency is found by multiplying each relative frequency value 

by 100. Thus: 

Percentage frequency = relative frequency x 100 = f ÷ n x 100 

 

 

7.2.2  Graphic Representation of data 
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The data from a frequency table can be displayed graphically. A graph can 

provide a visual display of the distributions, which give us another view of the 

summarized data. For example, the graphic representation of the relationship 

between two different test scores through the use of scatter plots. We learned that 

we could describe in general terms the direction and strength of the relationship 

between scores by visually examining the scores as they were arranged in a graph. 

Some other examples of these types of graphs include histograms and frequency 

polygons etc. 

When illustrating data by means of a graph, follow these basic rules: 

 1. Give a clear title to the graph  

 2. Label the axes clearly 

 3. Do not put too many curves on the same graph 

 4. Quote all sources of data 

 5. If possible, accompany the graph with the table of the data that are 

represented by the 

                graph 

 6. Use a zero on the scale of the vertical axis if possible  

Histogram 

A histogram is "a representation of a frequency distribution by means of 

rectangles whose widths represent class intervals and whose areas are 

proportional to the corresponding frequencies." 

Example 

In most real data sets almost all numbers will be unique. Consider the set {3, 11, 

12, 19, 22, 23, 24, 25, 27, 29, 35, 36, 37, 45, 49}. We can  group the data as 

below.   

 

Data 

Range  
Frequency  

0-10  1  

10-20  3  

20-30  6  

30-40  4  

40-50  2  

 

Now we can draw a histogram of the given data as (See fig  7.1): 

1. X-axis represents the classes and Y-axis represents the frequencies. 

2. Frequency of the first class is 1, so the length of first bar is upto one. 

3. Similarly frequency of second class is three, so the length of second bar is 
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up to three. 

4. Similarly we will draw the bars for five classes. 

 

Remember that  the length of  all bars is different but the width is same. 

 Do you know why? 

Because the frequency of all classes is different but the class length for all 

classes is same. And as the width of the bar is representing the class length so it 

will be constant for all classes. 

  

                                                       
 

Frequency   Polygon  

A frequency polygon is a line graph representation of a set of scores from a 

frequency table. The horizontal x-axis is represented by the scores on the scale 

and the vertical y-axis is represented by the frequencies. Frequency polygons are 

a graphical device for understanding the shapes of distributions. They serve the 

same purpose as histograms, but are especially helpful in comparing sets of data. 

Frequency polygons are also a good choice for displaying cumulative frequency 

distributions. 

To create a frequency polygon, start just as for histograms, by choosing a class 

interval. Then draw an X-axis representing the values of the scores in your data. 

Mark the middle of each class interval with a tick mark, and label it with the 

middle value represented by the class. Draw the Y-axis to indicate the frequency 

of each class. Place a point in the middle of each class interval at the height 

corresponding to its frequency. Finally, connect the points. You should include 

one class interval below the lowest value in your data and one above the highest 

value. The graph will then touch the X-axis on both sides. 
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Constructing Frequency Polygons  

Class Limits Frequency 

 67 - 78 

 79 - 90 

 91 - 102 

103 -114 

115 -126  

3 

5 

8 

9 

5 

 

 

 

Y-axis                                                              Time on Phone 

 
Minutes                                                                                 X-axis 
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Polygon may also be constructed as:  

Example. Construct a polygon for the following data. 

 

Class Limits Mid Points   

(Systolic pressure) 

Frequency 

 

100-113 106.5 10 

114-127 120.5 12 

128-141 134.5 17 

142-155 148.5 5 

156-169 162.5 2 

170-183 176.5 0 

184-197 190.5 1 

198-211 204.5 3 

 Make a frequency table if data is ungrouped. 

  Calculate  class midpoints. 

 For each class place dots above class midpoint at the height of the class 

frequency. 

 Put dots on horizontal axis one class width to left of first class midpoint, 

and one class width to right of last midpoint. 

 Connect dots with straight lines. 
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A frequency polygon could also be used to compare two or more sets of data by 

representing each set of scores as a line graph with a different color or pattern. For 

example, you might be interested in looking at your students’ scores by gender, or 

comparing students’ performance on two tests. 

 

Frequency Polygon of Midterm by Gender 

Class Limits Mid Points Frequency 

(Scores of 

Girls) 

Frequency 

(Scores of 

Boys) 

0-2 1 10  

2-4 3   

4-6 5   

6-8 7   

8-10 9   

10-12 11   

12-14 13   

14-16 15   
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Ogive 

The cumulative frequency of a class is the frequency of the class plus the 

frequencies for all previous classes. An ogive (pronounced o-jive) is a cumulative 

frequency polygon.  

   

Constructing Ogive 

 Make a frequency table showing class boundaries and cumulative 

frequencies. 

 For each class, put a dot over the upper class boundary at the height 

of the cumulative class frequency. 

 Place dot on horizontal axis at the lower class boundary of the first 

class. 

 Connect the dots. 

Example. 

Class Limits Class Limits 

Mid Points 

(Systolic 

pressure) 

Frequency 

 

Cumulative 

Frequency 

100-113 99.5-113.5 106.5 10 10 

114-127 113.5-127.5 120.5 12 22 

128-141 127.5-141.5 134.5 17 39 

142-155 141.5-155.5 148.5 5 44 

156-169 155.5-169.5 162.5 2 46 

170-183 169.5-183.5 176.5 0 46 

184-197 183.5-197.5 190.5 1 47 

198-211 197.5-211.5 204.5 3 50 
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7.2.3 Measures of Central Tendency  
The purpose of measuring central tendency is to describe a group of individual 

scores with a single measurement. The value we use to describe the group will be 

the single value that we consider to be most representative of all the individual 

scores. Central scores are the most representative so  the goal of central tendency 

is to find the ‘average’ or ‘typical’ score. This average value can then be used to 

provide a simple description of the entire population or sample. Measures of 

central tendency are useful for making comparisons between groups of 

individuals or between sets of figures. They reduce a large number of 

measurements to a single figure, and thus make comparisons easy. 

Suppose that a teacher gave the same test to two different classes and following 

results are obtained:  

Class 1: 80%, 80%, 80%, 80%, and 80%  

Class 2: 60%, 70%, 80%, 90%, and 100%  

If you calculate the mean for both sets of scores, you get the same answer: 80%. 

But the data of two classes from which this mean was obtained was very different 

in the two cases. It is also possible that two different data sets may have same 

mean, median, and mode. For example: 

Class A: 72 73 76 76 78 

Class B: 67 76 76 78 80 

Therefore class A and class B has same mean, mode, and median. 
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The way that statisticians distinguish such cases as this is known as measuring the 

variability of the sample. As with measures of central tendency, there are a 

number of ways of measuring the variability of a sample. 

Probably the simplest method is to find the range of the sample, that is, the 

difference between the largest and smallest observation. The range of 

measurements in Class 1 is 0, and the range in class 2 is 40%. Simply knowing 

that fact gives a much better understanding of the data obtained from the two 

classes. In class 1, the mean was 80%, and the range was 0, but in class 2, the 

mean was 80%, and the range was 40%. 

Statisticians use summary measures to describe patterns of data. Measures of 

central tendency refer to the summary measures used to describe the most 

"typical" value in a set of values. 

Here, we are interested in the typical, most representative score. There are three 

most common measures of central tendency are mean, mode, and median. A 

teacher should be familiar with these common measures of central tendencies.  

 

Mean 

The mean is simply the arithmetic average.  It is sum of the scores divided by the 

number of scores. it is computed by adding all of the scores and dividing by the 

number of scores. When statisticians talk about the mean of a population, they use 

the Greek letter μ to refer to the mean score. When they talk about the mean of 

a sample, statisticians use the symbol to refer to the mean score. 

It is symbolized as: X = 
N

X
 

 (read as "X-Bar") when computed on a sample. 

 

Computation - Example: find the mean of 2,3,5, and 10. 

X = 
N

X
= 

4

10532 
= 

4

20
= 5 

Since means are typically reported with one more digit of accuracy that is present 

in the data, I reported the mean as 5.0 rather than just 5. 

Example 1 

The marks of seven students in a mathematics test with a maximum possible mark 

of 20 are given below: 

     15     13     18     16     14     17     12 

Find the mean of this set of data values. 
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Solution: 

 
So, the mean mark is 15. 

 

Symbolically, we can set out the solution as follows: 

 
So, the mean mark is 15. 

When working with grouped frequency distributions, we can use an 

approximation: 

For example: 

 

:  

 

 

 
 

 

 
When computed on the raw data, we 

get:    

Interval 
Mid 

point 
f Mid*f 

95-99 97   1  97 

90-94 92 3 276 

85-89 87 5 435 

80-84 82 6 492 

75-79 77 4 308 

70-74 72 3 216 

65-69 67 1 67 

60-64 62 2 124 

    
    f=25=N Mid*f=2015 

http://www.uwsp.edu/psych/stat/3/frqdist.htm#II
http://www.uwsp.edu/psych/stat/3/frqdist.htm#II
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Thus the formula for computing the mean with grouped data gives us a good 

approximation of the actual mean. In fact, when we report the mean with one 

decimal more accuracy than what is in the data, the two techniques give the same 

result. 

Median or Md 

 

The score that cuts the distribution into two equal halves (or the middle score in 

the distribution). 
The median of a set of data values is the middle value of the data set when it has 

been arranged in ascending order.  That is, from the smallest value to the highest 

value. 

 

Example  

The marks of nine students in a geography test that had a maximum possible mark 

of 50 are given below: 

     

47     35     37     32     38     39     36     34     35 

Find the median of this set of data values. 

Solution: 

Arrange the data values in order from the lowest value to the highest value: 

     32     34     35     35     36     37     38     39     47 

The fifth data value, 36, is the middle value in this arrangement. 

 
In general: 

 
If the number of values in the data set is even, then the median is the average of 

the two middle values. 

 

 

Fortunately, there is a formula to take care of the more complicated 

situations, including computing the median for grouped frequency 

distributions. 

 
Where: 

L = Lower exact limit of the interval containing Md. 

nb = number of scores below L. 
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nw = number of scores within the interval containing Md. 

i = the width of the interval (for ungrouped data i=1). 

N = the Number of scores. 

 

Using our last example: 

 

 
 

Mode 

 

Mode is the most frequently occurring score. Note: 

o There can be more than one. Can have bi- or tri-modal 

distributions and then speak of major and minor modes. 

o It is symbolized as Mo. 

Example: Find the mode of 2,2,6,0,9 6,8 5,4,5,4,6,4,7,4 

Solution: 4 is most frequent occurring score therefore mode is 4. 

 

7.2.4 Measures of Variability 
Variability refers to the extent to which the scores in a distribution differ from 

each other. An equivalent definition (that is easier to work with mathematically) 

says that variability refers to the extent to which the scores in a distribution differ 

from their mean. If a distribution is lacking in variability, we may say that it is 

homogenous (note the opposite would be heterogeneous). 

We will discuss four measures of variability for now: the range, mean or average 

deviation, variance and standard deviation. 

 

Range 

Probably range is the simplest method to find variability of the sample, that is, the 

difference between the largest/maximum/highest and smallest/minimum/lowest 

observation.  

Range = Highest value - Lowest value 

R = XH - XL 
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Example: 

The range of the saleem’s four tests scores (3, 5, 5, 7) is:  

XH = 7 and XL = 3 
Therefore  R = XH - XL= 7- 3= 4 

Example 

Consider the previous example in which results of the two different classes are: 

Class 1: 80%, 80%, 80%, 80%, 80%  

Class 2: 60%, 70%, 80%, 90%, 100%  

The range of measurements in Class 1 is 0, and the range in class 2 is 40%. 

Simply knowing that fact gives a much better understanding of the data obtained 

from the two classes. In class 1, the mean was 80%, and the range was 0, but in 

class 2, the mean was 80%, and the range was 40%. The relationship between 

rang and variability can be graphically show as: 

 
 

Distribution A has a larger range (and more variability) than 

Distribution B. 

Because only the two extreme scores are used in computing the range, 

however, it is a crude measure. For example: 
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The range of Distribution A and B is the same, although 

Distribution A has more variability. 

Coefficient of Range 
 

            It is relative measure of dispersion and is based on the value of range. It is 

also called range coefficient of dispersion. It is defined as: 

            Coefficient of Range = XH - XL/ XH + XL 

 Let us take two sets of observations. Set A contains marks of five students in 

Mathematics out of 25 marks and group B contains marks of the same student in 

English out of 100 marks. 

Set A:   10, 15, 18, 20, 20  

Set B:   30, 35, 40, 45, 50 

The values of range and coefficient of range are calculated as: 

  Range Coefficient of Range 

Set A: (Mathematics) 
 

 

Set B: (English) 
 

 

            In set A the range is 10 and in set B the range is 20. Apparently it seems as 

if there is greater dispersion in set B. But this is not true. The range of 20 in set B 

is for large observations and the range of 10 in set A is for small observations. 

Thus 20 and 10 cannot be compared directly. Their base is not the same. Marks in 

Mathematics are out of 25 and marks of English are out of 100. Thus, it makes no 

sense to compare 10 with 20. When we convert these two values into coefficient 

of range, we see that coefficient of range for set A is greater than that of set B. 

Thus there is greater dispersion or variation in set A. The marks of students in 

English are more stable than their marks in Mathematics. 

Mean Deviation 
 

If a deviation (MD) is the difference of a score from its mean and variability is the 

extent to which the scores differ from their mean, then summing all the deviations 

and dividing by the number of them should give us a measure of variability. The 

problem though is that the deviations sum to zero. However, computing the 

absolute value of the deviations before summing them eliminates this problem. 

Thus, the formula for the MD is given by: 
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Thus for sample data in which the suitable average is the , the mean 

deviation ( ) is given by the relation: 

                                                                                             

For frequency distribution, the mean deviation is given by 

                                                                                      

Example: 
            Calculate the mean deviation form arithmetic mean in respect of the marks 

obtained by nine students gives below and show that the mean deviation from 

median is minimum. 

            Marks (out of 25): 7, 4, 10, 9, 15, 12, 7, 9, 7 

Solution: 
            After arranging the observations in ascending order, we get 

            Marks: 4, 7, 7, 7, 9, 9, 10, 12, 15 

             

             

Marks  
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Variance 

Variance is another absolute measure of dispersion. It is defined as the average of 

the squared difference between each of the observations in a set of data and 

the mean.  For a sample data the variance is denoted by and the population 

variance is denoted by (sigma square). 

That is: 

 
Example: 
            Calculate the variance for the following sample data: 2, 4, 8, 6, 10, and 12. 

Solution: 

 
 

  

Total 
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Standard Deviation 

The standard deviation is defined as the positive square root of the mean of the 

square deviations taken from arithmetic mean of the data. A simple solution 

to the problem of the MS representing a space is to compute its square root. That 

is: 

 
Since the standard deviation can be very small, it is usually 

reported with 2-3 more decimals of accuracy than what is available 

in the original data. 

The standard deviation is in the same units as the units of the original 

observations. If the original observations are in grams, the value of the standard 

deviation will also be in grams. 

            The standard deviation plays a dominating role for the study of variation 

in the data. It is a very widely used measure of dispersion. It stands like a tower 

among measure of dispersion. As far as the important statistical tools are 

concerned, the first important tool is the mean and the second important tool is 

the standard deviation S. It is based on all the observations and is subject to 

mathematical treatment. It is of great importance for the analysis of data and for 

the various statistical inferences. 

Properties of the Variance & Standard Deviation: 

1. Are always positive (or zero). 

2. Equal zero when all scores are identical (i.e., there is no 

variability). 

3. Like the mean, they are sensitive to all scores. 

 

 

http://www.uwsp.edu/psych/stat/5/CT-Var.htm#sens
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Example: in previous example  

 

 

Therefore          SD= S
 
= 

2S  = 67.11 = 3.41 

Self Assessment Exercise. 2 

Fill in the blanks with appropriate answers 

i. How often something ........................ is called frequency. 

ii. Frequency distribution tables can be used for both ........................ and 

numeric variables. 

iii. Visual display of ........................ is called graph. 

iv. Most ........................ value of data is called mode. 

v. Variance and  ........................ are  always positive. 
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7.3 TEACHING OF FINANCIAL ARITHMETIC 

7.3.1   Introduction to Financial Arithmetic 

Financial Arithmetic involves  calculation of: 

i.  Profit 

ii. Loss 

iii. Interest 

iv. Interchange of currencies in Pakistani Rupees and vice versa 

Calculation of profit, loss and interest has been discussed in detail in General 

Mathematics. We will solve few examples to recall.   

A plasma TV with a cash price of $7250 can be bought under a hire-purchase 

scheme for 30% deposit and thirty-six monthly installments of $185 each. 

Calculate:  

 

a) The total amount paid under the scheme  

b) the total amount of interest paid  

c) the flat rate of interest that is the simple interest charged per year.  

d) If the TV depreciates at 6% per annum by straight-line deprecation, calculate 

the book value of the cash price after 36 months. 

a) The total amount paid under the scheme  

= deposit + installments  

= 7250 × 0.3 + 185 × 36  

= 2175 + 6660  

= 8835  

 

b) the total amount of interest paid  

= 8835 – 7250  

= 1585  

c) the flat rate of interest, that is the simple interest charged per year.  

1585 = 7250 × 3 × R/100  

1585 = 217.5 R  

R = 7.29 %  

 

d) If the TV depreciates at 6% per Annam by straight-line deprecation, calculate 

the book value of the cash price after 36 months  

I = 7250 × 3 × 7.29/100  

= 1585.57  

A = P – I  

= 5664.40  

Now we will discuss the conversion of currencies in detail: 

For conversion of currencies first of all we should know the rates of currencies in 

rupees. 
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List of Countries Value of  a unit in Pakistani Rupees 

US Dollar 101.804881 

Euro 113.381626 

British Pound 158.356643 

Indian Rupee 1.598305 

Australian Dollar 80.422682 

Canadian Dollar 83.571690 

Singapore Dollar 76.185744 

Swiss Franc 108.917286 

Malaysian Ringgit 28.273358 

Japanese Yen 0.841500 

 

Value of  some currencies has been given in Pakistani Rupees.  

Let P stands for Pakistani Rupee and F stands for any foreign currency then : 

a. For conversion from Pakistani Rupee to foreign currency 

F/R (foreign currency divided by Pakistani Rupee) 

 

Example: 

Convert 50000 Pakistani rupees into Us dollars. 

Solution: 

50000/ 101.804881 

= 491.159 $ 

b. For conversion from foreign currency to Pakistani Rupee 

R*F  (foreign currency multiplied by Pakistani Rupee) 

 

Example: 
Convert 145 Us dollars in Pakistani rupees. 

Solution: 

145*101.804881 

=14761 rupees 

Note: The above currency rates may vary from time to time so always use current 

rates. 

 

7.3.2 Types of Bank Accounts 

Definition of Banking: 

 Banking means the accepting, for the purpose of lending or investment of 

deposits of money from the public, repayable on demand or other vise and with 

draw able by cheque, draft order.  

 “Bank is an institution which receives deposits and advances loans.” 

 

http://www.x-rates.com/graph/?from=USD&to=PKR
http://www.x-rates.com/graph/?from=EUR&to=PKR
http://www.x-rates.com/graph/?from=GBP&to=PKR
http://www.x-rates.com/graph/?from=INR&to=PKR
http://www.x-rates.com/graph/?from=AUD&to=PKR
http://www.x-rates.com/graph/?from=CAD&to=PKR
http://www.x-rates.com/graph/?from=SGD&to=PKR
http://www.x-rates.com/graph/?from=CHF&to=PKR
http://www.x-rates.com/graph/?from=MYR&to=PKR
http://www.x-rates.com/graph/?from=JPY&to=PKR
http://www.x-rates.com/graph/?from=USD&to=PKR
http://www.x-rates.com/graph/?from=USD&to=PKR
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Commercial Bank: 

 There are the institutions which perform banking functions. They are 

profit seeking institutions. They receive deposits advance loans and create credit. 

 

Types of Commercial Bank  

1. Habib Bank Limited  

2. Allied Bank 

3. National Bank of Pakistan 

4. United Bank Limited 

5. Askari Commercial Bank 

6. Standard Chartered Bank 

7. Islamic Bank Ltd 

 

1. Fixed Deposit Account: 

       This is the most important account which can be opened with bank. In this 

account the money is deposited for the fixed period of time by the customer and 

the bank safely advance it in the loan and earn profit. At the time of opening the 

account the slip is given to customer and money is re paid on the presentation of 

the same slip on the expiry of the period. The rate of interest is varies with the 

time for which the money is deposited longer is the period higher the interest and 

vice versa. If the customer wants to withdraw money before the fixed period, he 

will have to surrender the interest for the expired period or he can get loan against 

deposit from the bank. This account is suitable for that person who can save 

money for some time and want a higher rate of interest. 

 

2. Current Account: 

       This type of account was introduced by the Goldsmiths of England. Due to 

advantages of this account almost all banks open this account as the part of their 

functions. This account is suitable for businessmen who are very often in need of 

money for making payments. In this account the customer is authorized to deposit 

or withdraw money any time in or from the bank. The bank does not pay any 

interest, rather it charge from the depositors its services which are 

called "Incidental Charges" . The cheque book is issued to the customer and can 

be withdraw money any time. 

      According to the dictionary of Economic and Commerce current account is.. 

"The type of bank account required if a customer wishes to make payment by 

means of cheques" 

 

3. Saving Bank Account: 

                 This type of account is also very common in Pakistan. It was 

introduced by the banks for those who have low incomes and small savings. This 
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account enables small savers to save and earn income on it. This account is also 

opened with the Post Office in Pakistan. 

Main features of Saving Account are: 

* The customer is entitled to withdraw the money twice a week, and if the amount 

exceed Rs: 6000/- then the notice in writing given to Bank. 

* The facility of collection of cheques, bill and warrants is provided to the 

account holder. 

* Saving account holder is allowed to withdraw not more than a fixed amount in a 

month through limited withdrawals from this account. 

4. Profit & Loss Sharing Account (PLS) : 

                    A step toward Islamization of the economy a programmed was 

launched and interest free deposits were introduced which proved to be the great 

change in the history of Pakistani Banking. Separate counter started operating in 

all nationalized banks from 1st January 1981. The deposit accepted in these 

accounts is invested in different productive channels remuneration to depositors is 

made on the basis of profit and loss as the case may be. No concept of interest is 

involved. Considerable interest is shown by the people in these accounts and so 

far a large sum has been deposited in these accounts. 

Rules of PLS Account: 

* The PLS saving account can be opened with a sum of Rs: 100/- 

* The bank has full right to make of deposits in the PLS saving account. 

* Withdrawal of amount can only be made through cheque. 

* Withdrawal of amount from PLS account are allowed 8 times in a month and 

total amount should not exceeding Rs: 15000/- for withdrawals of large amount 7 

days notice is required. 

* Statement of PLS saving account will be supplied to the account holder at 

periodical interval.  

5. Home Saving Account: 

                It was introduced in India. The interest rate is as same as saving 

account. In this type of account, the bank supplies saving box to the depositors, to 

enable him to drop his small saving into it from time to time. The box is taken to 

the bank periodically where the amount is taken out from the box and credited to 

the customer's account. This account was basically introduced to inculcate the 

habit of saving in children in India and in some part of Pakistan. 

Activity 2:  Visit of a Bank 

Arrange a visit for students to the nearest bank to show procedural steps involved 

in using following.  

 ATM 
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 Cheque Clearance 

 
 Debit Card 
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 Credit Card 

 
 

 Money Deposit 

 
 Opining a bank account 

Teacher also tell practically Use of debit of credit card at ATM 

 

Example: 

Maryam has Rs. 1000. It is equivalent to how many $ if one dollar equals Rs. 

90, 

 

Total Pak Rs. =  1000 

Exchange Rate for $ = Rs. 90 

$= Rs./ rate of exchange currency = 1000/90 =  $ 11.11 

 

 

Example: 

If Exchange rate for Saudi Ryal is Rs. 23 and Aamir has 5000 Saudi Ryal, 

How many Rs. Aamir has? 
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Total Saudi Ryal = 5000 

Exchange Rate for Ryal  = Rs. 23 

Rs.= Rs. X Exchange rate for Saudi Ryal   

Rs. =5000 X 23 =  Rs. 115000 

 

Example: A company named “Student Company” borrowed Rs. 75,000 for 7 

years at the rate of  5% per year from a local bank. Please calculate total 

amount that “Student Company “will pay to the bank. 

Solution 

P = Principal Amount 

r = Rate 

t = Duration  

A = Amount ? 

Bank Profit = P x r x t/100 

 = 75000 x 5 x 7/100  

 = 26250 

Amount= Borrowed Amount + Bank Profit 

Amount = 75,000 + 26250   

Amount = Rs. 101250 

 

Example   Head Master of the school has account balance of Rs. 500,000 at Bank 

of Punjab. If a local Bank provides facility of 130% of overdraft then maximum 

how much amount Head Masters can draw from Bank of Punjab. 

Solution 

Let’s say:- 

Total Account Balance =Rs. 500,000 

Overdraft % =30% 

= Overdraft %/100 Total Account Balance 

Amount = ? 

Overdraft = ------------------? 

Amount =500,000 + 6,50,000 

=11,50,000 

 

Activity 

 

 A school teacher borrowed Rs. 25,000 for 3 year at the rate of 7.5%. Find 

the amount the school teacher will return to the bank. 

 

- Define Insurance 

- Solve real life problems regarding life and vehicle insurance  
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7.3.3 Types of Finance 

1. Demand Finance 

2. Running Finance 

3. Leasing 

4. Over Draft 

Demand Finance 

 The loan granted by a bank for an agreed period of time is called demand 

financing. 

Running Finance 

 In running finance large amounts can be granted if the clients give reliable 

securities. The bank assesses the value of the securities and grants the amount 

accordingly in the customer’s account. The client can withdraw the whole amount 

or past it. 

Leasing 

 Leasing is a process by which Firm can obtain the use of a certain fixed 

assets for which it must pay a series fixed assets for which it must pay a series of 

contractual, period, tax deductible payments. 

Over Draft 

Over draft is one of the facility provided by the banks to their clients. With this 

facility clients can withdraw a limited amount in excess of their actual balance. 

For example if you have a balance of Rs 10,000 in your account and you have 

been granted on overdraft facility of Rs 20,000 then you have been granted an 

overdraft facility of Rs 20,000 then you can encash  cheques up to 30,000 against 

different rates of interest. 

 

7.3.4 Insurance and Its Types 

 Insurance is defined as the equitable transfer of the list of a loss, from 

entity to another, in exchange for payment. 

To understand the insurance it is necessary to understand the premium also. 

Premium 

 Premium is the product of the predetermined rate and the number of units 

of exposure bought by the insured. 

It is calculated by multiplying the rate by the number of exposure units bought. 

 

Formula to calculate premium 

1
st
 premium = rate of premium/100X Value of car 

2
nd

 premium = rate of premium/100X Depreciated value after 1
st
 premium 

 

Types of Insurance 

1. Life insurance 

2. Health care insurance 
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3. Home insurance 

4. Travel insurance 

5. Vehicle insurance 

 

Example: Teacher will explain the insurance through examples from daily life 

e.g. 

Shazia got insurance for her son for Rs. 200,000. Calculate premium [Installment] 

at the rate of 6%. ? 

Solution 

 Total amount of insurance = Rs.  200,000 

 Rate of Premium  = 6% 

 Amount of premium [installment] = premium rate/100 * Total amount 

of insurance 

     = 6/100 X 200000 = 12,000 

 

Example: Teacher can give the student solve the problem of insurance e.g. 

Zahid has got insurance for his car amounting Rs. 100,000 at the rate of 4 

% for 4 years. Calculate total premium [Installment] amount. 

Solution: 

 Rate of car = 100000 

Rate of premium = 4% 

Duration = 4 years 

1
st
 premium = 4/100 * 100000 = 4000 

 

Amount of Depreciation at the rate of 10 % = 10/100 X 100000 = 10000 

Rate of Car now = 100,000-10,000= 90,000 

 2
nd

 premium = 4/100 X 90,000 = 3600 

Amount of Depreciation at the rate of 10 % = 10/100 X 90,000 = 

9000 

Rate of Car now = 90,000-9,000= 81000 

3
rd

 premium = 4/100 X 81,000 = 3240 

Total premium = 4000 + 3600 + 3240 = 10840 

Activity  

 

 Insurance Company insured a School Bus of a Govt. High School at the 

rate of 4%. If school paid the 1
st
 premium of Rs. 50,000 then what will be the 

actual price of School Bus? 

 

Example 

Find the rate of profit percentage if Mr. Raheel received Profit of Rs 25000 for 2 

years by depositing Rs. 350000. 
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Formula 

Rate of profit   = r 

Principal amount  = P 

Time   = t 

 r = Profit x 100 

 

        P x t 

    = 25000 x 100/ 350000 x 2 

    = 2500000/700000 

    = 3.5 % 

 

 

Example  Find total amount paid by Namra if she borrowed Rs. 75000 for 7 

years at the rate of 9 % per year. 

 

Formula 

P = Borrowed Amount 

r = Rate 

t = Duration [year] 

Profit = P x r x t/100  

A [Amount] = Principal Amount + Profit 

 

Solution 

= 75000 x9 x 7/100  

= 47250 

Amount= 750000+47250 

Amount = 122250 

Questions: 

1. What will be the profit on Rs. 50000 for 2 years at 7.5 % per year 

2. Explain Profit / Markup through example. 
 

Self Assessment Exercise. 3 

Choose the right answer: 

i. The loan granted by a bank for an ........................ period of time is called 

demand financing. 

ii. Home Saving ........................ was introduced by India. 

iii. Profit & Loss Sharing Account (PLS) is a step toward........................ of   

banking. 

iv. Current account was introduced by the ........................  of England. 

v. 1000$=      ........................  rupees. 

vi. We can ..................... money from a bank at night by using ATM 

vii. Bank is an institution which receives ........................  and advances loans 
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ANSWERS 
Self Assessment Exercise. 1 

i. ∈ 

ii. A & B 

iii. Common elements of A & B 

iv. Both  { } or Ø.  

v. Set of vowels  

vi. A={ x : x is an integer, 2 < x < 21}  

Self Assessment Exercise. 2 

i. occurs 

ii. Categorical 

iii. data 

iv.  frequent 

v. standard Deviation 

Self Assessment Exercise. 3 

i. Agreed 

ii. account 

iii. Islamization 

iv. Gold Smith 

v. 101804.889 

vi. Draw 

vii. Deposits 
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INTRODUCTION OF UNIT 
 

Assessment can play a powerful role in conveying, clearly and directly, the 

outcomes toward which reform in mathematics is aimed. As assessment changes 

along with instruction, it can help teachers and students keep track of their 

progress toward higher standards. Many reformers see assessment as much more 

than a signpost, viewing it as a lever for propelling reform forward.1 It is essential 

that mathematics assessment change in ways that will both support and be 

consistent with other changes under way in mathematics education. Raw scores 

are considering as points scored in test when the test is scored according to the set 

procedure or rubric of marking. These points are not meaningful without 

interpretation or further information. Criterion referenced interpretation of test 

scores describes students’ scores with respect to certain criteria while norm 

referenced interpretation of test scores describes students’ score relative to the test 

takers. Test results are generally reported to parents as a feedback of their young 

one’s learning achievements. Parents have different academic backgrounds so 

results should be presented them in understandable and usable way. Among 

various objectives three of the fundamental purposes for testing are (1) to portray 

each student's developmental level within a test area, (2) to identify a student's 

gray areas of relative strength and weakness in subject areas, and (3) to monitor 

time-to-time learning of the basic skills. To achieve any one of these purposes, it 

is important to select the type of score from among those reported that will permit 

the proper interpretation. Scores such as percentile ranks, grade equivalents, and 

percentage scores differ from one another in the purposes they can serve, the 

precision with which they describe achievement, and the kind of information they 

provide. A closer look at various types of scores will help differentiate the 

functions they can serve and the interpretations or sense they can convey.  
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OBJECTIVES OF THE UNIT 

 
After completing this unit the students will be able to: 

1. Understand the scope of Assessment in Mathematics 

2. Prepare of Different Type of Assessments in Mathematics 

3. Understand what the test score 

4. Understand the measurement scales used for test scores 

5. Ways of interpreting test score 

6. Clarifying the accuracy of the test scores 

7. Explain the meaning of test scores 

8. Interpret test scores 

9. Usability of test scores 

10. Learn basic and significant concepts of statistics  

11. Understand and usage of central tendency in educational measurements 

12. Understand and usage of measure of variation in educational 

measurements 

13. Planning and administration of test 
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8.1 Scope of Assessment in Mathematics 
 

The aim of mathematics education in school going students is the 

mathematisation of the child’s thinking. Central enterprise of mathematical 

education is clarity of thought and pursuing assumptions to logical conclusions. 

This speculation of thinking and the ways of thinking in mathematics leads an 

ability to handle abstractions, and an approach to problem solving. 

Mathematics is a compulsory subject of study at all school levels in Pakistan. It 

access to quality mathematics education is every child’s right. Government is 

emphasizing on mathematics education that is affordable to every child, and at the 

same time, enjoyable. For children of elementary Classes, mathematics education 

helps them in preparation for the challenges they have to face further in life. 

Therefore school mathematics takes place in a situation where: 

 

(1) Children learn “what is mathematics?” 

(2) Children learn to enjoy mathematics, 

(3) Children learn important mathematics, 

(4) Children learn to use mathematics in their daily life 

(5) Children pose and solve meaningful problems 

(6) Mathematics is a part of children’s life experience which they talk about, 

(7) Children use abstractions to perceive relationships and structure, 

(8) Children understand the basic structure of mathematics and 

(9) Teachers expect to engage every child in class. 

 

On the other hand, mathematics education in our schools is mostly plagued with 

problems. For example: 

(a) A sense of fear or failure about mathematics among a majority of students, 

(b) Mathematics curriculum disappointment in all students including a talented 

minority as well at the same time, 

(c) Unsophisticated methods of assessment that do not gauge students according 

to their abilities  

(d) Lack of teacher preparation and support in the teaching of mathematics.  

(e) Social discrimination reflected in mathematics education as well, leading to a 

stereotype that boys are better at mathematics than girls. 

 

The analyses of these problems lead us to recommend: 

 

(a) Shifting the focus of mathematics education from ‘knowing’ to ‘doing’  

(b) Engaging every student by offering conceptual challenges to the emerging 

mathematician, 
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(c) Changing modes of assessment to examine students’ mathematization 

proficiencies, skills, and abilities rather than procedural knowledge, and 

(d) Enriching teachers with a variety of mathematical resources and continuously 

professional development. 

 

A crucial implication of such a shift lies in offering a multiplicity of approaches, 

procedures, and solutions. Such learning environments invite participation, 

engage children, and offer a sense of success. In terms of assessment, we 

recommend that examinations be restructured and contiguous assessment must 

incorporate and make it more challenging, evaluating conceptual understanding 

and competence, so that sense of fear or failure reduces.  

We conclude that a great restructuring of our present mathematics teacher 

education needs to be done towards preparing teachers for mathematics.  

 

As the Pakistan moves determinedly towards standards-based education, we must 

learn a new how to measure quality — of students' learning, of teachers' 

performance, of school and district accomplishment. Assessment demonstrates the 

real meaning of "standards." We can see in the tasks children are expected to 

perform just what they must learn to meet our national goals. 

It is all too clear that current tests used for assessment of educational performance 

fail to measure adequately progress toward national standards. This is especially 

true in mathematics, where curriculum and teaching standards recommended by 

the National Council of Teachers of Mathematics have earned nationwide 

consensus. Yet commonly used tests continue to stress routine, repetitive, rote 

tasks instead of offering children opportunities to demonstrate the full range of 

their mathematical power, including such important facets as communication, 

problem solving, inventiveness, persistence, and curiosity. 

 

Assessment is the means by which we determine what students know and can do. 

It tells teachers, students, parents, and policymakers something about what 

students have learned: the mathematical terms they recognize and can use, the 

procedures they can carry out, the kind of mathematical thinking they do, the 

concepts they understand, and the problems they can formulate and solve. It 

provides information that can be used to award grades, to evaluate a curriculum, 

or to decide whether to review fractions. Assessment can help convince the public 

and educators that change is needed in the short run and that the efforts to change 

mathematics education are worthwhile in the long run. Conversely, it can thwart 

attempts at change. Assessment that is out of synchronization with curriculum and 

instruction gives the wrong signals to all those concerned with education. 
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Mathematics assessments are roughly divided into internal and external types of 

assessment. Internal assessments—formative assessments, at school or classroom 

level, provide information about student performance to teachers for making 

instructional decisions. These assessments may be for all purposes, high or low 

stakes, but they put forth their major influence on students’ learning. External 

assessments—summative assessments provide information about mathematics 

programs to local, district, provincial, and national policymakers, education 

authorities, and the public. That information can be used for accountability and 

monitoring of concerned personnel, and advance mathematics education. These 

internal and external assessments can play a powerful role in mathematics 

reforms. These assessment cycles can help teachers and students keep track of 

their progress toward higher standards and benchmarks. Mathematics assessments 

change students’ learning in such ways that students’ abilities be consistent with 

other changes under way in mathematics education. Since last century, 

standardized achievement tests have been used in all over the world not only to 

determine what students have learned but also to induce better teaching. These 

standardized tests primarily maintain standards by showing teachers what their 

students needed to know. Emphasis has been placed upon assessments as means 

for improving instruction, and indispensable for the constructive educational 

guidance of pupils. 

 

 

8.2 Preparation of Different Type of Assessments in     

      Mathematics 
 

Measuring What Counts lists “three fundamental educational principles which 

form the foundation of all assessment that supports effective education”: 

 

The Content Principle — Assessment should reflect the mathematics that is 

most important for students to learn. 

 

The Learning Principle — Assessment should enhance mathematics learning 

and support good instructional practice. 

 

The Equity Principle — Assessment should support every student’s opportunity 

to learn important mathematics. 

 

The Content Principle, the Learning Principle, and the Equity Principle should 

incorporate in such a way that: 
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Assessment should reflect the mathematics that all students need to know 

and be able to do. 

Curriculum provides a vision of the mathematics that all students should know 

and be able to do. Assessment should match this vision. 

 

Assessment should enhance mathematics learning. 

Assessments should be learning opportunities as well as opportunities for students 

to demonstrate what they know and can do. Although assessment is done for a 

variety of reasons, its main goal is to improve students’ learning and inform 

teachers as they make instructional decisions. As such, it should be a routine part 

of ongoing classroom activity rather than an interruption. 

 

Assessment should promote equity. 

Assessment should be a means of fostering growth toward high expectations 

rather than a filter used to deny students the opportunity to learn important 

mathematics. In an equitable assessment, each student has an opportunity to 

demonstrate her or his mathematical power; this can only be accomplished by 

providing multiple approaches to assessment, adaptations for bilingual and special 

education students, and other adaptations for students with special needs. 

Assessment is equitable when students have access to the same accommodations 

and modifications that they receive in instruction. 

 

Assessment should be an open process. 

Three aspects of assessment are involved here. First, information about the 

assessment process should be available to those affected by it, the students. 

Second, teachers should be active participants in all phases of the assessment 

process. Finally, the assessment process should be open to scrutiny and 

modification. 

 

Assessment should promote valid inferences about mathematics learning. 

A valid inference is based on evidence that is adequate and relevant. The amount 

and type of evidence that is needed depends upon the consequences of the 

inference. For example, a teacher may judge students’ progress in understanding 

place value through informal interviews and use this information to plan future 

classroom activities. However, a large-scale, high-stakes assessment requires 

much more evidence and a more formal analysis of that evidence. 

 

Assessment should be a coherent process. 

Three types of coherence are involved in assessment. First, the phases of 

assessment must fit together. Second, the assessment must match the purpose for 
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which it is being conducted. Finally, the assessment must be aligned with the 

curriculum and with instruction. 
 

Classroom assessments generally fall into one of the following categories, based 

on what students do in the assessment and what data is generated by the 

assessment. An extended assessment, such as a test or a project, may include a 

few different types.  

 
Adapted from NCTM (2000) with additional information from Marzano & Kendall (1996). 
 

 One question frequently asked is how many questions are needed to adequately 

sample the content representing an objective or topic. Increasing the number of 

questions increases the probability that we will have a good estimate of what the 
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child knows and can do. 

  

        The number of questions and the type(s) of questions used both affect the 

amount of time needed for completion of the test. Nitko (2001, p. 117), provides 

some estimates of time to complete various types of questions for junior and 

senior high school students. Oosterhof (2001, p. 161), gives similar estimates but 

indicates that elementary students and poor readers might need more time. 

  

  True-False questions 
15-30 seconds 

per question 

  Multiple choice (recall questions that are brief) 30-60 seconds 

  More complex multiple choice questions 60-90 seconds 

  Multiple choice problems with calculations 2-5 minutes 

  Short answer (one word) 30-60 seconds 

  Short answer (longer than one word) 1-4 minutes 

  Matching (5 premises, 6 responses) 2-4 minutes 

  Short essays 15-20 minutes 

  Data analyses/graphing 15-25 minutes 

  Drawing models/labeling 20-30 minutes 

  Extended essays 35-50 minutes 
 

 

Example of Open ended Question 

The 1
st
 and the 2

nd
 test last the same amount of time. The 1

st
 test begins at 3:15 

P.M. and ends at 4:27 P.M. The 2
nd

 test begins at 7:30 P.M. At what time does the 

2
nd

 test end?  
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Example of Multiple Choice 

Question 

 
How are the right triangle and the 

rectangle alike?  

A. Each figure has at least one right 

angle.  

B. Each figure has parallel sides.  

C. Each figure has at least one line of 

symmetry.  

D. Each figure has at least two sides 

that are the same length 

 

8.3 Introduction of Measurement Scales and Interpretation of 

Test Scores 
Nominal, ordinal, interval and ratio are four basic scales for data collection. Ratio 

is more sophisticated than interval, interval is more sophisticated than ordinal, and 

ordinal is more sophisticated than nominal. A variable measured on a "nominal" 

scale is a variable that does not really have any evaluative distinction. One value 

is really not any greater than another. A good example of a nominal variable is 

gender. With nominal variables, there is a qualitative difference between values, 

not a quantitative one. Something measured on an "ordinal" scale does have an 

evaluative connotation. One value is greater or larger or better than the other. 

With ordinal scales, we only know that one value is better than other or 10 is 

better than 9. A variable measured on interval or ration scale has maximum 

evaluative distinction. After the collection of data, there are three basic ways to 

compare and interpret results obtained by responses. Students’ performance can 

be compare and interpreted with an absolute standard, with a criterion-referenced 

standard, or with a norm-referenced standard.  
All three types of scores interpretation are useful, depending on the purpose for 

which comparisons made. An absolute score merely describes a measure of 

performance or achievement without comparing it with any set or specified 

standard. Scores are not particularly useful without any kind of comparison. 

Criterion-referenced scores compare test performance with a specific standard; 

such a comparison enables the test interpreter to decide whether the scores are 

satisfactory according to established standards. Norm-referenced tests compare 

test performance with that of others who were measured by the same procedure. 

Teachers are usually more interested in knowing how children compare with a 

useful standard than how they compare with other children; but norm-referenced 

comparisons may also provide useful insights. 
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8.4 Interpreting Test Scores by Percentiles 
The students’ scores in terms of criterion-referenced scores are most easy to 

understand and interpret because they are straightforward and usually represented 

in percentages or raw scores while norm-referenced scores are often converted to 

derived standard scores or converted in to percentiles. Derived standard scores are 

usually based on the normal curve having an arbitrary mean to compare 

respondents who took the same test. The conversion of students’ score into 

student's percentile score on a test indicates what percentage of other students are 

fell below that student's score who took the same test. Percentiles are most often 

used for determining the relative standing position of any student in a 

population.  Percentile ranks are an easy way to convey a student's standing at test 

relative to other same test takers. 

 
For example, a score at the 60th percentile means that the individual's score is the 

same as or higher than the scores of 60% of those who took the test. The 50th 

percentile is known as the median and represents the middle score of the 

distribution. Percentiles have the disadvantage that they are not equal units of 

measurement. For instance, a difference of 5 percentile points between two 

individual’s scores will have a different meaning depending on its position on the 

percentile scale, as the scale tends to exaggerate differences near the mean and 

collapse differences at the extremes. Percentiles cannot be averaged nor treated in 

any other way mathematically. However, they do have the advantage of being 

easily understood and can be very useful when giving feedback to candidates or 

reporting results to managers. Percentile score is easily understood when tend to 

bunch up around the average of the group i.e. when most of the student are same 

ability and have score with very small rang. 

 

Example No.1 

If Aslam stand 25th out of a class of 150 students, then 125 students were ranked 

below Aslam.   

Formula: 

To find the percentile rank of a score, x, out of a set of n scores, 

where x is included:  
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Where B = number of scores below x 

           E = number of scores equal to x 

           n = number of scores   

using this formula Aslam's percentile rank would be:   

 
 

Formula: 

To find the percentile rank of a score, x, out of a set of n scores, 

where x is not included: 

 
using this formula Aslam's percentile rank would be:   

 
 

 

Example No.2 

The science test scores are:  50, 65, 70, 72, 72, 78, 80, 82, 84, 84, 85, 86, 

88, 88, 90, 94, 96, 98, 98, 99 Find the percentile rank for a score of 84 on 

this test. 

Solution: 

First rank the scores in ascending or descending order 

50, 65, 70, 72, 72, 78, 80, 82, 84, |84, 85, 86, 88, 88, 90, 94, 96, 98, 98, 

99 

Since there are 2 values equal to 84, assign one to the group "above 84" 

and the other to the group "below 84". 

 

Solution Using Formula: 
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Solution Using Formula: 

              

    

Therefore score of 84 is at the 45th percentile for this test. 
 

 

 

Keep in Mind:  

 Percentile rank is a number between 0 and 100 indicating the percent of 

cases falling at or below that score. 

 Percentile ranks are usually written to the nearest whole percent:   64.5% = 

65% = 65
th

 percentile 

 Scores are divided into 100 equally sized groups. 

 Scores are arranged in rank order from lowest to highest. 

 There is no 0 percentile rank - the lowest score is at the first percentile. 

 There is no 100th percentile - the highest score is at the 99th percentile. 

 Percentiles have the disadvantage that they are not equal units of 

measurement. 

 Percentiles cannot be averaged nor treated in any other way 

mathematically. 

 You cannot perform the same mathematical operations on percentiles that 

you can on raw scores.  You cannot, for example, compute the mean of 

percentile scores, as the results may be misleading. 

 

8.5 Interpreting Test Scores by Percentages 

The number of questions a student gets right on a test is the student's raw score 

(assuming each question is worth one point). By itself, a raw score has little or no 

meaning. For example if teacher says that Fatima has scored 8 marks. This 

information (8 marks) regarding Fatima’s result does not convey any meaning. 

The meaning depends on how many questions are on the test and how hard or 

easy the questions are. For example, if Umair got 10 right on both a math test and 

a science test, it would not be reasonable to conclude that his level of achievement 

in the two areas is the same. This illustrates why raw scores are usually converted 

to other types of scores for interpretation purposes. The conversion of raw score 

into percentage convey students’ achievements in understand and meaningful 
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way. For example if Sadia got 8 questions right out of ten questions then we can 

say that Sadia is able to solve 

 100
10

8
 =80% questions. If each question carries equal marks then we can say 

that Sadia has scored 80% marks. If different questions carry different marks then 

first count marks obtained and total marks the test. Use the following formula to 

compute % of marks. 

100
TotalMarks

edMarksOtain
= % marks 

Example: The marks detail of Hussan’s math test is shown. Find the percentage 

marks of Hussan. 

Question Q1 Q2 Q3 Q4 Q5 Total 

Marks 10 10 5 5 20 50 

Marks 

obtained 

8 5 2 3 10 28 

 

Solution:   

Hussan’ s marks = 28 

Total marks =50 

Hussan got = 100
TotalMarks

edMarksOtain
= 100

50

28
 =56 % 

 

8.6 Interpreting Test Scores by ordering and ranking 
Organizing and reporting of students’ scores start with placing the scores in 

ascending or descending order. Teacher can find the smallest, largest, rang, and 

some other facts like variability of scores associated with scores from ranked 

scores. Teacher may use ranked scoes to see the relative position of each student 

within the class but ranked scores does not yield any significant numerical value 

for result interpretation or reporting. 

 

8.6.1 Measurement Scales 
Measurement is the assignment of numbers to objects or events in a systematic 

fashion. Measurement scales are critical because they relate to the types of 

statistics you can use to analyze your data. Following four levels of measurement 

scales are commonly distinguished so that the proper analysis can be used on the 

data.  

 

8.6.1.1 Nominal Scale.  

Nominal scales are the lowest scales of measurement. A nominal scale, as the 

name implies, is simply some placing of data into categories, without any order or 
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structure. You are only allowed to examine if a nominal scale datum is equal to 

some particular value or to count the number of occurrences of each value. 

Categorization of blood groups of classmates into A, B. AB, O etc. In 

nominal measurement the numerical values just "name" the attribute uniquely. 

Numbers are assigned to categories as "names".  Which number is assigned to 

which category is completely arbitrary. Variables assessed on a nominal scale 

are called categorical variables; Categorical data are measured on nominal scales 

which merely assign labels to distinguish categories. For example, gender is a 

nominal scale variable. Classifying people according to gender is a common 

application of a nominal scale. 

Examples 

Religious Affiliation 

1 =Catholic 2 = Protestant  3=  Jewish  4= Muslim 

 5 = Other 

Additional examples for everyday nominal scales are zip codes, area of country. 

A physical example of a nominal scale is colours. In research activities a YES/NO 

scale is nominal. It has no order and there is no distance between YES and NO. 

 

Nominal Data 

 classification or gatagorization of data, e.g. male or female  

 no ordering, e.g. it makes no sense to state that male is greater than female 

(M > F) etc 

 arbitrary labels, e.g.,   pass=1 and fail=2 etc 

 

8.6.1.2 Ordinal Scale.  

Something measured on an "ordinal" scale does have an evaluative connotation. 

You are also allowed to examine if an ordinal scale datum is less than or greater 

than another value. One value is greater or larger or better than the other. Product 

A is preferred over product B, and therefore A receives a value of 2 and B 

receives a value of 1. Another example might be rating your job satisfaction on a 

scale from 1 to 10, with 10 representing complete satisfaction. With ordinal 

scales, we only know that 2 is better than 1 or 10 is better than 9; we do not know 

by how much. It may vary. The distance between 1 and 2 maybe shorter than 

between 9 and 10. Hence, you can 'rank' ordinal data, but you cannot 'quantify' 

differences between two ordinal values. Nominal scale properties are included in 

ordinal scale.   

 

Ordinal Data 

 Ordered but differences between values are not important. Difference 

between values may or may not same or equal. 

 e.g., political parties on left to right spectrum given labels 0, 1, 2 
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 e.g., Likert scales, rank on a scale of 1..5 your degree of satisfaction 

 e.g., restaurant ratings 

 

8.6.1.3 Interval Scale 
An ordinal scale has quantifiable difference between values become interval 

scale. You are allowed to quantify the difference between two interval scale 

values but there is no natural zero. A variable measured on an interval scale gives 

information about more or bitterness as ordinal scales do, but interval variables 

have an equal distance between each value. The distance between 1 and 2 is equal 

to the distance between 9 and 10. For example, temperature scales are interval 

data with 25C warmer than 20C and a 5C difference has some physical meaning. 

Note that 0C is arbitrary, so that it does not make sense to say that 20C is twice as 

hot as 10C but there is the exact same difference between 100C and 90C as there 

is between 42C and 32C. Students’ achievement scores are measured on interval 

scale 

 

Interval Data 

 ordered, constant scale, but no natural zero 

 differences make sense, but ratios do not (e.g., 30°-20°=20°-10°, but 

20°/10° is not twice as hot! 

 e.g., temperature (C,F), dates 

 

8.3.6.4 Ratio Scale 

Something measured on a ratio scale has the same properties that an interval scale 

has except, with a ratio scaling, there is an absolute zero point. Temperature 

measured in Kelvin is an example. There is no value possible below 0 degrees 

Kelvin, it is absolute zero. Physical measurements of height, weight, length are 

typically ratio variables. Weight is another example, 0 lbs. is a meaningful 

absence of weight. It is also meaningful to say that 10 m is twice as long as 5 m. 

Your bank account balance is another. This ratio hold true regardless of which 

scale the object is being measured in (e.g. meters or yards). This is because there 

is a natural zero. 

 

Ratio Data 

 ordered, constant scale, natural zero 

 e.g., height, weight, age, length 

One can think of nominal, ordinal, interval, and ratio as being ranked in their 

relation to one another. Ratio is more sophisticated than interval, interval is more 

sophisticated than ordinal, and ordinal is more sophisticated than nominal. 
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8.7 Frequency Distribution 

Frequency is how often something occurs. The frequency (f) of a particular 

observation is the number of times the observation occurs in the data.  

Distribution of a variable is the pattern of frequencies of the observation. 
Frequency Distribution is a representation, either in a graphical or tabular 

format, which displays the number of observations within a given interval. 

Frequency distributions are usually used within a statistical context. 

 

8.7.1 Frequency Distribution Tables 

A frequency distribution table is one way you can organize data so that it makes 

more sense. Frequency distributions are also portrayed as frequency 

tables, histograms, or polygons. Frequency distribution tables can be used for both 

categorical and numeric variables. The intervals of frequency table must be 

mutually exclusive and exhaustive. Continuous variables should only be used 

with class intervals. By counting frequencies we can make a Frequency 

Distribution table. Following examples will figure out procedure of construction 

of frequency distribution table. 

Example 1 

For example, let’s say you have a list of IQ scores for a gifted classroom in a 

particular elementary school. The IQ scores are: 118, 123, 124, 125, 127, 128, 

129, 130, 130, 133, 136, 138, 141, 142, 149, 150, 154. That list doesn’t tell you 

much about anything. You could draw a frequency distribution table, which will 

give a better picture of your data than a simple list. 

Step 1:  
 Figure out how many classes (categories) you need. There are no hard 

rules about how many classes to pick, but there are a couple of general 

guidelines: 

 Pick between 5 and 20 classes. For the list of IQs above, we picked 5 

classes. 

 Make sure you have a few items in each category. For example, if you 

have 20 items, choose 5 classes (4 items per category), not 20 classes 

(which would give you only 1 item per category). 

Step 2:  
 Subtract the minimum data value from the maximum data value. For 

example, our the IQ list above had a minimum value of 118 and a 

maximum value of 154, so: 

154 – 118 = 36 

Step 3:  

 Divide your answer in Step 2 by the number of classes you chose in Step 

1. 

36 / 5 = 7.2 

http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#frequency
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#freqdist
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#freqdist
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#histogram
http://www.statcan.gc.ca/edu/power-pouvoir/glossary-glossaire/5214842-eng.htm#freqpoly
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Step 4:  
 Round the number from Step 3 up to a whole number to get the class 

width. Rounded up, 7.2 becomes 8. 

Step 5:  
 Write down your lowest value for your first minimum data value: 

The lowest value is 118 

Step 6:  
 Add the class width from Step 4 to Step 5 to get the next lower class limit: 

118 + 8 = 126 

Step 7:  
 Repeat Step 6 for the other minimum data values (in other words, keep on 

adding your class width to your minimum data values) until you have 

created the number of classes you chose in Step 1. We chose 5 classes, so 

our 5 minimum data values are: 

118 

126 (118 + 8) 

134 (126 + 8) 

142 (134 + 8) 

150 (142 + 8) 

Step 8:  
 Write down the upper class limits. These are the highest values that can be 

in the category, so in most cases you can subtract 1 from class width and 

add that to the minimum data value. For example: 

118 + (8 – 1) = 125 

118 – 125 

126 – 133 

134 – 142 

143 – 149 

150 – 157 

Step 9:  
 Add a second column for the number of items in each class, and label the 

columns with appropriate headings: 

IQ Number 

118 – 125 
 

126 – 133 
 

134 – 142 
 

143 – 149 
 

150 – 157 
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Step 10:  
 Count the number of items in each class, and put the total in the second 

column. The list of IQ scores are: 118, 123, 124, 125, 127, 128, 129, 130, 

130, 133, 136, 138, 141, 142, 149, 150, 154. 

IQ Number 

118 – 125 4 

126 – 133 6 

134 – 142 4 

143 – 149 1 

150 – 157 2 

 

Example 2 – Constructing frequency distribution tables for large 

numbers of observations 
Thirty AA batteries were tested to determine how long they would last. The 

results, to the nearest minute, were recorded as follows: 

423, 369, 387, 411, 393, 394, 371, 377, 389, 409, 392, 408, 431, 401, 363, 391, 

405, 382, 400, 381, 399, 415, 428, 422, 396, 372, 410, 419, 386, 390 

Use the steps in Example 1 and the above rules to help you construct a frequency 

distribution table. 

Answer 

The lowest value is 363 and the highest is 431. 

Using the given data and a class interval of 10, the interval for the first class is 

360 to 369 and includes 363 (the lowest value). Remember, there should always 

be enough class intervals so that the highest value has been included. 

The completed frequency distribution table should look like this: 

Table 3. Life of AA batteries, in 

minutes 

Battery life, minutes (x) Tally Frequency (f) 

360–369  2 

370–379  3 

380–389  5 

390–399  7 

400–409  5 

410–419  4 

420–429  3 

430–439  1 

Total   30 
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8.8 Interpreting Test Scores by Graphic Displays of Distributions 

The data from a frequency table can be displayed graphically. A graph 

can provide a visual display of the distributions, which gives us another 

view of the summarized data. For example, the graphic representation of 

the relationship between two different test scores through the use of 

scatter plots. We learned that we could describe in general terms the 

direction and strength of the relationship between scores by visually 

examining the scores as they were arranged in a graph. Some other 

examples of these types of graphs include histograms and frequency 

polygons. 

A histogram is a bar graph of scores from a frequency table. The 

horizontal x-axis represents the scores on the test, and the vertical y-axis 

represents the frequencies. The frequencies are plotted as bars. 

 
A frequency polygon is a line graph representation of a set of scores from a 

frequency table. The horizontal x-axis is represented by the scores on the scale 

and the vertical y-axis is represented by the frequencies. 
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A frequency polygon could also be used to compare two or more sets of data by 

representing each set of scores as a line graph with a different color or pattern.  

 

 
Frequency polygons are a graphical device for understanding the shapes of 

distributions. They serve the same purpose as histograms, but are especially 

helpful in comparing sets of data. Frequency polygons are also a good choice for 

displaying cumulative frequency distributions. 

To create a frequency polygon, start just as for histograms, by choosing a class 

interval. Then draw an X-axis representing the values of the scores in your data. 

Mark the middle of each class interval with a tick mark, and label it with the 

middle value represented by the class. Draw the Y-axis to indicate the frequency 

of each class. Place a point in the middle of each class interval at the height 

corresponding to its frequency. Finally, connect the points. You should include 

one class interval below the lowest value in your data and one above the highest 

value. The graph will then touch the X-axis on both sides. 

A cumulative frequency polygon for the same test scores is shown in Figure 2. 

The graph is the same as before except that the Y value for each point is the 

number of students in the corresponding class interval plus all numbers in lower 

http://cnx.org/content/m10214/latest/#figure2
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intervals. For example, there are no scores in the interval labeled "35," three in the 

interval "45,"and 10 in the interval "55."Therefore the Yvalue corresponding to 

"55" is 13. Since 642 students took the test, the cumulative frequency for the last 

interval is 642. 

 

Figure 2: Cumulative frequency polygon for the psychology test 

scores. 

Frequency polygons are useful for comparing distributions. This is achieved by 

overlaying the frequency polygons drawn for different data sets. Figure 3 provides 

an example. The data come from a task in which the goal is to move a computer 

mouse to a target on the screen as fast as possible. On 20 of the trials, the target 

was a small rectangle; on the other 20, the target was a large rectangle. Time to 

reach the target was recorded on each trial. The two distributions (one for each 

target) are plotted together in Figure 3. The figure shows that although there is 

some overlap in times, it generally took longer to move the mouse to the small 

target than to the large one. 

The raw scores for the 10 pt. quiz are: 

10 9 8 8 7 7 6 6 5 4 2 10 9 8 8 7 6 6 5 5 3 10 9 8 7 7 6 6 5 4 3                                            
Draw frequency graph, bar graph, frequenvy  polygone, and frequency curve 
 

Solution 

http://cnx.org/content/m10214/latest/#figure3
http://cnx.org/content/m10214/latest/#figure3
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8.9 Measures of Central Tendency  
Statisticians use summary measures to describe patterns of data. Measures of 

central tendency refer to the summary measures used to describe the most 

"typical" value in a set of values. 

Here, we are interested in the typical, most representative score. There are three 

most common measures of central tendency are mean, mode, and median. A 

teacher should be familiar with these common measures of central tendencies.  

 

8.9.1 Mean 

 
The mean is simply the arithmetic average.  It is sum of the scores divided by the 

number of scores. It is computed by adding all of the scores and dividing by the 

number of scores. When statisticians talk about the mean of a population, they use 

the Greek letter μ to refer to the mean score. When they talk about the mean of 

a sample, statisticians use the symbol X  to refer to the mean score. 

It is symbolized as: 
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 (read as "X-Bar") when computed on a sample. 

  (read as "Mew") when computed on a population. 

Computation - Example:   

  

                                                                         
 

 

 

Since means are typically reported with one more digit 

of accuracy that is present in the data, I reported the 

mean as 5.0 rather than just 5. 

 

 

Example 1 
The marks of seven students in a mathematics test with a maximum 

possible mark of 20 are given below: 

     15     13     18     16     14     17     12 

 

 

 

 

 

X 

2 

3 

5 

10 

X = 20 

N=4 
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Find the mean of this set of data 

values. 

Solution: 

 
So, the mean mark is 15. 

 

Symbolically, we can set out the 

solution as follows: 

 
So, the mean mark is 15
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. 

When working with grouped frequency distributions, we can use an 

approximation: 

 
Where Mdpt. is midpoint of the group  

For example: Mean for the following grouped data: 
Mass(kg)   Frequency 

41 - 45    7 

46 - 50    10 

51 - 55    15 

56 - 60    2 

61 - 65    6 

Total = 50 

Answer 

To calculate the mean we need to add up all the masses and divide by 50. We 

do not know actual masses, so we approximate by choosing the midpoint of 

each group, multiplying the frequency and adding to find the approximate total 

of the masses as shown below. 

Mass(kg)    Midpoint  Frequency  Midpt * freq 

41 - 45   (41 + 45) ÷ 2 = 43    7   43 

× 7 = 301 

46 - 50    48     10   

 480 

51 - 55    53     15   

 795 

56 - 60    58     2   

 696 

61 - 65    63     6   

 378 

total = 50  

 total = 2650 

Mean =2650/50 = 53 

 

8.9.2 Median or Md 

The score that cuts the distribution into two equal halves (or the middle score 

in the distribution). i.e. The median of a set of data values is the middle value 

of the data set when it has been arranged in ascending order.  That is, from the 

smallest value to the highest value. 

 

Example  

The marks of nine students in a geography test that had a maximum possible 

mark of 50 are given below: 

     

http://www.uwsp.edu/psych/stat/3/frqdist.htm#II
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47     35     37     32     38     39     36     34     35 

Find the median of this set of data values. 

Solution: 

Arrange the data values in order from the lowest value to the highest value: 

     32     34     35     35     36     37     38     39     47 

The fifth data value, 36, is the middle value in this arrangement. 

 
 

Note: 

 
 

In general: 

 
 

Computation - There are several situations possible: 

 An odd number of scores and no duplication near the middle, then the 

median is the middle score. 

Ex: 1, 2, 2, 4, 6, 7, 7.   N=7 & Md= 4. 

 An even number of scores and no duplication near the middle, then the 

median is the average of the two middle scores.    

Ex: 2, 2, 4, 6, 7, 7.   N=6 & Md = (6+4)/2 = 5. 

Fortunately, there is a formula to take care of the more complicated 

situations, including computing the median for grouped frequency 

distributions. 

 
Where: 

L = Lower exact limit of the interval containing Md. 

nb = number of scores below L. 

nw = number of scores within the interval containing Md. 

i = the width of the interval (for ungrouped data i=1). 

N = the Number of scores. 
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8.9.3 Mode 

 

It is the most frequently occurring score. Note: 

o There can be more than one. Can have bi- or tri-modal distributions and 

then speak of major and minor modes. 

o It is symbolized as Mo. 

o For grouped data, we have a Modal Interval and a Crude Mo. 

Considering the example discussed in the section on Frequency 

Distributions, the Modal Interval is 80-84 and the Crude Mo is 82. 

 

8.10 Measures of Variability 
Variability refers to the extent to which the scores in a distribution differ from 

each other. An equivalent definition (that is easier to work with 

mathematically) says that variability refers to the extent to which the scores in 

a distribution differ from their mean. If a distribution is lacking in variability, 

we may say that it is homogenous (note the opposite would be heterogenous). 

We will discuss four measures of variability for now: 

the range, mean or average deviation, variance and standard deviation. 

 

 

8.10.1 Range 

Probably range is the simplest method to find variability of the sample, that is, 

the difference between the largest/maximum/highest and smallest/ minimum/ 

lowest observation.  

 

Range = Highest value - Lowest value 

R = XH - XL 

 

Example: 

The range of the saleem’s four tests  scores (3, 5, 5, 7) is:  

XH = 7 and XL = 3 
Therefore  

R = XH - XL 

R= 7- 3= 4 

 

Coefficient of Range 
It is relative measure of dispersion and is based on the value of range. It is also 

called range coefficient of dispersion. It is defined as: 

            Coefficient of Range = XH - XL/ XH + XL 

 Let us take two sets of observations. Set A contains marks of five students in 

Mathematics out of 25 marks and group B contains marks of the same student 

in English out of 100 marks. 

Set A:   10, 15, 18, 20, 20  

Set B:   30, 35, 40, 45, 50 

 

http://www.uwsp.edu/psych/stat/3/frqdist.htm#IIex
http://www.uwsp.edu/psych/stat/3/frqdist.htm#IIex
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The values of range and coefficient of range are calculated as: 

  Range Coefficient of Range 

Set A: (Mathematics) 
 

 

Set B: (English) 
 

 

            In set A the range is 10 and in set B the range is 20. Apparently it 

seems as if there is greater dispersion in set B. But this is not true. The range 

of 20 in set B is for large observations and the range of 10 in set A is for small 

observations. Thus 20 and 10 cannot be compared directly. Their base is not 

the same. Marks in Mathematics are out of 25 and marks of English are out of 

100. Thus, it makes no sense to compare 10 with 20. When we convert these 

two values into coefficient of range, we see that coefficient of range for set A 

is greater than that of set B. Thus there is greater dispersion or variation in set 

A. The marks of students in English are more stable than their marks in 

Mathematics. 
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Example: 

  

Find the range of the weight of the students of a university. 

Weights (Kg) 
    

 

Number of 

Students   
  

 

Calculate the range and coefficient of range. 

 

Solution: 

            

Weights (Kg) Class Boundaries Mid Value No. of Students 

    

    

   
 

   
 

 
   

Solution: 

            Here    Upper class boundary of the highest class  

                        Lower class boundary of the lowest class  

            Range  Kilogram 

            Coefficient of Range  

 

8.10.2 Mean Deviation 
 

If a deviation ( ) is the difference of a score from its mean and variability is 

the extent to which the scores differ from their mean, then summing all the 

deviations and dividing by the number of them should give us a measure of 

variability. The problem though is that the deviations sum to zero. However, 

computing the absolute value of the deviations before summing them 

eliminates this problem. Thus, the formula for the MD is given by: 
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Thus for sample data in which the suitable average is the X , the mean 

deviation(M.D)  is given by the relation: 

                                                                                              

Example: 
            Calculate the mean deviation form mean in respect of the marks 

obtained by nine students gives below. 

            Marks (out of 25): 7, 4, 10, 9, 15, 12, 7, 9, 7 

 

Solution: 
            After arranging the observations in ascending order, we get 

            Marks: 4, 7, 7, 7, 9, 9, 10, 12, 15 

             

Coefficient of the Mean Deviation: 

          A relative measure of dispersion based on the mean deviation is called 

the coefficient of the mean deviation or the coefficient of dispersion. It is 

defined as the ratio of the mean deviation to the average used in the 

calculation of the mean deviation. Thus  

   

 

Example: 
            Calculate the mean deviation form (1) arithmetic mean (2) median (3) 

mode in respect of the marks obtained by nine students gives below and show 

that the mean deviation from median is minimum. 

 

Marks (out of 25): 7, 4, 10, 9, 15, 12, 7, 9, 7 

 

Solution: 
            After arranging the observations in ascending order, we get 

            Marks: 4, 7, 7, 7, 9, 9, 10, 12, 15 

             

8.10.3 Variance 
Variance is another absolute measure of dispersion. It is defined as the 

average of the squared difference between each of the observations in a 

set of data and the mean.  For a sample data the variance is denoted is 

denoted by S
2 

and the population variance is denoted by 
2
(sigma square). 
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That is: 

 
Thus another name for the Variance is the Mean of the Squared 

Deviations About the Mean (or more simply, the Mean of Squares 

(MS)). The problem with the MS is that its units are squared and thus 

represent space, rather than a distance on the X axis like the other 

measures of variability. 

 

Example: 
Calculate the variance for the following sample data: 2, 4, 8, 6, 10, and 12. 

 

Solution: 
  

  

 

 

 

 

 

 

 

 

 

 

 
Example: 
            Calculate variance from the following distribution of marks: 

Marks No. of Students 
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Solution: 

Marks 
 

 

 

  

  
 

 
 

 

  
 

   

    
 

 

      

Total 
 

  
 

  
 

             

             

             
 

Variance is another absolute measure of dispersion. It is defined as the 

average of the squared difference between each of the observations in a 

set of data and the mean.  

 

8.10.4 Standard Deviation 

The standard deviation is defined as the positive square root of the mean of 

the square deviations taken from arithmetic mean of the data. 

A simple solution to the problem of the MS representing a space is to compute 

its square root. That is: 

 
Since the standard deviation can be very small, it is usually 

reported with 2-3 more decimals of accuracy than what is 

available in the original data. 

The standard deviation is in the same units as the units of the original 

observations. If the original observations are in grams, the value of the 

standard deviation will also be in grams. 

            The standard deviation plays a dominating role for the study of 

variation in the data. It is a very widely used measure of dispersion. It stands 

like a tower among measure of dispersion. As far as the important statistical 

tools are concerned, the first important tool is the mean X and the second 

important tool is the standard deviation S. It is based on all the observations 
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and is subject to mathematical treatment. It is of great importance for the 

analysis of data and for the various statistical inferences. 

 

Properties of the Variance & Standard Deviation: 

4. Are always positive (or zero). 

5. Equal zero when all scores are identical (i.e., there is no 

variability). 

6. Like the mean, they are sensitive to all scores. 

Example: 

 

Calculate the standard deviation for the following sample data using all 

methods: 2, 4, 8, 6, 10, and 12. 

 

Solution: 

             

Method-I: Actual Mean Method 
   

 

  

 

 
 

 

 Method-II: Taking Assumed Mean as  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  
 

   

 
  

http://www.uwsp.edu/psych/stat/5/CT-Var.htm#sens
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Method-III: Taking Assume Mean as Zero 

 
 

 

 
  

  

  

  

  

  

Example: 
            Calculate standard deviation from the following distribution of marks 

by using all the methods. 

Marks No. of Students 

  

  

  

  

 

  

   

 
 

 

 
  

Total 
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Solution: 

Method-I: Actual Mean Method 

Marks 
 

 

 

  

  
 

 
 

 

  
 

   

    
 

 

      

Total 
 

  
 

  
 

             

             Marks         

Coefficient of Variation: 
          The most important of all the relative measure of dispersion is the 

coefficient of variation.  The coefficient of variation (C.V) is defined as: 

            Coefficient of Variation   

             

 Thus  C.V is the value of  S when X is assumed equal to 100. It is a pure 

number and the unit of observations is not mentioned with its value. It is 

written in percentage form like 20% or 25%. When its value is 20%, it means 

that when the mean of the observations is assumed equal to 100, their standard 

deviation will be 20.  

Example: 
            Calculate the coefficient of standard deviation and coefficient of 

variation for the following sample data: 2, 4, 8, 6, 10, and 12. 

Solution: 
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            Coefficient of Standard Deviation   

            Coefficient of 

Variation  

 

Example: 
            Calculate coefficient of standard deviation and coefficient of variation 

from the following distribution of marks: 

Marks No. of Students 

  

  

  

  

 

Solution: 

Marks 
 

 

 

  

  
 

 
 

 

  
 

   

    
 

 

      

Total 
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             Marks 

            Coefficient of Standard Deviation   

            Coefficient of Variation  

 

8.10.5 Estimation 
Estimation is the goal of inferential statistics. We use sample values to 

estimate population values. The symbols are as follows: 

Measure Sample Population 

Mean 
 

 

Variance s
2
 

2
 

Standard Deviation s  

 

It is important that the sample values (estimators) be unbiased. An unbiased 

estimator of a parameter is one whose average over all possible random 

samples of a given size equals the value of the parameter. 

While  is an unbiased estimator of , s
2
 is not an unbiased estimator 

of 
2
. 

In order to make it an unbiased estimator, we use N-1 in the denominator of 

the formula rather than just N. Thus: 

 
Note that this is a defining formula and, as we will see below, is not the best 

choice when actually doing the calculations. 

 

Overall Example  

Let's reconsider an example from above of two distributions (A & B): 
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Consider a possibility for the scores that go with these distributions: 

Distribution A B 

Data 

150 150 

145 110 

100 100 

100 100 

55 90 

50 50 

 
600 600 

N 6 6 

 

100 100 

Range 150-50+1=101 150-50+1=101 

 

Notice that the central tendency and range of the two distributions are the 

same. That is, the mean, median, and mode all equal 100 for both distributions 

and the range is 101 for both distributions. However, while Distributions A 

and B have the same measures of central tendency and the same range, they 

differ in their variability. Distribution A has more of it. Let us prove this by 

computing the standard deviation in each case. First, for Distribution A: 

 

  

A 
 

 
2
 

150 100 50 2500 

145 100 45 2025 

100 100 0 0 
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100 100 0 0 

55 100 -45 2025 

50 100 -50 2500 

 
600   0  9050 

N 6       

 

Plugging the appropriate values into the defining formula gives: 

Measure A 

 

 

 

 

Note that calculating the variance and standard deviation in this manner 

requires computing the mean and subtracting it from each score. Since this is 

not very efficient and can be less accurate as a result of rounding error, 

a computational formula is typically used. It is given as follows: 

 
Redoing the computations for Distribution A in this manner gives: 

  

A X
2
 

150 22500 

145 21025 

100 10000 

100 10000 

55 3025 

50 2500 

 
600 69050 

N 6   

Then, plugging in the appropriate values into the computational formula gives: 



356 

 

 
 

Note that the defining and computational formulas give the same result, but 

the computational formula is easier to work with (and potentially more 

accurate due to less rounding error). 

Doing the same calculations for Distribution B yields: 

  

B X
2
 

150 22500 

110 12100 

100 10000 

100 10000 

90 8100 

50 2500 

 
600 65200 

N 6   

 

Then, plugging in the appropriate values into the computational formula gives: 

 
 

Self Assessment Questions 

1. The control group scored 47.26 on the pretest. Does this score 

represent nominal, ordinal, or interval scale data? 

2. The control group's score of 47.26 on the pretest put it at the 26th 

percentile. Does this percentile score represent nominal, ordinal, or 

interval scale data? 

3. The control group had a standard deviation of 7.78 on the pretest. Does 

this standard deviation represent nominal, ordinal, or interval scale 

data?  
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ANSWERS 

1. interval 

2. ordinal 

3. interval; it means that about 34% of the students in the control group 

scored about 7.78 above the mean and about the same number scored 

about that much below the mean. 

4. Construct a frequency distribution with suitable class interval size of 

marks obtained by 50 students of a class are given below: 

23, 50, 38, 42, 63, 75, 12, 33, 26, 39, 35, 47, 43, 52, 56, 59, 64, 77, 15, 

21, 51, 54, 72, 68, 36, 65, 52, 60, 27, 34, 47, 48, 55, 58, 59, 62, 51, 48, 

50, 41, 57, 65, 54, 43, 56, 44, 30, 46, 67, 53 

 

5. The Lakers scored the following numbers of goals in their last twenty 

matches: 

3, 0, 1, 5, 4, 3, 2, 6, 4, 2, 3, 3, 0, 7, 1, 1, 2, 3, 4, 3 

6. Which number had the highest frequency? 

7. Which letter occurs the most frequently in the following sentence? 

 

THE SUN ALWAYS SETS IN THE WEST. 

8. Pi is a special number that is used to find the area of a circle. The 

following number gives the first 100 digits of the number pi: 

 

3.141 592 653 589 793 238 462 643 383 279 502 884 197 169 399 375 

105 820 974 944 592 307 816 406 286 208 998 628 034 825 342 117 

067 

 

Which of the digits 0 to 9 occurs most frequently in this number? 

9. Identify by correctly labeling the following graphic illustrations of 

results of a five point quiz taken by ten students. 



358 

 

 
  

 
10. In each data set given, find the mean of the group 

1. Times were recorded when learners player a game  

Time in seconds   Frequency 
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36 - 45     5 

46 - 55     11 

56 - 65     15 

66 - 75     26 

76 - 85     19 

86 - 95     13 

96 - 105     6 

 

11.  The following data were collected from a group of learners 

Time in seconds   Frequency 

41 - 45    3 

46 - 50    5 

51 - 55    8 

56 - 60    12 

61 - 65    14 

66 - 70    9 

71 - 75    7 

76 - 80    2 

12.  Following are the wages of 8 workers of a factory. Find the range and the 

coefficient of range. Wages in ($) 1400, 1450, 1520, 1380, 1485, 1495, 

1575, 1440. 

13. The following distribution gives the numbers of houses and the number of 

persons per house. 

Number of 

Persons   
 

 
  

 
   

Number of 

Houses      
   

 
 

Calculate the range and coefficient of range. 
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INTRODUCTION OF THE UNIT 
An information- and technology-based society requires individuals, who are 

able to think critically about complex issues, analyze and adapt to new 

situations, solve problems of various kinds, and communicate their thinking 

effectively. The study of mathematics equips students with knowledge, skills, 

and habits of mind that are essential for successful and rewarding   

participation in such a society. To learn mathematics in a way that will serve 

them well throughout their lives, students need classroom experiences that 

help them develop mathematical under-standing; learn important facts, skills, 

and procedures; develop the ability to apply the processes of mathematics; and 

acquire a positive attitude towards mathematics. Although many students 

dread math class, or find it boring, it is important for teachers to do whatever 

they can to make math class fun. Students who enjoy math class perform 

better. It is therefore important for teachers to do all they can to help students 

have fun while learning math. If a teacher does not enjoy a subject, the 

students will not enjoy learning in that class either. The more positive energy a 

teacher has about a subject, the more enjoyable the class will be. A teacher 

who dislikes math may have a lower energy level than the teacher who enjoys 

math, and assign more seat-work. The more energy the teacher puts into 

planning and teaching, the more enjoyable the lessons will become, as 

students are getting out of their seats more. 

 

OBJECTIVES OF THE UNIT 
After going through this unit you will be able to: 

1. Understand the importance of planning for teaching mathematics. 

2. Plan for full course. 

3. Manage a scheme of work. 

4. Grasp over lesson planning. 

5. Realize the qualities of good lesson plan. 

6. Develop model Lesson plans 
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9.1 Importance of Planning for Teaching of Mathematics 

Most educational professionals would agree that planning is an essential 

component of teaching. Such planning, educational texts and reports often 

stress, must focus on the specifying of clear objectives and a clear lesson 

structure. As a result, a common framework used to introduce student teachers 

to the complexities of lesson planning is premised on starting the planning 

process with specifying objectives. Yet there is considerable evidence that 

experienced teachers do not plan in this way. Their planning is likely to more 

idiosyncratic or they may plan in different ways depending on particular 

circumstances. The effect of this can be that the more skilful the planning, or 

the more it happens at unscheduled times, the more difficult it is for student 

teachers to understand how successful lesson planning is achieved. In this 

article we review the basis for introducing student teachers to lesson planning 

and examine some of the advantages and disadvantages of beginning with an 

emphasis on the explicit formulation of lesson objectives. We argue that while 

starting with objectives may help to focus student teachers on what pupils 

might learn during a particular lesson, there is a danger that it produces rigid 

plans that emphasize  the more easily measurable  parts of the mathematics 

curriculum at the expense of the more creative and spontaneous aspects of 

mathematical thinking.  Reys et al (1995) provide a useful summary of some 

of the well-established reasons for planning lessons. They suggest that 

planning:  

• establishes definite goals and helps to ensure essential content will be 

included  

• permits scheduling work in feasible units of time and in a sensible 

sequence.  

• helps to ensure that a lesson begins interestingly, maintains a good pace 

throughout,  

 and has a satisfying ending.  

• aids in holding children’s interest and attention.  

• helps to avoid unnecessary repetition  

• creates a feeling of confidence for the teacher  

Perks and Pre stage (1994 p 66-67), in considering planning from the 

perspective of student teachers, look rather wider than the usual reasons for 

highlighting planning. In addition to encouraging the (student) teacher to 

articulate what they think will happen in a given lesson and enabling aspects 

of the lesson tube rehearsed, they also argue that planning: 

• makes the (student) teacher more likely to be receptive to the ideas of 

others  

• can be a basis for discussion and evaluation  

• can be a basis for negotiation  

• provides a history of the (student) teacher’s thinking  

When planning for math class, it is important to come up with creative, 

interactive math lessons that involve the students in the learning process. 
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Whenever possible, plan an activity that will get students up and moving about 

the classroom. Here are some tips for math planning: 

 Focus on only one math skill at a time to ensure in-depth learning 

 Anticipate the need to provide additional help for students who have 

difficulties learning 

 Over-plan activities to ensure that students who are advanced have 

something fun to do 

 Plan games whenever possible 

 Plan group work to allow advanced students to assist slower learners 

 Plan lessons that sound like they would be fun to teach 

 

9.2 Planning for the Full Course  

          While planning for teaching the full course following steps may be 

followed: 

i.  Approaches and Methodologies 

 General Methods 
All children should be provided with the opportunity to access the full range 

of the mathematics curriculum.  School ensures this happens as follows: 

 There should be more emphasis on active learning strategies. 

 A hands-on approach to encourage children to understand Mathematics 

Concepts may be used. 

 Ensuring pupils to  use Mathematical language correctly. 

 Pupils use estimation in measures, shape and space and not just in 

numbers. 

 A Mathematics rich environment may be encouraged. 

 

 Talk and Discussion Method 
Discussion skills need to be developed by turn taking, active listening, positive 

response to the opinions of others, confidence in putting forward an opinion 

and by using the ability to explain clearly their point of view. 

 

Scaffolding 

Teacher actively models mathematical language when talking through 

the problem-solving process. 

 

Integration 

 Identify areas in the curriculum where mathematical processes are 

appropriate e.g. collecting data in history and geography, measuring 

temperature in science. 

 When opportunities arise using a thematic approach across other 

subject area. 

 

Number facts 

 A common approach to the teaching of number facts (tables) e.g. 1x4 

pupils say “one four is four”, 2x4 pupils say “two fours are eight”, etc. 
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 Children are aware of the commutative properties of multiplication 

tables and of their relationship with division. 

 We teach subtraction separately from addition and division separately 

from multiplication. 

 When subtracting teacher work from the top down e.g. “nine minus 

five” or “nine take away five”. 

 

 Group Activities 
Students will learn the skills of group work by: 

 Being assigned individual tasks within groups. 

 Recording. 

 Being given leadership roles. 

 Alternating responsibilities. 

 Being involved in buddy systems. 

 Devising questions.  

 

Following group activities enhance learning of Maths: 

Teaching of maths may be promoted through the use of Mathematics 

games like Dominoes, Cards, Buzz, Bingo, Tables games, Target board 

games, Snakes and Ladders, Draughts and “I am” cards. 

Each class will engage in a variety of organizational skills such as pair work, 

group work and whole class work. 

 

 Problem solving Method 
 Practical situations may be used as a basis for some problem solving. 

 Children should be made aware of different strategies to solve 

problems, e.g. acronyms, mnemonics, bookmarks, laminated pages. 

 The solutions to problem solving questions could be checked by 

children themselves or by calculator. 

 Children at all class levels must be provided with opportunities to 

experience problem solving activities, e.g. 

o Oral problems 

o Using objects 

o Using smaller numbers 

o Referring to items in the environment 

 

 Using the Environment 
 The teachers may use the school environment to provide opportunities 

for Mathematical problem solving e.g. –marking heights, having a 

puzzle of the week on class notice board, using Mathematics in P.E. 

etc. 

 While using mathematical trails within or outside of the school 

building they should developed in line with the school’s Health and 

Safety policy. 
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 Teachers should give opportunities to the children to present/display 

their mathematical work in the class/corridor and on the school 

website. 

 Skills through Content 
Teachers endeavor to make sure skills are being actively developed through 

content. It is possible only by understanding and recalling the content 

applying, communicating and expressing contents,  and using Problem 

Solving techniques, integrating and connecting the content with real life. 

 

 Presentation of Work 
 There will be a whole-school approach to neat and careful presentation 

of work. 

 A variety of options for recording work will be provided. 

 

i. Assessment and Record Keeping 
 Assessment is used to direct teaching and learning 

 The staffs look at results on both a class and a school basis to see if 

there are areas of Mathematics to be improved. 

 Standardized tests are administered in March at each class level.   

 Teachers ensure that a broad range of assessment tools is being used. 

  Assessment information/results on standardized tests are shared with 

parents at the annual Parent Teacher Meetings and in writing on 

request. 

 Parents are informed if a child needs help at home and suggestions are 

given 

 Standardized test results and annual reports are managed and stored in 

the principal’s office.  

 

iii.   Children with Different Needs 
 The class teacher implements the school policies on screening and 

selecting pupils for supplementary teaching in Mathematics. 

 The teacher adjusts the classroom programme for those in receipt of 

learning support in line with agreed learning targets.   

 The SET provides early intervention and supplementary teaching in 

Mathematics. 

 The SET teams have access to and make use of many resources to 

assist children with special needs. 

 ICT is used regularly to support teaching and learning for children with 

special needs. 

 With regard to pupils receiving supplementary mathematics learning 

support, as much of the mainstream programme is to be taught as 

possible. 

 Children of exceptional ability are assigned differentiated work by 

their class teacher.  Good use is made of ICT in this area. 

 Children are referred to Centre for Talented Youth.  
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iv. Time table 
 A minimum of one hour per day should  be allocated for mathematics. 

 

v. Homework 
 Mathematics homework should reflect an active learning approach. 

 Teachers should discuss types of homework assigned, i.e. there should 

be a balance between practical and written. 

 Mathematics homework is to be assigned every night. 

 Mathematics homework should be differentiated taking into account 

the range of abilities within the class. 

 

vi.  Resources 
 All Mathematics equipment is distributed to classrooms. 

 Each teacher is responsible for his/her own equipment. 

 Software to support Mathematics is available in the computer room 

and in individual classrooms.  

 Funding is available for new hardware and software as required. 

 The Internet is used by teachers regularly. 

 The school has an Internet usage policy which is adhered to by pupils 

and teachers alike. 

  

vii. Individual Teachers’ Planning and Reporting 
 This plan and the Curriculum documents for Mathematics will provide 

information and guidance to individual teachers for their long and 

short-term planning. 

 Procedures outlined in this plan will be followed consistently. 

 A record of what has been taught can be found in each teacher’s 

Monthly Report. 

 

viii.  Staff Development 
The School Education Department is aware of the importance of on-going 

staff development and would provide support when requested.  

 

ix.  Parental Involvement – home/school links  
Parents are encouraged to support the school’s programme. Individual 

Parent/Teacher meetings will be held in each month. Teachers and parents are 

afforded the opportunity to discuss each individual child’s progress in 

Mathematics and other subjects. Parents and teachers also have opportunities 

to make individual arrangements to discuss matters of relevance at other times 

throughout the school year. Suggestions as to how parents can assist their 

son’s progress are made by teachers. 
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Assessment of Planning 

The planning will be assessed by using – 

 The assessment tools in the Revised Curriculum documents. 

 Feedback from pupils, parents, teachers and the wider community. 

 Department of Education Inspector’s suggestions and/or reports. 

 Feedback, if it arises, from second-level schools in our area. 

 Future developments in mathematical thinking. 

 

9.3 Scheme of Work 

The Scheme sets out what we are planning for the whole twelve or thirty 

weeks of the course on a session-by-session basis.  It maps out clearly how 

contents, resources, method of delivery, class activities and assessment 

strategies will be used to ensure that the learning aims and objectives of the 

course are met.        
A scheme of work defines the structure and content of a course. It is a plan of 

what will be covered in each week or session of the learning programme or 

course. It maps out clearly how resources (e.g. books, equipment, time) and 

class activities (e.g. teacher-talk, group-work, practical, discussions) and 

assessment strategies (e.g. tests, quizzes, Q&A, homework) will be used to 

ensure that the learning aims and objectives of the course are met. It will 

normally include times and dates. The scheme of work is usually an 

interpretation of a specification or syllabus and can be used as a guide 

throughout the course to monitor progress against the original plan. Schemes 

of work can be shared with students so that they have an overview of their 

course.  It can be very detailed or brief. A scheme of work may, for example, 

consider how many lessons will be needed to cover a specific theme.  It can 

also support communication and planning between departments. Once it has 

been finalized, a scheme of work can be used to write lesson plans. 

The key parts of a "scheme of work" include:  

• Content  

• Objectives or Outcomes  

• Methods of delivery (student and teacher activity)  

• Assessment strategies  

• Resources  

• Other Remarks 

 

While designing a scheme of work, there are a number of factors that should 

be taken into consideration.  

 

Basic Point  

• Information about course learner 

• number of participants 

• aim of the course 

• skills for participants 

• syllabus 
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• resources  available 

• resources required 

• Constraints      

 

Components 

• topics/subjects need to be included 

• practical activities that are integral to the course 

• essential elements need to be included 

• some theme or aspect that threads throughout the course 

• assessment methods and criteria 

 

Method 

i.  Check if your institution has a Performa/ template  for scheme of 

work. 

ii.  Begin by breaking down the year into chunks. 

iii. Within each module, break down into further chunks. 

iv. Decide how long you'll need for each of these chunks. 

v. Now within each chunk, decide what lessons you could do.  

vi. Do this for every chunk, and for every module, and fill in the bare 

bones into the 'Lesson content' column on your document. 

vii. Now decide about resources you'll need. 

 

9.4 PLANNING A LESSON  

A key aspect of effective teaching is having a plan for what will happen in the 

classroom each day. Creating such a plan involves setting realistic goals, 

deciding how to incorporate required materials (course textbooks) and other 

materials, and developing activities that will promote learning.  A lesson plan 

is the instructor’s road map of what students need to learn and how it will be 

done effectively during the class time. Before you plan your lesson, teacher 

will first need to identify the learning objectives.  Then, he/she can design 

appropriate learning activities and develop strategies to obtain feedback on 

student learning. A successful lesson plan addresses and integrates these three 

key components: 

 Objectives for student learning 

 Teaching/learning activities 

 Strategies to check student understanding 

Specifying concrete objectives for student learning will help you determine the 

kinds of teaching and learning activities you will use in class, while those 

activities will define how you will check whether the learning objectives have 

been accomplished.  

 

Steps for Preparing a Lesson Plan  

Below are six steps to guide teacher when he/she create his/her lesson plans.  

 

(1) Developing  the learning objectives  
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The first step is to determine what teacher wants students to learn and be able 

to do at the end of class. Once teacher outlines the learning objectives, rank 

them in terms of their importance. This step will prepare for managing class 

time and accomplishing the more important learning objectives in case teacher 

is pressed for time. Consider the following questions:  

 

 (2) Developing the  introduction 

Develop a creative introduction to the topic to stimulate interest and encourage 

thinking. Teacher can use a variety of approaches to engage students (e.g., 

personal anecdote, historical event, thought-provoking dilemma, real-world 

example, short video clip, practical application, probing question, etc.).  

 

 (3) Planning of  specific learning activities  

Prepare several different ways of explaining the material (real-life examples, 

analogies, visuals, etc.) to catch the attention of more students and appeal to 

different learning styles. As teacher plan his/her examples and activities, 

estimate how much time he/she will spend on each. Build in time for extended 

explanation or discussion, but also be prepared to move on quickly to different 

applications or problems, and to identify strategies that check for 

understanding  

 

(4) Planning for  Assessment 

An important strategy that will also help teacher with time management is to 

anticipate students’ questions. While planning lesson, decide what kind of 

questions will be productive for discussion and what questions might sidetrack 

the class. Think about and decide on the balance between covering content 

(accomplishing your learning objectives) and ensuring student’s 

understanding. 

Think about specific questions which may asked from students in order to 

check their understanding, write them down, and then paraphrase them so that 

they are prepared to ask the questions in different ways.  

 

(5) Developing  wrap up and a preview 

Teacher can review the students’ answers to gauge their understanding of the 

topic and then explain anything unclear the following class. Conclude the 

lesson not only by summarizing the main points, but also by previewing the 

next lesson. How does the topic relate to the one that’s coming? This preview 

will spur students’ interest and help them connect the different ideas within a 

larger context.  

 

(6) Generating a rational timeline  

A realistic timeline will reflect teacher’s flexibility and readiness to adapt to 

the specific classroom environment. Here are some strategies for creating a 

realistic timeline: 
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 Estimate how much time each of the activities will take, then plan 

some extra time for each 

 When you prepare your lesson plan, next to each activity indicate how 

much time you expect it will take 

 Plan a few minutes at the end of class to answer any remaining 

questions and to sum up key points 

 Plan an extra activity or discussion question in case you have time left 

 Be flexible – be ready to adjust your lesson plan to students’ needs and 

focus on what seems to be more productive rather than sticking to your 

original plan 

 

Mathematics Lesson Plan 

Mathematics is an activity concerned with logical thinking, spotting patterns, 

posing premises and investigating their implications and consequences. It also 

involves the study of the properties of numbers and shapes; the relationship 

between numbers; inductive and deductive thinking and the formulation of 

generalizations.  Mathematics is a creation of the human mind and therefore 

becomes primarily a way of thinking thus facilitating problem-solving. 

Mathematical content is sequential in nature. There is a hierarchy of concepts 

and skills on which each major area of mathematics can be built. The proper 

ordering of mathematical content for teachers and learners is critical to 

mathematical achievement. 

The lesson planning in mathematics may consist of following steps. 

 

1. Objectives and Goals 

The lesson's objectives must be clearly defined and in lined with district and/or 

state educational standards.  

 

2. Anticipatory Set 

Before you dig into the meat of your lesson's instruction, set the stage for your 

students by tapping into their prior knowledge and giving the objectives a 

context. 

 

3. Direct Instruction 

When writing your lesson plan, this is the section where you explicitly 

delineate how you will present the lesson's concepts to your students. 

 

4. Guided Practice 

Under your supervision, the students are given a chance to practice and apply 

the skills you taught them through direct instruction. 

 

5. Closure 

In the Closure section, outline how you will wrap up the lesson by giving the 

lesson concepts further meaning for your students. 

 

http://k6educators.about.com/od/lessonplanheadquarters/g/lpobjectives.htm
http://k6educators.about.com/od/lessonplanheadquarters/g/anticipatoryset.htm
http://k6educators.about.com/od/lessonplanheadquarters/g/directinstruct.htm
http://k6educators.about.com/od/lessonplanheadquarters/g/guided_practice.htm
http://k6educators.about.com/od/lessonplanheadquarters/g/closure.htm
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6. Independent Practice 

Through homework assignments or other independent assignments, your 

students will demonstrate whether or not they absorbed the lesson's learning 

goals. 

 

7. Required Materials and Equipment 

Here, you determine what supplies are required to help your students achieve 

the stated lesson objectives. 

 

8. Assessment and Follow-Up 

The lesson doesn't end after your students complete a worksheet. The 

assessment section is one of the most important parts of all. 

 

9.5 Qualities of Good Lesson Plan 

A good lesson plan must have following qualities 

1. Example quoted to teach and explain the subject matter should be 

related to the everyday life of the child. 

2.  Lesson-plan should be child-centered. 

3.  In the lesson-plan there should be provision of summary of whole 

subject matter. 

4.  In the lesson-plan there should be proper provision of recapitulation to 

have view of   

                Evaluation of the subject-matter taught to the students. 

5.  In the lesson plan these should be proper provision of the teaching aids 

and good   

              Illustrations. 

6.  It should provide maximum participation of the child in the teaching 

and learning      

             process. 

7.  Provision of home work related to the subject- matter taught should be 

these. 

8.  Subject matter in the lesson-plan should be according to the time for 

teaching at the disposal  of the teacher. 

 

9.6 Development of Model Lesson Plans  
A few lesson plans are added for prospective teachers: 

Lesson Plan 1:  The Teaching of Numbers   

 

Introduction   

 

Children need to develop a good understanding of numbers in order to build a 

good foundation for computational skills.   Therefore, Whole Numbers is a 

major topic in Mathematics.  In this topic students will learn about basic 

http://k6educators.about.com/od/lessonplanheadquarters/g/independent_pra.htm
http://k6educators.about.com/od/lessonplanheadquarters/g/reqd_materials.htm
http://k6educators.about.com/od/lessonplanheadquarters/g/lp_assessment.htm
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number concepts such as  meanings of numbers, numerals and digits, concept 

of place value and the stages of  conceptual development of whole numbers. 

Some samples of teaching and learning activities are also included.   

 

Learning Outcomes   

After going through this topic, you will be able to :   

1. list out the pedagogical content knowledge for the topic of numbers in 

Mathematics;   

2. plan teaching and learning activities to recognize numbers, name 

numbers, write numbers, determine place value and round of  numbers.   

 

Major Mathematical Skills related to the topic 

For  the  topic  of  Whole  Numbers,  the  major  mathematical skills can be 

summarized as follows:   

Use language such as more or less, as many  as or not as many as,  more  than 

or fewer than to compare two quantities.   

 Recognize and name whole numbers.   

 Count, read and write whole numbers.   

 Determine the base-10 place value for each digit of any whole 

numbers.   

 Compare the values of whole numbers.   

 Arrange whole numbers in ascending and descending order.   

Round o   any whole number to the nearest ten, hundred, thousand and 

ten thousand.    

 

Pedagogical Content Knowledge  

While  teaching the concept of whole numbers, you need to know the 

difference in meanings for the term “number” and “numeral”.  Number is an 

abstract idea related to  quantity  of  objects.    In  other  words,  a  number  is  

an  abstraction  of  a  quantity.   Various symbols are used to represent 

numbers.  For example, the symbol “25” is  used to represent the number 

“twenty-five” in the Hindu-Arabic Numeration System, whereas in the Roman 

Numeration System, the symbol  “XXV” is used instead.  In  mathematics,  a  

symbol  that  is  used  to  represent  a  number  is  called  a  numeral.    

Another  term  that  you  need  to  know  its  precise  meaning  is  “digit”.    A  

digit  is  an  individual numeral.  There are ten digits in the Hindu-Arabic 

Numeration System: 1,  2,  3,  4,  5,  6,  7,  8,  9,  and  0.  Hence,  digits  are  

the  basic  symbols  used  to  form numerals.  At this point, pause and think 

over what you have read. Try to answer the questions below:   

   

 

1.    Is 10 a digit?   

2.    Is 8 a numeral?   
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3.    Young children begin to learn numbers at an early stage.  Among the   

numbers from zero to ten, which number do you think will be the most 

difficult for them to understand?  Why?  

Next, let us look at the concept of place value.   

 

The Concept of Place Value   

 

Place value is a key concept in the Hindu-Arabic Numeration System.  The 

value of  each digit in a written numeral will be determined  by its position in 

that numeral, i.e.  the place has a  value.  As an example, the numeral 4 283 is 

read as four thousand  two hundred and eighty-three because each digit has a 

place value as shown below:        

 

   
 
Therefore, in expanded form, 4 283 can also be written as 4 000 + 200 + 80 + 3.   

 

In order for your pupils to have a good understanding of the Hindu-Arabic 

numerals,  you need to guide them on the idea of base-10 place values. This 

will enable them to  build  the  numerals  for  any  numbers  with  the  use  of  

just  10  digits.    Also,  the  experience  in  writing  numbers  in  the  expanded  

form  will  facilitate  your  pupils’  understanding of the concept of place 

value.   

To be an effective primary mathematics teacher, you need to be well-versed 

about the stages of conceptual development for whole numbers. The next 

section discusses this.   

 

Stages of Conceptual Development for Whole Numbers   

 

Basically, a child’s concepts of whole numbers will develop through a few 

stages as follows:   

     •     Pre Numbers   

     •     Early Numbers   

     •     Introduction to Place Value   

     •     Reinforcement of Place Value   

     •     Extension of Place Value   
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Pre numbers.  At this stage, children will learn the prerequisite skills needed 

to learn numbers.  Some of these skills include    

 

• classifying objects by their physical attributes;   

• comparing the quantities of two sets of objects by one-to-one 

matching;   

• conserving the quantitative relation between two sets: as-many-as 

relation; more-than relation; and less-than relation.   

 

Early numbers.  At this stage, children will concentrate on learning numbers 

1 to 10,  and zero.  Much of their learning experience will be focused on 

reading, writing and  ordering numbers represented in the forms of (a) 

concrete objects; (b) pictures; (c)  symbols  or  numerals.   Besides counting  

on, they  also  need  to  be  guided  to  count  back from 10 to zero.  In 

addition, they also need to be able to explain the meaning of  zero as the 

number to represent the quantity “empty”.  You must note that it is more  

difficult for children to understand the meaning o  zero compared to the 

number 1, 2  or 3.  Therefore, zero is only suitable to be introduced to children 

as a number after  they have at least learned numbers up to 3.  Also,  ten is the 

first number where its  numeral (10) is written based on the idea of place 

value.   

 

Lesson Plan 2: Exploring Polygons 

Objectives:  
 Students will be able to identify whether a given shape is a polygon 

using the properties of polygons.  

 Students will be able to identify and name polygons that are triangles, 

quadrilaterals, pentagons, hexagons, and octagons.  

 Students will be able to draw a triangle, quadrilateral, pentagon, 

hexagon, and octagon.  

 

Materials:  
 Chart with two columns of shapes (polygons and shapes that are not 

polygons) 

 Index cards or small pieces of white paper (4 per student). 

 Glue. 

 5 sheets of poster-board or other large paper, labeled Triangles, 

Quadrilaterals, Pentagons, Hexagons and Octagons, respectively.  

 Index cards or paper slips with irregular polygons drawn on them (1 

per student). 

 3 worksheet activities - Polygons are Everywhere, Polygon Word 

Problems, Polygon Root Words 

Procedure:  
Introductory Activity:  

http://www.swarthmore.edu/SocSci/Education/Portfolios/rwillem1/Worksheets/PolygonAreEverywhere.pdf
http://www.swarthmore.edu/SocSci/Education/Portfolios/rwillem1/Worksheets/PolygonWordProblems.pdf
http://www.swarthmore.edu/SocSci/Education/Portfolios/rwillem1/Worksheets/PolygonWordProblems.pdf
http://www.swarthmore.edu/SocSci/Education/Portfolios/rwillem1/Worksheets/PolygonWordRoot.pdf
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Show the chart with two columns of shapes (polygons and shapes that are not 

polygons). 

 
Explain that the two columns of shapes are different from each other in at least 

one way. Ask students to break up into pairs and discuss what the differences 

and similarities between the two columns are.  

After a couple of minutes, ask students to volunteer what differences and 

similarities they discovered. (Column B has shapes that have curves and are 

not closed; all the shapes in column A use only straight lines and are closed). 

Then ask students what was the same about the figures (They are all flat or 

two-dimensional). Introduce the terms plane figure and polygon and have 

students copy definitions for these terms in their math dictionary. Stress that 
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the word polygon actually means “many-angles.” (The idea of word roots will 

be emphasized throughout the unit). Briefly introduce the concept of an angle 

as what is formed when two straight lines meet. 

Ask students if they know the names for some types of polygons. As students 

suggest shapes, put their names up on the board and define them. By the end 

of the conversation, the following terms should be defined and copied into the 

math dictionary– triangle, quadrilateral, pentagon, hexagon, and octagon. 

Stress that each of these words can be broken up into two parts that define the 

word. (For example, quadrilateral means "4 sides." ) 

 

Activity 

Pass out four index cards/slips of paper to each student. Have the students 

draw a polygon on each of these cards. Stress that students may only draw one 

of the specific types of polygons we have discussed earlier.  

 

Individual Exploration:  

With the remaining time, introduce each of the three worksheet activities and 

have students work on the activities at their own pace independently.  

One activity asks students to search the room for polygons.  

 

Polygon Activity: Polygons are every where 

Polygons are everywhere! Look around the classroom to find different 

examples of polygons. On a piece of loose-leaf, draw a picture of the item, say 

what it was and tell what polygon it took the shape of. 

 

The second activity asks students to think of non-mathematical words that 

begin with the roots tri-, quad-, pent-, hex-, and oct-. 

 

Lesson Plan 3: Classifying triangles by angle  
Objectives:  

After going through this topic students will be able to: 

 identify and label acute, obtuse, right and straight angles 

 identify and label acute, obtuse, and right triangles 

 use the properties of the three triangles in word problems 

 

Materials:  
 Text book 

 Geometry box 

 Geo-boards(1 per student) 

 Rubber bands 

 Large clock  

 

Procedure:  

Ask students the following question: “Yesterday, we sorted triangles 

by the number of equal sides they have. Can you think of another way to sort 

http://www.swarthmore.edu/SocSci/Education/Portfolios/rwillem1/Worksheets/PolygonAreEverywhere.pdf
http://www.swarthmore.edu/SocSci/Education/Portfolios/rwillem1/Worksheets/PolygonWordRoot.pdf
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triangles?” Remind students that polygons have both angles and sides if they 

seem stuck.  

Ask students to brainstorm what they know about angles. Write student 

suggestions on the board. Come to a mutually agreeable definition of angle 

and have students write this down in their “geometry dictionaries.”  

Draw two different angles on the board. Ask students if they think that 

these are angles are the same, citing their reasons why or why not. Discuss that 

there are ways to measure the size of an angles. There are also ways to classify 

angles generally. Show the students a right angle by drawing one on the board. 

Ask students what this shape reminds them of (door corner, etc). Define this 

angle as a right angle. Tell students that there are 90 degrees in a right angle. 

(This is not a piece of information I expect students to necessarily fully 

understand or remember, but I hope that it will be helpful when they do learn 

how to measure angles.) Then show students an acute and an obtuse angle. 

For each angle, ask students if the angle is bigger or smaller than a right angle. 

Ask students to brainstorm mnemonic devices to remember acute and obtuse. 

Have students record all three angle types in their “geometry dictionaries.”  

Finally, demonstrate a straight angle, and define this for the students. 

Have students record straight angle in their “geometry dictionaries.”Tell 

students that there are 180 degrees in a straight angle. Ask students if they 

have ever heard the phrase “do a one-eighty.” Have a student or two 

demonstrate this concept. Relate this concept to moving 180 degrees by taping 

an object to a figure clock’s hands, and demonstrate that moving the hands 

180 degrees makes the figure change direction.  

Using the large clock, give students sample angles to classify as a 

group.  

 

Activity 

Have students use geo-boards to demonstrate that they can build each of the 

following: acute, obtuse, right and straight. Students may have trouble making 

an obtuse angle at first, by instead producing a right angle. Show students that 

they can check for a right angle by holding a corner of a piece of loose-leaf up 

to an angle. If they match up, the angle is right.  

 

Activity 

Ask students to draw three examples of each type of triangle. 

 

Evaluation:  
Ask students  to make triangles and angles on the geo-board and tell their 

teacher what angles and triangles they have created.  

 

Homework: 
Practice the  related exercise from textbook. 
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Self Assessment Exercise 1 

Q. No. 1 Fill in the blanks: 

i. Planning before starting teaching a specific course is called planning 

for teaching of ------------ 
ii.  A scheme of work defines the structure and --------------of a course.  
iii.  A lesson plan is the instructor’s--------------------.      
iv. Before starting a new lesson ----------------------  may serve for brain 

storming.  
v. The first step of lesson planning is outlining the ------------------. 

 
Q. No. 2  Take Text book of Mathematics of class six. Make a planning chart 

teaching for full course. Then prepare a scheme of work for the 

same course. Compare the both plans and extract the differences 

and similarities. 

Q. No. 3  Take out any topic of algebra from the text book of class 8 and 

prepare a lesson plan. 

 

ANSWERS 
 

Q. No. 1 

i.   full Course 

ii.   content 

iii.   road map 

iv.   previous knowledge test 

v. Outcomes  
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