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PREFACE 

 

The study of Statistics is indispensable for a prospective graduate student of 

Classical and Bayesian Statistics. It also has great value for any undergraduate 

student who wishes to go beyond the routine manipulations of formulas to solve 

real life phenomena and problems, because it develops the ability to think 

deductively, analyze mathematical and statistical situations, and extend ideas to a 

new context. For the last many decades, Statistics has become valuable in almost 

every area, including economics and management science as well as physical and 

natural sciences, engineering, and computer science etc. Our goal is to provide an 

accessible, reasonably placed basic textbook with fundamental concepts and 

techniques of descriptive statistics for students in these areas. This book is designed 

for students who did not have basic concepts of statistics earlier. Our experience is 

that serious students at this level are fully capable to understand the basic statistics 

material presented here. I understand that a medium level of generality has been 

adopted consistently throughout the book: the contents are general enough to cover 

cases that arise. 

 

The text of the book is simple and contains essential knowledge of basic statistics. 

In addition, the fruitful discussions have also been given to the satisfaction and 

visual reinforcement of the students. 

 

I wish to express my sincere congratulations to all those who have contributed 

either directly or indirectly to the development of this book in a short span of time. 

 

 

 

 

 Prof. Dr. Zia Ul-Qayyum 

  (Vice-Chancellor) 
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MESSAGE FROM THE DEAN 

 

Statistics is the branch of science which develop a relationship and fill the gaps 

between the other subjects of natural sciences. Naturally Statistics look a bit 

abstract but when we use it in other sciences, their applications come across us at 

once. This course is much needed for our students to inculcate the first-level 

concepts. The basic statistics knowledge is beautifully covered in this book. 

 

I wish to express my sincere thanks, appreciation and congratulations to all those 

persons who have contributed in the development of this book. 

 

 

 

 

 (Prof. Dr. Irshad Ahmad Arshad) 

 Dean Faculty of Sciences 
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INTRODUCTION OF THE COURSE 
 

 

This course is basically designed to develop and inculcate the basic concepts of 

Statistics in our undergraduate students and especially studying Business and 

Commerce. An effort has been made to make these contents easy and 

understandable. It is the need of the hour to understand the applications of Statistics 

in studying subjects of Business and Commerce.  

 

 

OBJECTIVES 
 

The course aims to teach you, the basic concepts of Statistics and also create value 
for your use in practical situations. 
 
The objectives of the course are: 
 to develop an understanding and desire of Statistics students. 

 to present the material in a way which is helpful in motivating the students to study 

this subject statistic at higher level. 

 
How the Course is Organized? 
The text is divided into nine units in one volume. An attempt has been made to present the 

material in an informal way. Only those topics of Mathematics and Statistics are covered 

which are thought to be useful for everyone. e.g. we started studying Mathematics when 

we were in class one and we continue its studies it till class 10th. In spite of this, most of us 

do not have full command over every day statistics. 

 

Unit-1: Unit 1covers some basic concepts of statistics. It is the history of Statistics. This 

Unit explains the definition, nature, importance and limitations of the Statistics. 

 

Unit-2: Unit 2 explains that how large data is summarized and presented by using 

different Statistical tools such as classification and tabulation and Diagrams. 

 

Unit-3: Unit 3 explains some of the additional continuous data is summarization and 

presentation by using different Statistical tools such as histogram, Scatter plot 

and frequency distribution. 

 

Unit-4: Unit 4 covers the calculations and properties of measures of central tendency, 

including mean, mode, median etc. 
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Unit-5: Unit 5 covers some additional calculations and properties of measures of central 

tendency, including Geometric mean, Harmonic Mean etc. 

 

Unit-6: Unit 6 is about different measures of dispersion and their application to data in 

different fields. 

 

Unit-7: Unit 7 explains that how the Statistical handling of index numbers use and 

construction.  

 

Unit-8: Unit 8 explains that how the Statistical handling of the bivariate. 

 

Unit-9: Unit 9 is the basic of the probabilities and their definitions etc. 
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INTRODUCTION 

 

Statistics has been defined differently by different authors from time to time. One 

can find more than hundred definitions in the literature of statistics. 

 

 

 

OBJECTIVES 
 

When you have completed this unit, you will be able to:  

 Explain why knowledge of statistics is important. 

 Define statistics and provide an example of how statistics is applied. 

 Differentiate between descriptive and inferential statistics. 

 Classify variables as qualitative or quantitative, and discrete or continuous. 

 Distinguish between nominal, ordinal, interval, and ratio levels of measurement. 
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1.1 THE FOLLOWING ARE SOME IMPORTANT 

DEFINITION OF STATISTICS 

 
Statistics is the branch of science which deals with the collection, classification and 

tabulation of numerical facts as the basis for explanations, description and 

comparison of phenomenon – Lovitt 

 

The science which deals with the collection, analysis and interpretation of 

numerical data – Corxton & Cowden 

 

The science of statistics is the method of judging collective, natural or social 

phenomenon from the results obtained from the analysis or enumeration or 

collection of estimates – King 

 

Statistics may be called the science of counting or science of averages or statistics 

is the science of the measurement of social organism, regarded as whole in all its 

manifestations – Bowley 

 

Statistics is a science of estimates and probabilities – Boddington 

 

Statistics is a branch of science, which provides tools (techniques) for decision 

making in the face of uncertainty (probability) – Wallis and Roberts 

 

All definitions clearly point out the four aspects of statistics. 

Statistics is the science which deals with methods of collecting, classifying, 

presenting and interpreting numerical data. 

 

Functions of Statistics: 
 Statistics has four major functions. 

 Collection of Data. 

 Presentation of Data. 

 Analysis of Data and 

 Interpretation of results. 

 

1.2 POPULATION AND SAMPLE 
 

Population:  
By population we mean aggregate of units which are under investigation according 

to some pre-determined objective and are available in specified area at a 

specified time period.  
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Population is of two types.  

1) Finite population  

2) Infinite population 

 

Example:     
1. All registered voter in Islamabad city 

2. All students of Allama Iqbal Open University 

3. All daily minimum temperatures in January for major Pakistani cities. 

 

Sample: 

A representative part of population which is under investigation is called a 

sample.  

 

Following figure illustrates the idea of population and sample  

 
   

    
 



1.3 PARAMETER 
 

The numerical Characteristic of population is known as parameter. 

 

1.4  STATISTIC 
 

The numerical Characteristic of sample is known as statistic 
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1.5 PROPERTIES OF REPRESENTATIVE SAMPLES 
 

Estimates calculated from sample data are often used to make inferences about 

populations. 

If a sample is representative of a population, then statistics calculated from sample 

data will be close to corresponding values from the population. 

Samples contain less information than full populations, so estimates from samples 

about population quantities always involve some uncertainty. 

Random sampling, in which every potential sample of a given size has the same 

chance of being selected, is the best way to obtain a representative sample. 

However, it often impossible or impractical to obtain a random sample. 

Nevertheless, we often will make calculations for statistical inference as if a sample 

was selected at random, even when this is not the case. 

Thus, it is important to understand both how to conduct a random sample in practice 

and   the propertiell ‘i]m’iis of random samples. 

 

1.6  RATIOS 

A ratio is a comparison of two quantities that have the same units.  You can express 

a ratio in any one of the following ways: 

 
18

5
   or   18:5 or 18 to 5 

 

Example #1:  If one store has 360 items and another store has 100 of the same 

items, express the ratio of the items. 

 
36

100
    or     360:100   or  360 to 100 

 

 Ratios are usually written in lowest terms; therefore, the above example would 

reduce in this way:  360 ÷ 20 (What is the largest number you can divide both values 

by?) 

100 ÷ 20,  18 ÷ 5 
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Example Akbar earns Rs. 3500 a week.  His take-home pay, however, is Rs.2950.  

What is the ratio of his gross pay to his take-home pay? 

 

3500   ÷  2950    = 70    ÷  59 

 

1.7  RATES 
 

A rate is a comparison of two quantities that have different units.  Rates are usually 

expressed in the fractional form. 

 

 Example:  Ghani paid Rs. 16000 for her 12-month subscription to Better Homes 

and Gardens.  Express as a rate. 

 

 

  
𝑅𝑆.16000

12𝑀𝑎𝑔𝑧𝑖𝑛𝑒𝑠
 

 

OR 

 
𝑅𝑆. 4000

3𝑀𝑎𝑔𝑧𝑖𝑛𝑒𝑠
 

 

If Ghani wants to know how much she pays for each (1) magazine, she can divide 

Rs. 4000 by 3 magazines.  This will give her the price per magazine (also called the 

unit rate). 

 

magazineRs
Rs

/33.1333.
3

00.4000.
  

 

1.8 PROPORTIONS 
 

A proportion is a statement that two ratios or rates are equal.  It can be given as a 

sentence in words, but most often a proportion is an algebraic equation. 

 

The arithmetic equation 
3

5
 =  

15

25
  is a proportion because its cross products are equal. 

 

15  ×   5 =  75  and  25  ×  3  =  75 

 

Proportions are solved by using this cross-product rule:  
4

9
 =  

𝑋

36
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Example–1 

9 × 𝑋 = 36 × 4 
 

𝑋 =
36 ×  4

9
 

 

X  = 4  × 4 =16 

Example–2  
72

9
 =  

𝑋

36
 

 

9 × 𝑋 = 36 × 72 

𝑋 =
36 ×  72

9
 

 

X  = 4  × 72 =288 

 

Many problems can be solved by setting up a direct proportion (an increase in one 

quantity leads to a proportional increase in the other quantity) or by setting up 

equivalent rates. 

 

Example:  In one day you earn Rs. 700 for 8 hours of work.  If you work 37.5 hours 

for the week, what will your weekly pay be? 

 
8 ℎ𝑜𝑢𝑟𝑠

37.5 ℎ𝑜𝑢𝑟
 =  

700

𝑋
 

 

8 × 𝑋 = 700 × 37.5 
 

𝑋 =
700 ×  37.5

8
 

 

X  = 
26250

8
 =Rs. 3281.25 

  

1.9  PERCENTAGE 

 

A percentage is a part of a whole.  It can take on values between 0 (none of the 

whole) and 100 (all of the whole).  The whole is called the base.  The base must 

ALWAYS be reported whenever a percentage is determined. 
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Example:  There are 20 students in a classroom, 12 of whom are males and 8 of 

whom are females.  The percentage of males is 12 “out of” 20, or 60%.  The 

percentage of females is 8 “out of” 20, or 40%.  (20 is the base.) 

 

Example–1: 

Find 25% of 125. 

In this problem I am given the Rate (25%) and the Base (125) and I need to find 

the Part; therefore, I would set up my proportion in this way: 

 
25

100
=

𝑥

125
 

 

x represents the unknown Part 

 

To solve this I multiply the two cross products that are given (25 x 125) and divide 

that answer by 100.  The resulting answer solves for X. 

 

25 x 125 = 100 x 

25 x 125 = 3125   and    3125 ÷ 100 = 31.25 

x = 31.25 

so, 31.25 is  25% of  125. 
 

Example–2: 

 

What percentage of 560 is 320. 

 

In this problem I am given the Base (560) and the Part (320) and I must find the 

Rate; therefore, I would set this problem up in this way: 

 
𝑥

100
=

320

560
 

x represents the unknown Rate 

 

To solve this problem, I must multiply the two cross products that are given  

(100 x 320) and divide that answer by 560. 

100 x 320  =  560 x 

100 x 320 = 32000   and    32000 ÷  560  = 57.14 

x  = 57.14% 

so,   320 is  57.14%  of  560 
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Example–3: 

 36 is 45% of what number 

In this problem I am given the Part (36) and the Rate (45%) and I must find the 

Base; therefore, I would set this problem up in this way: 

 
45

100
=

36

𝑥
 

  x represents the unknown Base 

To solve this problem, I must multiply the two cross products that are given (100 x 36) 

and divide that answer by 45. 

 

100 x 36 = 45 x 

100 x 36 = 3600   and    3600 ÷  45  = 80 

x = 80 

so,   36 is  45%  of  80 

 

1.10  DESCRIPTIVE AND INFERENTIAL STATISTICS 
 

Following are the main divisions of Statistics: 

 Descriptive statistics: classification and diagrammatic representation of 

data. 

 Inferential Statistics: to draw conclusion about population on the basis of 

sample drawn from it.  

 Data: Any measurement of one or more characteristics recorded either from 

population or sample. 

 Example: The height (in cm) of 14 randomly selected students from this class 

constitutes a data set. (152, 160, 158, 155, 154, 155, 152, 151, 150, 153, 154, 

152,154, 156) 

 

1.11  TYPES OF DATA 
 
There are two types of Data:   

1. Primary Data 

2. Secondary 
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Distinction between primary and secondary data: 

  
Primary Data Secondary Data 

Basic 

Nature  

Primary Data are original 

and are collected for the 

first time.  

Data which are collected earlier by 

someone earlier else, and which are 

now in published or unpublished 

state.  

Collecting 

Agency  

These data are collected 

by the investigator 

himself/ herself.  

 Secondary Data were collected 

earlier by some other person.  

Post 

collection  

Alternation  

These data do not need 

alternation as they are 

according to the 

requirement of the 

investigation.  

These have to be analyzed and 

necessary changes have to be made 

to make them useful as per the 

requirement of investigation.  

Time and 

Money  

More times, energy and 

money has to be spent in 

collection of these data.  

Comparatively less time and money 

is to be spent.  

 
1.12  SCALES OF MEASUREMENT 

1. A Nominal Scale is an unordered set of categories identified only by name.  

Nominal measurements only permit you to determine whether two individuals 

are the same or different. 

 

 The classification of the six colors of milk chocolate candies is an example of 

the nominal level of measurement. We simply classify the candies by color. 

There is no natural order. That is, we could report the brown candies first, the 

orange first, or any of the other colors first. Recording the variable gender is 

another example of the nominal level of measurement. 

 

 It is the lowest measurement scale, since the numbers are assigned just to 

distinguish categories. Comparison of nominal scale values through 'greater 

than relation' is not permitted. No arithmetic operations (+, -, , and ) on 

nominal scale values are permitted. Marital status, religion, place of location, 

commodity brand etc. are measured on nominal scale.    
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2. An Ordinal Scale is an ordered set of categories.  Ordinal measurements tell 

you the direction of difference between two individuals. 

 

 An example of the ordinal level measure is based on a scale that measures an 

attribute. This type of scale is used when students rate instructors on a variety 

of attributes. One attribute may be: “Overall, how do you rate the quality of 

instruction in this class?” A student’s response is recorded on a relative scale 

of inferior, poor, good, excellent, and superior. An important characteristic of 

using a relative measurement scale is that we cannot distinguish the 

magnitude of the differences between groups. We do not know if the 

difference between “Superior” and “Good” is the same as the difference 

between “Poor” and “Inferior.” 

 

 Variable values obtained through ordinal scale of measurement can be 

compared though the 'greater than relation'. For example, in measuring the 

educational attainment (1 = inter, 2 = bachelor and 3 = master), the ordering 

of the numbers make sense, since bachelor is higher level than inter and 

master is higher level than bachelor. The degree of satisfaction, quality of 

product, level of liking etc. are measured in ordinal scale. In ordinal scale 

values, difference of values has no meanings.   

 

3. An Interval Scale is an ordered series of equal-sized categories.  Interval 

measurements identify the direction and magnitude of a difference.  The zero 

point is located arbitrarily on an interval scale. 

 

 The Fahrenheit temperature scale is an example of the interval level of 

measurement. Suppose the high temperatures on three consecutive winter 

days in Karachi are 28, 31, and 20 degrees Fahrenheit. These temperatures 

can be easily ranked, but we can also determine the interval or distance 

between temperatures. This is possible because 1 degree Fahrenheit 

represents a constant unit of measurement. That is, the distance between 10 

and 15 degrees Fahrenheit is 5 degrees, and is the same as the 5-degree 

distance between 50 and 55 degrees Fahrenheit. It is also important to note 

that 0 is just a point on the scale. It does not represent the absence of the 

condition. The measurement of zero degrees Fahrenheit does not represent 

the absence of heat or cold. But by our own measurement scale, it is cold! A 

major limitation of a variable measured at the interval level is that we cannot 

make statements similar to 20 degrees Fahrenheit is twice as warm as 10 

degrees Fahrenheit. 
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4.  A Ratio Scale is an interval scale where a value of zero indicates none of the 

variable. Ratio measurements identify the direction and magnitude of 

differences and allow ratio comparisons of measurements. 

 

 Examples of the ratio scale of measurement include wages, units of production, 

weight, changes in stock prices, distance between branch offices, and height. 

Money is also a good illustration. If you have zero Rupees, then you have no 

money, and a wage of Rs.50 per hour is two times the wage of Rs.25 per hour. 

Weight also is measured at the ratio level of measurement. If a scale is correctly 

calibrated, then it will read 0 when nothing is on the scale. Further, something 

that weighs 1 Kg is half as heavy as something that weighs 2 Kg. 

 

1.13 APPLICATION OF STATISTICS 
 

Statistics plays an important role in our daily life; it is useful in almost all sciences – 

social as well as physical – such as biology, psychology, education, economics, and 

business management, agricultural sciences etc. The statistical methods can be and 

are being followed by both educated and uneducated people. In many instances we 

use sample data to make inferences about the entire population. 

1. Planning is indispensable for better use of nation’s resources. Statistics are 

indispensable in planning and in taking decisions regarding export, import, 

and production etc. Statistics serves as foundation of the super structure of 

planning.  

2. Statistics helps the business man in the formulation of polices with regard to 

business. Statistical methods are applied in market and production research, 

quality control of manufactured products. 

3. Statistics is essential in economics. Any branch of economics that require 

comparison, correlation requires statistical data for salvation of problems. 

4. Statistics is helpful in administration in fact statistics are regarded as eyes of 

administration. In collecting the information about population, military 

strength etc. Administration is largely depends on facts and figures thud it 

needs statistics.  

5. Bankers, stock exchange brokers, insurance companies all make extensive use 

of statistical data. Insurance companies make use of statistics of mortality and 

life premium rates etc., for bankers, statistics help in deciding the amount 

required to meet day to day demands. 
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6. Problems relating to poverty, unemployment, food storage, deaths due to 
diseases, due to shortage of food etc., cannot be fully weighted without the 
statistical balance. Thus statistics is helpful in promoting human welfare. 
 

7.  Statistics are a very important part of political campaigns as they lead up to 
elections. Every time a scientific poll is taken, statistics are used to calculate 
and illustrate the results in percentages and to calculate the margin for error. 

 

 Some fields where Statistics is inevitable can be named as: 

1) Scientific Research. 

2) Economic analysis. 

3) Planning. 

4) Businesses and commerce. 

5) Forecasting and projection. 

6) Agriculture research. 

7) Stock market analysis. 

8) Quality control. 

9) Banking Institution. 

10) Production management. 

 
 

1.14  SELF-ASSESSMENT QUESTIONS 
 

1. A factory overseer selects 40 threaded rods at random from those produced 

that week at the factory, then she tests their tensile strength. 

 

 Identify the population and sample in this setting (only one answer) 

A: The population is all threaded rods ever produced at the factory; the 

sample is the threaded rods produced that week. 

B: The population is threaded rods produced at the factory that week; the 

sample is the 40 threaded rods selected. 

C: The population is all threaded rods in the world; the sample is all 

threaded rods produced at the factory. 

 

2. A group of librarians is interested in the numbers of books and other media 

that patrons check out from their library. They examine the checkout records 

of 150 randomly selected adult patrons. 

 

 Identify the population and sample in this setting. 

 Choose 1 answer: 
A: The population is all adult patrons of the library; the sample is the 150 

patrons selected. 
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B: The population is all patrons of the library; the sample is the adult 

patrons of the library. 

C: The population is all patrons who check out at least 111 book from the 

library; the sample is the 150 patrons selected. 

 

3. A factory overseer selects 40 threaded rods at random from those produced 

that week at the factory, then she tests their tensile strength. 

 

 Identify the population and sample in this setting. 

 Choose 1 answer from below: 

A: The population is all threaded rods ever produced at the factory; the 

sample is the threaded rods produced that week. 

 B: The population is threaded rods produced at the factory that week; the 

sample is the 40 threaded rods selected. 

 C: The population is all threaded rods in the world; the sample is all 

threaded rods produced at the factory. 

 

4. The state Department of Transportation wants to know about out-of-state 

vehicles that pass over a toll bridge with several lanes. A camera installed 

over one lane of the bridge photographs the license plate of every tenth 

vehicle that passes through that lane. 

 

Identify the population and sample in this setting. 

Choose 1 answer from below: 

 A: The population is all of the vehicles that pass over the toll bridge; the 

sample is vehicles from the lane with the camera. 

 B: The population is all of the vehicles that pass through the lane with the 

camera; the sample is the group of every tenth vehicle that passes 

through the lane. 

 C: The population is all of the out-of-state vehicles; the sample is the 

vehicles that pass over the toll bridge. 

 

5. Indicate which of the following variables are quantitative and which are 

qualitative. 

1) Number of persons in a family. 

2) Colors of cars. 

3) Marital status of people. 

4) Time to commute from home to varsity. 

5) Number of errors in a person’s credit report. 

6) Number of typographical errors in newspapers 

7) Monthly TV cable bills 
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8) Spring break locations favored by college students 

9) Number of cars owned by families 

10) Lottery revenues of states. 

 

Answer the following question what is Population and what is Sample  
1.  For each statement, identify whether the numbers underlined are statistics or 

parameters. 

a.  Of all U.S. kindergarten teachers, 32% say that knowing the alphabet is 

an essential skill. 

b.  Of the 800 U.S. kindergarten teachers polled, 34% say that knowing the 

alphabet is an essential skill. 

 

2.  Of the U.S. adult population, 36% has an allergy. A sample of 1200 randomly 

selected adults resulted in 33.2% reporting an allergy. 

a.  Who is the population? 

b.  What is the sample? 

c.  Identify the statistic and give its value. 

d.  Identify the parameter and give its value. 

 

3.  In your own words, explain why the parameter is fixed and the statistic varies. 

 

4.  Select 90 students currently enrolled at NCSU and ask how many years 

they’ve attended the university, how old they are, and if they live on campus. 

a.  What is the population? 

b.  What is the sample? 

 

5.  Suppose a 12-year-old asked you to explain the difference between a sample 

and a population, how would you explain it to him/her? How might you 

explain why you would want to take a sample, rather than surveying every 

member of the population? 

 

6.  A study reveals that there are exactly 100 Senators in the 109th Congress of 

the United States, and 55% of them are Republicans. 

a.  Do the data comprise a sample or a population? 

b.  Do the results represent a statistic or a parameter? 

7.  Identify the population and the sample: 

a.  A survey of 1353 American households found that 18% of the 

households own a computer. 

b.  A recent survey of 2625 elementary school children found that 28% of 

the children could be classified obese. 
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c.  The average weight of every sixth person entering the mall within a  

3-hour period was 146 lb. 

 

8. Determine whether the numerical value is a parameter or a statistic (and 

explain): 

a.  A recent survey by the alumni of a major university indicated that the 

average salary of 10,000 of its 300,000 graduates was 125,000. 

b.  The average salary of all assembly-line employees at a certain car 

manufacturer is $33,000. 

c.  The average late fee for 360 credit card holders was found to be $56.75. 
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INTRODUCTION 

 

Once data has been collected, it has to be classified and organized in such a way 

that it becomes easily readable and interpretable, which is, converted to 

information. Before the calculation of descriptive statistics, it is sometimes a good 

idea to present data as tables, charts, diagrams or graphs. Most people find 

‘Pictures’ much more helpful than ‘numbers’ in the sense that, in their opinion, they 

present data more meaningfully. 

 

 

 

OBJECTIVES 
 

When you have completed this unit, you will be able to:  

 Summarize qualitative variables with frequency and relative frequency tables.  

  Display a frequency table using a bar or pie chart.  

 Summarize quantitative variables with frequency and relative frequency 

distributions.  

 Display a frequency distribution using a histogram or frequency polygon. 
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COLLECTION OF DATA 
 

 

Collection of data is the basic activity of statistical science. It means collection of 

facts and figures relating to particular phenomenon under the study of any problem 

whether it is in business, economic, social or natural sciences. 

 

Such material can be obtained directly from the individual units, called primary 

sources or from the material published earlier elsewhere known as secondary sources. 

 
2.1  CLASSIFICATION AND TABULATION 

 
Classification: 

Classification is the process of arranging data into various groups, classes and 

subclasses according to some common characteristics of separating them into 

different but related parts. 

 

Main objectives of classification: 

1. To make the data easy and precise 

2. To facilitate comparison 

3. Classified facts expose the cause-effect relationship. 

4. To arrange the data in proper and systematic way. 

 

2.2  CONSTRUCTION OF FREQUENCY DISTRIBUTION TABLE 

 
In statistics, a frequency distribution is a tabulation of the values that one or more 

variables take in a sample. Each entry in the table contains the frequency or count 

of the occurrences of values within a particular group or interval, and in this way 

the table summarizes the distribution of values in the sample. 
 

The following steps are used for construction of frequency table 

i. The number of classes are to be decided 

ii. The appropriate number of classes may be decided by Yule’s formula, which 

is as follows:  

iii. 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠𝑒𝑠 = 2.5 × 𝑛
1

4 .  
iv. Another formula for no of Classes is 

 Number of Classes =1 + 3.33 log n 

v.  Where 𝑛 =  𝑖𝑠 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠. 
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vi. The class interval is to be determined. It is obtain by using the relationship 

𝐶𝑙𝑎𝑠𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 =
𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 − 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 

𝑛𝑜 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠𝑒𝑠
 

vii. The frequencies are counted by using Tally marks 
 In this method, the upper limit of any class interval is kept the same as the 

lower limit of the just higher class or there is no gap between upper limit of 
one class and lower limit of another class. It is called ' Exclusive ' as we do 
not put any item that is equal to the upper limit of a class in the same class; 
we put it in the next class. It is continuous distribution. 

 

 Example:  

Class interval Tally marks Frequency (f) 

0-10   

10-20   

20-30   

30-40   

 

There will be a gap between the upper limit of any class and the lower limit of the 

just higher class. It is discontinuous distribution. 
 

To convert discontinuous distribution to continuous distribution by subtracting 0.5 

from lower limit and by adding 0.5 to upper limit, we make class boundaries. 
  
Length of the class interval: 

The difference between upper limit and lower limit is called length of class interval. 

Length of class interval should be same for all the classes. The average of these two 

limits is called mid value of the class. 
 

Example:  

Construct a frequency distribution table for the following data 

25 32 45 8 24 42 22 12 9 15 26  

35 23 41 47 18 44 37 27 46 38 24 

43 46 10 21 36 45 22 18. 
 

 

Solution: 

𝑁𝑜. 𝑜𝑓 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑛 = 30 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠𝑒𝑠 = 2.5 × (30)
1
4 = 2.5 × 2.3 = 5.8 ≅ 6 

By second formula = 1+3.33+ log (30) = 1+3.33 x 1.4771=1+4.918=5.91͠= 6    

𝐶𝑙𝑎𝑠𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 =
𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 − 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 

𝑛𝑜 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠𝑒𝑠
=

46 − 8

6
= 6.3 ≅ 6 



24 

 

C.I Tally Frequency (f) 

7-12 | | | | 4 

13-18 | | |  3 

19-24 | | | |    |  6 

25-30 | | | 3 

31-36 | | |  3 

37-42 | | | |   4 

43-48 | | | |  | | | 7 

Total  30 

 

Example:  

Construct a frequency distribution table for the following data 

2,2,0,0,5,8,3,4,1,0,0,7,1,7,1,5,4,0,4,0,1,8,9,7,0, 

1,7,2,5,5,4,3,3,0,0,2,5,1,3,0,1,0,2,4,5,0,5,7,5,1 n=50 

1) No of Classes=  2.5×n  ¼ 

= 2.5×50× ¼ 

= 2.5× (50) ¼ 

= 2.5×2.659147948 

= 6.6478698871  

≅  7 

 

2) No of Classes =1+3.333 Log n 

1+3.333 Log (50)  

1+ 3.333 (1.698970004) 

1+5.662667024 

6.62667024 

≅  7 

 

3) Class Interval. = (Max-–Min) ÷ No of class 

   = (9-0) ÷7 

     = 9÷7 

= 1.285714286   

≅ 2 
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TABULATED DATA 

CLASS INTERVALS (C.I.) TALLY FREQUENCY (f) 

0-1 IIII  IIII  IIII    IIII 20 

2-3 IIII  IIII 9 

4-5 IIII IIII  III 13 

6-7 IIII 5 

8-9 III 3 

  Total= 50 

  

Example: Construct a frequency distribution table for the following data 

 5,13,9,12,7,4,8,6,6,10,7,11,10,8,15, 

 8,6,9,12,10,7,11,10,8,12,9,7,10,7,8 n=30 

 

1) No of Classes= 2.5×n ¼ 

   = 2.5×30× ¼ 

   = 2.5×2.340347319 

= 5.850868298    

 ≅   6 

 

No of Classes =1+3.333 Log n 

    = 1+3.333 Log (30)  

   = 1+ 3.333 (1.477121255) 

   = 1+ 4.923245143 

= 5.923245143   

≅ 6 

 

2) C.I. = (Max- Min) ÷ No of class 

   = (15-4) ÷ 6 

     = 11 ÷ 6 

     = 1.8     

    ≅ 2 
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TABULATED DATA 

CLASS INTERVAL (C.I.) TALLY FREQUENCY (f) 

4-5 II 2 

6-7 IIII  III 8 

8-9 IIII   III 8 

10-11 IIII  II 7 

2-13 IIII 4 

14-15 I 1 

  TOTAL=30 

 

Example:  

Construct a frequency distribution table for the following data 

55,70,80,75,90,80,60,100,95,70,75,85,80,80,70,95, 

100,80,85,70,85,90,80,75,85,70,90,60,80,70,85,80   n=32 

 

1) No of Classes =  2.5×n ¼ 

 = 2.5× (32) ¼ 
 = 2.5 ×2.37841423 
 = 5.946035575  
 ≅ 6 
 

 No of Classes =  1+3.333 Log N 

 = 1+3.333 Log (32)  

  = 1+ 3.333 ×1.505149978 

= 1+5.016664878   
    ≅ 6 

 

2) C.I. = Max- Min ÷ No of class 

   = 100 – 55 ÷6 

= 45÷6  = 7.5   
≅  8 

TABULATED DATA 

CLASS INTERVAL 

(C.I.) 

TALLY FREQUENCY (f) 

53-60 III 3 

61-68  0 

69-76 IIII  III 8 

77-84 IIII  IIII 9 

85-92 IIII  III 8 

93-100 IIII 4 

  TOTAL= 32   
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2.3  FREQUENCY 
 

The frequency (f) of a particular observation is the number of times the observation 

occurs in the data. In this example, the frequency of the Leonardo category is 15 

because 15 people said he was their favorite. The distribution of a variable is the 

pattern of frequencies of the observation. A frequency distribution is a table that 

reports the number of observations that fall into each category of the variable we're 

analyzing. Making a frequency distribution for my Ninja Turtle data is pretty 

straightforward: 

 

Favorite Ninja Turtle 
  

Turtle/Tortoise Leonardo Donatello Raphael Michelangelo Other Total 

Frequency (f) 15 13 20 7 1 56 

   

Frequency distributions can show either the actual number of observations falling 

in each category or the percentage of observations. The actual number is called the 

raw score, while a distribution that includes the percentage of observations is called 

a relative frequency distribution. Relative frequency distributions are referred to as 

such because they allow for comparison between categories with unequal numbers 

of observations. We can turn the above table into a relative frequency distribution 

by calculating the percentage of observations in each category: 

 

Favorite Ninja Turtle 

Turtle/Tortoise   Frequency (f)  Relative Frequency (%) 

Leonardo    15    (15/56)x100 = 0.27 x 100 = 27% 

Donatello    13    (13/56)x100 = 0.23 x 100 = 23% 

Raphael    20    (20/56)x100 = 0.36 x 100 = 36% 

Michelangelo   7    (7/56)x100 = 0.13 x 100 = 13% 

Other     1    (1/56)x100 = 0.02 x 100 = 2% 

Total     56    (56/56)x100 = 1 x 100 = 100% 

 

Relative frequencies can be useful when comparing the distributions of two 

different samples. Last fall, I asked my students the same question about their 

favorite Ninja Turtles, and the results are as follows: 

 

Favorite Ninja Turtle 

Turtle/Tortoise Leonardo Donatello Raphael Michelangelo Total 

Frequency (f) 7 13 5 15 40 
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Suppose we wanted to compare the popularity of Donatello between my two 

classes. We can see from looking at the raw frequencies that 13 of the students in 

my class last spring listed Donatello as their favorite, and 13 of the students in my 

class last fall did as well. Can we therefore conclude that Donatello was equally 

popular in both classes? No! We can't compare raw frequencies directly because 

the two groups have different sample sizes. My class last spring had 56 students, 

while my class last fall only had 40. In stats terminology, we would say that n=56 

in the first sample, while n=40 in the second. In order to compare the two, we need 

to calculate the relative frequencies of the second sample: 

 

Favorite Ninja Turtle 
 

Turtle  Frequency (f)  Relative Frequency (%) 

Leonardo  7  (7/40) x 100 = 0.175 x 100 = 17.5% 

Donatello  13  (13/40) x100 = 0.325 x 100 = 32.5% 

Raphael  5  (5/40) x100 = 0.125 x 100 = 12.5% 

Michelangelo  15  (15/40) x 100 = 0.375 x 100 = 37.5% 

Total  40  (40/40) x 100 = 1 x 100 = 100% 

 

Even though the same number of students in each class listed Donatello as their 

favorite Ninja Turtle, a higher percentage (i.e., a greater relative frequency) of 

students listed him as their favorite in the second sample. 

 

Because “favorite Ninja Turtle” is a nominal variable, it would be just as easy to 

display these data as a pie chart. This pie chart shows the distribution of "favorite 

Ninja Turtle" among my class from last spring: 

 

Pie charts are generally best for nominal-level variables, which are not ordered, 

while bar graphs are generally best for ordinal-level variables, which are ordered. 

This is because bar graphs allow us to display the categories in order from least to 

greatest. Consider the following made-up graph of the distribution of students in a 

fictional class by grade level: 

 

A bar chart allows us to display the frequency of each category while 

simultaneously keeping the categories in order from lowest to highest. Graphs and 

charts like these are usually used for nominal or ordinal variables that have 

relatively few categories. With interval/ratio level variables like GDP that typically 

have many more categories, there are better ways of summarizing information, 

which we will begin to talk about in the next chapter. I could make a pie chart 

illustrating the GDP for all 195 countries on the planet, but it would look pretty 

messy (it would have 195 slices). 
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2.4  CUMULATIVE FREQUENCIES 
 

With interval/ratio variables, we can take our analysis a little further. The following 

table represents the annual income data taken from the fourth wave of the National 

Survey of Adolescent Health (the Add Health dataset). 

 

With interval/ratio data, we can add two columns to the above table: cumulative 

frequency and cumulative percent. Cumulative frequency represents the number of 

observations that fall at or below a given interval, while cumulative percent 

represents the percent of observations that fall at or below a given interval. Please 

note: Including cumulative frequency and cumulative percent in a table only makes 

sense when dealing with variables that can be ranked from least to greatest. 

Including cumulative frequency and cumulative percent when describing a 

nominal-level variable is totally illogical. It's literally asking, "How many people 

are black or above?" or "How many people are Catholic or below?" Here's an 

example of a table with a cumulative frequency column: 

 

Annual Income 

          

Income in Frequency (f) 
Percent of 

Frequency 

Cumulative 

Frequency 

Less than 5,000    134    2.84    134 

5,000 to 8,999    117    2.48     251 

9,000 to 13,999    172    3.64     423 

14,000 to 18,999    167    3.54     590 

19,000 to 23,999    234    4.96     824 

24,000 to 28,999    269    5.70    1,093 

29,000 to 38,999    498    10.55     1,591 

39,000 to 48,999    570    12.07     2,161 

49,000 to 73,999    1,147      24.30     3,308 

74,000 to 99,999    696    14.74     4,004 

100,000+     717    15.17     4,721 

Total     4,721     100.00  

 

To calculate the cumulative frequency for a given interval, we simply add the 

frequencies of that interval to all the intervals above it. For example, to calculate the 

cumulative frequency for the 5,000-9,000 interval, I added that interval's frequency 

(117) to that of all the intervals above it (134). In other words, 134+117 = 251. The 

same process holds true for any other interval. For the 25,000-29,000 interval, we 

simply add that interval's frequency (269) to those of all the intervals above it: 
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269+234+167+172+117+134 = 1,193. We can interpret that number by saying 

1,093 of the people in our sample make 29,000 or less per year. 

 

Calculating the cumulative percent follows essentially the same process except we 

sum the percentages rather than the number of observations. Consider the following 

table: 

 

This table contains the same information as the previous tables, but the cumulative 

percent column allows for easier interpretation. For example, we could say that 

23.16 percent of the people in our sample make 29,000 per year or less. 

 

Annual Income 

 

Income in Frequency (f) 
Percent of 

Total 
Percent of 

Frequency 

Cumulative 

Frequency 

Less than 5,000    134     2.84    134    2.84 

5,000 to 8,999     117     2.48    251    5.32 

9,000 to 13,999     172     3.64    423    8.96 

14,000 to 18,999   167     3.54    590    12.50 

19,000 to 23,999   234     4.96    824    17.46 

24,000 to 28,999   269     5.70    1,093   23.16 

29,000 to 38,999   498    10.55      1,591    33.71 

39,000 to 48,999    570     12.07      2,161    45.78 

49,000 to 73,999   1,147      24.30     3,308    70.08 

74,000 to 99,999    696      14.74     4,004    84.82 

100,000+      717     15.17      4,721    100.00 

Total     4,721   100.00     

  

Graphical Presentation of data: 

The important graphs and diagrams which are used for presentation of statistical 

data are: 

a) Simple Bar diagram 

b) Multiple Bar Diagram 

c) Subdivided Bar Diagram (Component Bar Diagram) 

d) Pie Diagram 

 

Graphs to describe categorical variable are bar diagram, pie diagram, pareto 

diagram and so on. 

 

Graphs to describe numerical variable are histogram, ogive, stem and leaf plot. 
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2.5 SIMPLE BAR CHART 
 

Bar charts are one of the most commonly used types of graph and are used to 

display and compare the number, frequency or other measure (e.g. mean) for 

different discrete categories or groups. The graph is constructed such that the 

heights or lengths of the different bars are proportional to the size of the category 

they represent. 

Below are the steps to following when constructing a bar graph: 

Determine the following elements of the bar graph from the table 

 

Title of the graph. 

Label for each axis—Here we must determine which is to be the frequency axis and 

which is to be the grouped data axis. 

Scale for each axis--Determine the numerical scale for the frequency axis, then 

the group names for grouped data axis. 

Draw a set of axes that you will use to construct your graph 

Determine which axis will be the frequency axis--Determine whether bars will go 

horizontally or vertically. 

Write in axes labels. 

For the frequency axis, determine the scale interval. 

Use the data from the table to draw in the bars on the graph. 

Example: The results of a survey that asked adults how they pay their monthly 

bills can be presented using a summary table. 

 

Form of Payment Percentage (%) 

Cash 15 

Check 54 

Electronic/online  28 

Others  3 

 

Figure: Bar charts showing the different form of payment 
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A Bar Graph (also called Bar Chart) is a graphical display of data using bars of 
different heights. 
 Imagine you just did a survey of your friends to find which kind of movie 

they liked best: 

Table: Favorite Type of Movie 

Comedy Action Romance Drama Sci-Fi 

4 5 6 1 4 
 

 We can show that on a bar graph like this: 
 

 
 

 It is a really good way to show relative sizes: we can see which types of movie 
are most liked, and which are least liked, at a glance. 

 We can use bar graphs to show the relative sizes of many things, such as what 
type of car people have, how many customers a shop has on different days 
and so on. 
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 Example: Most Popular Fruit 

 A survey of 145 people revealed their favorite fruit: 

Fruit: Apple Orange Banana Kiwifruit Blueberry Grapes 

People: 35 30 10 25 40 5 

 And here is the bar graph: 

 

 For that group of people Blueberries are most popular and Grapes are the least 

popular. 

 

 
 

2.6  MULTIPLE BAR CHART 
 

If the data is classified by attributes and if two or more characters or groups are to 

be compared within each attribute, we use multiple bar diagrams. If only two 

characters are to be compared within each attribute, then the resultant bar diagram 

used is known as double bar diagram. 
 

The multiple bar diagram is simply the extension of simple bar diagram. For each 

attribute two or more bars representing separate characters or groups are to be 

placed side by side. Each bar within an attribute will be marked or colored 

differently in order to distinguish them. Same type of marking or coloring should 

be done under each attribute. A footnote has to be given explaining the markings 

or colorings. 
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Example: 
Draw a multiple bar diagram for the following data which represented agricultural 

production for the period from 2000-2004 

 

Year Food grains (tones) Vegetables (tones) Others (tones) 

2000 100 30 10 

2001 120 40 15 

2002 130 45 25 

2003 150 50 25 

2004    
 

 

 
 

2.7 SUBDIVIDED BAR DIAGRAM (COMPONENT BAR 

DIAGRAM) 
 

This is also called sub – divided bar diagram. Instead of placing the bars for each 

component side by side we may place these one on top of the other. This will result 

in a component bar diagram. 

Example: 
Draw a component bar diagram for the following data 
 

Year Food grains (tones) Vegetables (tones) Others (tones) 

1974 100 30 10 

1975 120 40 15 

1976 130 45 25 

1977 150 50 25 
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2.8  PERCENTAGE BAR DIAGRAM 
 

Sometimes when the volumes of different attributes may be greatly different for 

making meaningful comparisons, the attributes are reduced to percentages. In that 

case each attribute will have 100 as its maximum volume. This sort of component 

bar chart is known as percentage bar diagram. 
 

Percentage = 

 
 

Example:  

Draw a Percentage bar diagram for the following data 

 

Using the formula Percentage =                                                       , the above 

table is converted. 
 

 

Year Food grains (tones) Vegetables (tones) Others (tones) 

1974 71.43 21.43 7.14 

1975 68.57 22.86 8.57 

1976 65 22.5 12.5 

1977 66.67 22.22 11.11 
 

 

2.9  PIE DIAGRAM/ PIE CHART  
 

A pie chart is more commonly used to display percentages, although it can be used 

to display frequencies or relative frequencies. The whole pie (or circle) represents 

the total sample or population. Then we divide the pie into different portions that 

represent the different categories. 



36 

 

Following are the necessary steps to construct a pie chart  

Pie Chart 

Table of Contents: 

The total value of the pie is always 100%. 

(Given Data/Total value of Data) × 360° 

Step 1: First, Enter the data into the table. 

Step 2: Add all the values in the table to get the total. 

Step 3: Next, divide each value by the total and multiply by 100 to get a per cent: 

 

Imagine a teacher surveys her class on the basis of their favorite Sports: 

Football Hockey Cricket Basketball Badminton 

10 5 5 10 10 

 

The data above can be represented by a pie-chart as following and by using 

the circle graph formula, i.e. the pie chart formula given below. It makes the size 

of portion easy to understand. 

 

Step 1:  First, Enter the data into the table. 

Football Hockey Cricket Basketball Badminton 

10 5 5 10 10 

 

Step 2:  Add all the values in the table to get the total. 

i.e. Total students are 40 in this case. 

 

Step 3: Next, divide each value by the total and multiply by 100 to get a per cent: 

Football Hockey Cricket Basketball Badminton 

(10/40) × 100 

=25% 

(5/ 40) × 100 

=12.5% 

(5/40) ×100 

=12.5% 

(10/ 40) ×100 

=25% 

(10/40) × 100 

=25% 

 

Step 4:  Next to know how many degrees for each “pie sector” we need, we will 

take a full circle of 360° and follow the calculations below: 

 

The central angle of each component = (Value of each component/sum of values of 

all the components) x 360° 

Football Hockey Cricket Basketball Badminton 

(10/ 40) × 360° 

=90° 

(5 / 40) × 360° 

=45° 

(5/40) × 360° 

=45° 

(10/ 40) × 360° 

=90° 

(10/ 40) × 360° 

=90° 

 

https://byjus.com/circle-graph-formula/
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Now you can draw a pie chart. 
 

Step 5:  Draw a circle and use the protractor to measure the degree of each sector. 
 

 
 

One of the most common ways to represent data graphically is called a pie chart. It 

gets its name by how it looks, just like a circular pie that has been cut into several 

slices. It is a special chart that uses "pie slices" to show relative sizes of data. This 

kind of graph is helpful when graphing qualitative data, where the information 

describes a trait or attribute and is not numerical. Each trait corresponds to a 

different slice of the pie. By looking at all of the pie pieces, you can compare how 

much of the data fits in each category. The larger a category, the bigger that its pie 

piece will be. 
 

Imagine you just did a survey of your friends to find which kind of movie they liked 

best. 
 

Here are the results: 

Table: Favorite Type of Movie 

Comedy Action Romance Drama Sci-Fi 

4 5 6 1 4 
 

You could show that by this pie chart: 
 

It is a really good way to show relative sizes: it is easy to see which movie types 

are most liked, and which are least liked, at a glance. 

http://southernfood.about.com/od/pierecipes/a/Pie-Recipes.htm
http://statistics.about.com/od/Glossary/g/Qualitative-Data.htm
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How to make them yourself: 

First, put your data into a table (like above), then add up all the values to get a total: 

Comedy Action Romance Drama Sci-Fi Total 

4 5 6 1 4 20 

 

Next, divide each value by the total and multiply by 100 to get a percent: 

Comedy Action Romance Drama Sci-Fi Total 

4 5 6 1 4 20 

4/20 =20% 5/20 =25% 6/20 =30% 1/20 =5% 4/20=20% 100% 

 

Now you need to figure out how many degrees for each "pie slice" (correctly called 

a sector). 

 

A Full Circle has 360 degrees, so we do this calculation: 

Comedy Action Romance Drama SciFi Total 

4 5 6 1 4 20 

4/20 =20% 5/20 =25% 6/20 =30% 1/20 = 5% 4/20 =20% 100% 

4/20 × 360° 

=72o 

5/20 × 360° 

= 90o 

6/20 × 360° 

=108o 

1/20 × 360° 

=10o 

4/20 × 360° 

= 72o 
360° 

 

 

http://www.mathsisfun.com/geometry/circle-sector-segment.html
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Now you are ready to start drawing! Draw a 

circle. 

 

Then use your protractor to measure the 

degrees of each sector. 

 

Here I show the first sector ...... you can do the 

rest 

 

 

 

2.10 SELF-ASSESSMENTS QUESTIONS 
 

2.1  Construct a frequency distribution table for the following data 

 25 32 45 8 24 42 22 12 9 15 

 26 35 23 41 47 18 44 37 27 46 

 38 24 43 46 10 21 36 45 22 18 
 

 

2.2 Mercury contamination can be particularly high in certain types of fish. The 

mercury content (ppm) on the hair of 40 fishermen in a region thought to be 

particularly vulnerable are given below (From paper “Mercury content of 

commercially imported fish of the Seychelles, and hair mercury levels of a selected 

part of the population.” Environ. Research, (1983), 305-312.) 
 

13.26    32.43   18.10   58.23   64.00   68.20   35.35   33.92   23.94   18.28 

22.05   39.14   31.43   18.51   21.03    5.50    6.96    5.19   28.66   26.29 

13.89   25.87    9.84   26.88   16.81   38.65   19.23   21.82   31.58   30.13 

42.42   16.51   21.16   32.97    9.84   10.64   29.56   40.69  12.86   13.80 

 

 Construct frequency distribution of the above data, also calculate the 

cumulative and percentage frequency distribution 

 

  

http://www.mathsisfun.com/geometry/protractor-using.html
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INTRODUCTION 

 

Before we get into continuous data sets, let's take a quick look at the basic definition 

of a data set. A data set is a grouping of information that's related to each other. A 

data set can be either qualitative or quantitative. A qualitative data set would consist 

of words that can be observed, not measured. A quantitative data set would consist 

of numbers that can be directly measured. Months in a year would be an example 

of qualitative, while weights of dogs in the neighborhood would be an example of 

quantitative. 

 

 

OBJECTIVES 
 

When you have completed this unit, you will be able to:  

 To review good practice in data presentation. 

 To provide examples of different data presentation formats. 

 To provide sufficient information allowing students to select the presentation 

format most applicable to their own data. 

 Understand different ways of summarizing data. 

 Choose the right table/graph for the right data and audience.  

 Ensure that graphics are self-explanatory create graphs and tables that are 

attractive. 
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QUANTITATIVE EXAMPLES 

 
A continuous data set is a quantitative data set representing a scale of measurement 

that can consist of numbers other than whole numbers, like decimals and fractions. 

Continuous data sets would consist of values like height, weight, length, 

temperature, and other measurements like that. They're things that can be measured 

in fractions and decimals. Usually a tool, like a ruler, measuring tape, scale, or 

thermometer, is required to produce the values in a continuous data set. 

 

Continuous is something that can and must be able to be broken down into fractions 

and decimals. Continuous situations are said to be measured, we can measure them. 

An example of this would be height. 

 

When figuring out if a graph is continuous or discrete, we see if all the points are 

connected. If the line is connected between the start and the endpoints, we say the 

graph is continuous. If the points are not connected it is discrete. 

 
 
3.1 HISTOGRAM 
 

A Histogram is a pictorial method of representing data. Histograms are a special form 

of bar chart where the data represent continuous rather than discrete categories. 

 

For example, a histogram could be used to present details of the average number of 

hours exercise carried out by people of different ages because age is a continuous 

rather than a discrete category. However, because a continuous category may have 

a large number of possible values the data are often grouped to reduce the number 

of data points. For example, instead of drawing a bar for each individual age 

between 0 and 65, the data could be grouped into a series of continuous age ranges 

such as 16-24, 25-34, 35-44 etc. Unlike a bar chart, in a histogram both the x- and 

y-axes have a scale. This means that it is the area of the bar that is proportional to 

the size of the category represented and not just its height.  
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Graph 3.1: Percentage of men spending at least one hour per week 
participating in sports or exercise by age.   

 

 

Graph 3.2: A Histogram is a graphical display of data using bars of 

different heights. 

 

 
 

It is similar to a Bar Chart, but a histogram groups numbers into ranges 
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http://www.mathsisfun.com/data/bar-graphs.html
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And you decide what ranges to use! 
 

Example: Height of Orange Trees 

You measure the height of every tree in the orchard in centimeters (cm) 

The heights vary from 100 cm to 340 cm 

You decide to put the results into groups of 50 cm: 

 The 100 to just below 150 cm range, 

 The 150 to just below 200 cm range, etc.... 

 

Graph 3.3: A Histogram is a graphical display of data using bars of 

different heights. 
 

 
 

So a tree that is 260 cm tall is added to the "250-300" range. And here is the result: 

For example, there are 30 trees from150 cm to just below 200 cm tall 

 
3.2  FREQUENCY POLYGON AND FREQUENCY CURVE 
 

A frequency polygon also shows the shape of a distribution and is similar to a 

histogram. It consists of line segments connecting the points formed by the 

intersections of the class midpoints and the class frequencies. The midpoint of each 

class is scaled on the X-axis and the class frequencies on the Y-axis. Recall that the 

class midpoint is the value at the center of a class and represents the typical values 

in that class. The class frequency is the number of observations in a particular class. 

 

Example: 

Consider again the cumulative frequency polygon for the mercury data (Environ. 

Research, (1983), 305-312). As the total number of observations is 40, we can 

estimate the lower and upper quartiles by reading off the mercury values from the 

graph for a cumulative frequency of 10 and 30, respectively. 



47 

 

Mercury contamination can be particularly high in certain types of fish. The 

mercury content (ppm) on the hair of 40 fishermen in a region thought to be 

particularly vulnerable are given below (From paper “Mercury content of 

commercially imported fish of the Seychelles, and hair mercury levels of a selected 

part of the population.”  

13.26    32.43   18.10   58.23   64.00   68.20   35.35   33.92   23.94   18.28 

22.05   39.14   31.43   18.51   21.03    5.50    6.96    5.19   28.66   26.29 

13.89   25.87    9.84   26.88   16.81   38.65   19.23   21.82   31.58   30.13 

42.42   16.51   21.16   32.97    9.84   10.64   29.56   40.69  12.86   13.80 
 

The first step is to group the data.  A reasonable choice of class intervals is: 

0-10, 10-20, 20-30, 30-40, 40-50, 50-60, 60-70. 

 

Table 3.1: The frequency table that results from the use of these intervals is: 
 

Interval Frequency Cumulative frequency 

0-10 5 5 

10-20 11 16 

20-30 10 26 

30-40 9 35 

40-50 2 37 

50-60 1 38 

60-70 2 40 
 

Figure: A Cumulative frequency polygon for mercury data 
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3.3  SCATTER PLOTS 
 

Scatter plots are useful for assessing relationships between 2 variables. To draw a 

scatter plot we represent one of the variables by the horizontal axis and the other 

variable by the vertical axis. We then simply plot the pairs of data points on the 

graph. 

 

Example: 

Fifteen children were given a visual-discrimination (V) test during the first week at 

primary school and a reading-achievement (R) test at the end of their first year of 

schooling. Scores out of 100 were calculated for each test. 

 

Child No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

V-score 75 69 70 62 52 45 42 39 37 34 34 66 54 58 63 

R-score 95 90 82 69 58 49 38 35 30 20 31 75 61 64 77 

 

To draw a scatter plot we now want to plot the points (75, 95), (69, 90), (70, 82), 

…, (63, 77). 

 

The plot would suggest that there is a positive relationship between the V-score and 

the R-score. 
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A scatter plot depicting primary school test results
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The following graphs give illustrations of variables that are (a) positively and  

(b) negatively correlated with each other.  Correlation can also be categorised as 

strong or weak depending upon how close the points are to lying on a straight line. 

It is important to realise that scatter plots point to associations between variables.  

They do not necessarily show a causal relationship. 

 

Example: 

Information about two variables (life expectancy and the number of people per 

television set) is available for 12 countries: 

 
It is clear that the two variables are negatively correlated.  However, it clearly would 
be wrong to conclude that simply sending more televisions to countries with low 
life expectancies would cause their inhabitants to live longer.     
 
This example illustrates the very important distinction between causation and 
association.  Two variables may be strongly correlated without a cause-and-effect 
relationship existing between them.  Often the explanation is that both variables are 
related to a third variable not being measured.  In the example above for instance 
both life expectancy and the number of televisions in the population will both be 
related to the country’s wealth? 
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Figure: Different type of relation between two variables 

 

There is one further type of graph that we will consider later in the chapter (namely 

box-and-whisker plots). We first however need to look at numerical summary 

measures for data. 

 
3.4  OGIVE 
 

An ogive is a curve drawn for the cumulative frequency distribution by joining with 

straight lines the dots marked above the upper boundaries of classes at heights equal 

to the cumulative frequencies of respective classes. 

 

The following data represents the distribution of female workers in different 

garments industries  

 

Class interval of workers <100 100-150 150-200 200-250 250-300 300+ 

No. of industries  10 28 65 35 15 18 

Cumulative 

frequency 

From top 10 38 103 138 153 171 

From bottom 171 161 133 68 33 18 

 

  

0 5 10 15
0

5

10

15

x

y
Strong, positive

0 5 10 15
-5

0

5

10

15

x

y

Weak, positive

0 5 10 15
0

5

10

15

x

y

Strong, negative

0 5 10 15
-5

0

5

10

15

20

x

y

Weak, negative



51 

 

Draw ogive curve. 
 

 
 

Figure: Ogive representing number of industries against number of female workers. 

 

 A graph that shows information that is connected in some way (such as change 

over time) 

 You are learning facts about dogs and each day you do a short test to see how 

good you are. These are the results: 

 
Table: Facts I got Correct 

Day 1 Day 2 Day 3 Day 4 

3 4 12 15 
 

Line Graph: of above data 
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3.5  BIVARIATE FREQUENCY DISTRIBUTION 
 

If we are interested to study the two variables of the same population 

simultaneously, it is called bivariate. And its distribution is called bivariate 

frequency distribution. 

 

In bivariate frequency distribution the values of one variable are in rows and values 

of other variable are in columns; the values can be discrete or continuous. The 

frequencies in each class are kept in the body of the table. The theoretical frame of 

a two–way bivariate frequency table is as shown below: 

 

   Y     

    X 
y1 y2 

……

… 
…… yn Total 

x1 f11 f12 
……

… 
……. f1n    Σf1i 

x2 f21 f22 
……

… 

……

… 
f2n Σf2i 

……

… 

……

… 

……

… 

……

… 

……

… 

……

… 
…….. 

……

… 

……

… 

……

… 

……

… 

……

… 

……

… 
……. 

xm fm1 fm2 
……

… 

……

… 
fmn Σfmi 

Total Σfj1 Σfj2 
……

… 

……

… 
Σfjn 

n = 

Σf  
 

Where, n is the total frequency x1, x2 ,…… xm and y1, y2,……. yn are the values of 

variables   X and Y respectively and f11, f12……….. fmn are their cell frequencies. 

 

Example: 

The following figures give the ages in the years of newly married husbands and 

wives. Represent the data by a bivariate frequency distribution. 

 

(Husband's age, wife's age): (25,17), (26, 18), (27, 19), (25, 17), (20, 20), (24, 18), 

(27, 18), (28, 19), (25, 18), (26, 19), (25, 17), (26, 18), (29, 19), (25, 19), (27, 20), 

(26, 19), (25, 17), (26, 20), (26, 17), (26, 18) 

 

Solution: 

Let, X = age of husband and Y = age of wife. We observe that the variable X takes 

the values from 24 to 28 and Y takes the values from 17 to 20. 
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We obtain the bivariate frequency distribution as given on next page: 

 

Bivariate frequency distribution of the ages (in years) 
       X   

Y 

Age of Husbands (X) 

24 25 26 27 28 Row Total 

A
g

e 
o

f 

w
iv

es
 (

Y
) 17 |(1) ||| (3) | (1) - - 5 

18 | (1) | (1) ||| (3) | (1) - 6 

19 - | (1) || (2) || (2) | (1) 6 

20 - - | (1) | (1) | (1) 3 

Column 

Total  
2 5 7 4 2 n  = 20 

 

 

3.6  STEM AND LEAF PLOT 
 

A stem and leaf plot displays the data in the same 'shape' as the histogram, though 

it tends to be shown horizontally. The main difference is that it retains all the 

original information as the numbers themselves are included in the diagram so that 

no information is 'lost'.  

 

Example:  

The following data represents the marks of students in a statistics course (marks out 

of 100) 

23 45 68 72 75 80 86 60 42 52 48 66 72 71 80 82 84 

86 75 74 62 45 36 30 32 34 37 46 48 49 68 60 61 62 

64 66 67 67 70 71 55 54 50 52 53 55 58 64 63 64 65 

Represents the data by a steam and leaf plot 

 

Solution: 

Title: stem and leaf plot of marks of students in a statistics coarse. 

Stem Leaf    (Leaf unit=1)         

2 3                

3 0 2 4 6 7            

4 2 5 5 6 8 8 9          

5 0 2 2 3 4 5 5 8         

6 0 0 1 2 2 3 4 4 4 5 6 6 7 7 8 8 

7 0 1 1 2 2 4 5 5         

8 0 0 2 4 6 6           
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Example: 

Last spring, I asked all the students in my class to name their favourite Teenage 

Mutant Ninja Turtle. The results were as follows: 

Leonardo = 15 

Donatello = 13 

Raphael =   20 

Michelangelo = 7 

Other = 1 (One student put "Galapagos tortoise," either because he didn't understand 

the question or because he was being glib.) 

 

3.7  BOX AND WHISKER PLOT 
 

The chart below shows the process in which you need to follow in order to create a 

box-and-whisker plot. 
 

The data: Math test scores 80, 75, 90, 95, 65, 65, 80, 85, 70, 100 
Find your outliers first before you determine the smallest and the largest value for 
your box-and-whisker plot.  Do not include the outliers as the smallest or largest 
value.  Instead, mark them as points on the graph and then use the next highest or 
the next lowest to start or end the whiskers of the plot. 

Write the data in numerical order 
and find the first quartile, the 
median, the third quartile, the 
smallest value and the largest value. 
median  =  80 
first quartile  =  70 
third quartile  =  90 
smallest value  =  65 
largest value  =  100  

Place a circle beneath each of these 

values on a number line. 

 

Draw a box with ends through the 

points for the first and third 

quartiles.  Then draw a vertical line 

through the box at the median 

point.  Now, draw the whiskers (or 

lines) from each end of the box to 

the smallest and largest values. 
 

 



55 

 

Looking at the plot above, you can easily find the smallest value, the first quartile 

(or lower quartile), the median, the third quartile (or the upper quartile), and the 

largest value. 
 

Remember to put the values in order from least to greatest FIRST! 
 

Use the following data, gives ages of students and their siblings. 

9, 10, 8, 15, 16, 12, 14, 15, 19, 17, 16 
 

1. Find each of the following values for the data: 

A) Lowest Value 

B) Lower Quartile 

C) Median 

D) Upper Quartile 

E) Greatest Value 
 

2. Make a box and whiskers plot for the data. 

 

 

 

 We have already looked at one particular type of graph used to show different 

statistics.  This type of graph is a box-and-whisker plot.  

 
 

 Looking at the box and whisker plot above we can determine different 

statistics.   
 

Find the following from the whisker plot: 
 

Median _________Lower Quartile _____________ Upper Quartile ___________ 

Interquartile Range _______________ Highest Value __________ Lowest Value 

_________    Range _________  

 

Are there any outliers? _________ If so, what are they? _____________ 

Remember that the outliers on a box-and-whisker plot are not part of the whiskers.   

The outliers are listed off of the whiskers as lone points. 

 

It is also important to notice that the number line on the bottom is just that: a number 

line.  It does not represent the highest or lowest value, or the range of the data set. 

 



56 

 

3.8  SELF-ASSESSMENT QUESTIONS 

 
1. You are working for the Transport manager of a large chain of supermarkets 

which hires cars for the use of its staff. Your boss is interested in the weekly 

distances covered by these cars. Mileages recorded for a sample of hired 

vehicles from 'Fleet 1' during a given week yielded the following data: 

 138 164 150 132 144 125 149 157 161 150 

  146 158 140 109 136 148 152 144 145 145 

  168 126 138 186 163 109 154 165 135 156 

  146 183 105 108 135 153 140 135 142 128 

 

a) Construct a frequency distribution. 

b) Construct a pie chart 

c) Construct steam and leaf plot.  

d) Construct histogram and ogive curve.  

e) Construct a Bar Diagram 

 

2. From the following Data 

25 19 16 9 12 14 18 13 10 9 

15 16 12 10 21 25 28 23 24 14 

15 19 25 16 28 17 25 16 10 14 

25 29 19 13 17 12 18 19 10 12 

a) Construct a frequency distribution. 

b) Construct a pie chart 

c) Construct steam and leaf plot.  

d) Construct histogram and ogive curve.  

e) Construct a Bar Diagram 

 

3. From a sample of daily production in the yards of 30 carpet looms. 

  16.2, 15.8, 15.8, 15.8, 16.3, 15.6, 15.7, 16.0, 16.2, 16.1, 16.8, 16.0, 16.4, 15.2, 

15.9, 15.9, 15.9, 16.8, 15.4, 15.7, 15.9, 16.0, 16.3, 16.0, 16.4, 16.6, 15.6, 16.9, 

16.3 

a) Construct a frequency distribution. 

b) Construct a pie chart 

c) Construct steam and leaf plot.  

d) Construct histogram and ogive curve.  

e) Construct a Bar Diagram 
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4. For each set of data, determine the 5 number summaries (the lower extreme, 

Q1, median, Q3, upper extreme). Construct the resulting box and whisker plot 

and find the IQR. (10pts) 

a) 5, 3, 8, 6, 1, 3, 9, 7, 4, 2 

b) 3, 6, 12, 14, 16, 12, 11, 10, 17, 18, 16  

 

5. The box and whisker plot shown displays the temperatures for the month of 

October.  

a) What was the highest temperature? ________ (1 pt) 

b) What was the median?  __________ (1pt) 

c) What was the range?   ___________ (1pt) 

d) Identify the lower quartile (Q1) and the upper quartile (Q3).  

Q1=____  Q3= ____ (2 pts) 

e) What percent of temperature were lower than 8.5? (1pt) 

f) The top 25% of the temperatures are between what two values? (2 pts) 

g) Within what range of temperatures will the middle 50% of the data 

occur? (2 pts) 
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INTRODUCTION 

 

Measure of Central tendency is a single value within the range of data which reflect 

the complete data set and falls in the centre of the array. The purpose of measures 

of central tendency is to identify the location of the center of various distributions. 

 

 

OBJECTIVES 

 

When you have completed this unit, you will be able to:  

 To present a brief picture of data- It helps in giving a brief description of the 

main feature of the entire data. 

 Essential for comparison- It helps in reducing the data to a single value which 

is used for doing comparative studies. 

 Helps in decision making- Most of the companies use measuring central 

tendency to plan and develop their businesses economy. 

 Formulation of policies- Many governments rely on this medium while 

forming any policies. 
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DIFFERENT MEASURES OF CENTRAL TENDENCY: 
a) Mean (AM, GM and HM) 

b) Median (Quartiles, Deciles, Percentiles) 

c) Mode 

 

What are the good properties of good measures of central tendency? 
i. It should be based on all observation of a set of values 

ii. It should be rigorously defined 

iii. It should be least affected by extreme values 

iv. It should be easily computable 

v. It should fluctuate least from sample to sample drawn from population. 

 

4.1  ARITHMETIC MEAN AND WEIGHTED MEANS  
 

The mean is the arithmetic average of all the observations in the data. It is also the 

balancing point of the data. The mean is found by adding up all of the observations 

and dividing by the total number of observations, either N or n depending upon 

whether you are dealing with the population or sample. The formula for the mean 

is 

�̅� =
𝑥1 + 𝑥2 + 𝑥3 + ⋯ + 𝑥𝑛

𝑛
=

∑ 𝑥

𝑛
 

Where xi are is the ith observation 

 

WEIGHTED MEAN The weighted mean is a convenient way to compute the 

arithmetic mean when there are several observations of the same value. To explain, 

suppose the nearby Restaurant sold medium, large, and Biggie-sized soft drinks for 

Rs.100, Rs.150, and 200, respectively. Of the last 10 drinks sold, 3 were medium, 

4 were large, and 3 were Biggie-sized. To find the mean price of the last 10 drinks 

sold, we could use formula 

 

Sample Mean = (100+100+100 + 150+150+150+150 + 200+200+200)/10 mean = 150 

 

The mean selling price of the last 10 drinks is Rs. 150. An easier way to find the 

mean selling price is to determine the weighted mean. That is, we multiply each 

observation by the number of times it occurs.  

 

We will refer to the weighted mean as  

𝑥𝑤̅̅̅̅ . This is read “x bar sub w.”  

𝑥𝑤̅̅̅̅  =  = 3(100) + 4(150) + 3(200) /10 = 1500 /10 = 150 
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 In this case, the weights are frequency counts. However, any measure of 

importance could be used as a weight. In general, the weighted mean of a set of 

numbers designated x1, x2, x3, . . . , xn with the corresponding weights w1, w2, w3, . 

. . , wn is computed by:  
 

WEIGHTED MEAN= 𝑥𝑤̅̅̅̅  = 
)...(

)...(

321

332211

n

nn

wwww

xwxwxwxw




 

Illustration of above example: 

Xi Wi Wi Xi 

100 3 3 x 100=300 

150 4 4 x 150=600 

200 3 3 x 200=600 

Total 10 1500 
 

 𝑥𝑤̅̅̅̅   =1500/10 = 150 

 

Example: 
The Carter Construction Company pays its hourly employees Rs1650, Rs1900, or 

Rs. 2500 per hour. There are 26 hourly employees, 14 of whom are paid at the 

Rs.1650 rate, 10 at the Rs1900 rate, and 2 at the Rs.25.00 rate. What is the mean 

hourly rate paid the 26 employees?  
 

Solution: 
To find the mean hourly rate, we multiply each of the hourly rates by the number 

of employees earning that rate. From formula  
 

WEIGHTED MEAN =  𝑥𝑤̅̅̅̅   =  
)...(

)...(

321

332211

n

nn

wwww

xwxwxwxw




 

  
(w1x1 + w2x2 + w3x3 + … + wnxn)

(w1 + w2 + w3 + … + wn )
 

the mean hourly rate is 𝑥𝑤̅̅̅̅   = {14(1650) + 10(1900) + 2(2500)}/( 14 + 10 + 2) 

    = 47100/ 26 = Rs.1811.54  

 

The weighted mean hourly wage is rounded to Rs. 1811.54. 

 

Calculation of mean for ungrouped and grouped data: 

a) Ungrouped Data 
If the weights of 7 ear-heads of sorghum are 89, 94, 102, 107, 108, 115 and 126 g. 

find arithmetic mean by direct method. 
 

𝐴. 𝑀 = �̅� =
∑ 𝑥

𝑛
=

89 + 94 + ⋯ + 123

7
= 105.86 
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b) Grouped Data 
The following are the 405 soybean plant heights collected from a particular plot. 

Find the arithmetic mean of the plants height by direct and indirect method.  

 
Plant height 

(cms) 
8-12 13-17 18-22 23-27 28-32 33-37 38-42 43-47 48-52 53-57 

No. of 
plants(𝑓𝑖) 

6 17 25 86 125 77 55 9 4 1 

 

Solution: 

 

1) Direct Method: 

𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 = �̅� =
∑ 𝑓𝑖𝑥𝑖

∑ 𝑓𝑖
 

 

𝑤ℎ𝑒𝑟𝑒 𝑥 = 𝑚𝑖𝑑 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑐𝑙𝑎𝑠𝑠𝑒𝑠, 𝑓 = 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 

 

2) Indirect Method: 

𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 = �̅� = 𝑎 +
∑ 𝑓𝑖𝑑𝑖

𝑁
𝑋 ℎ 

 Where,  𝑑𝑖  is the deviation (𝑑𝑖 =
𝑥𝑖−𝑎

ℎ
),   a= assumed mean (central of X) 

 h=class interval 

 
Class 

interval 

Frequency 

(f) 

Mid value  

𝑥𝑖 
𝑓𝑖𝑥𝑖 𝑑𝑖 =

𝑥𝑖 − 𝑎

ℎ
 𝑓𝑖𝑑𝑖 

8-12 6 10 60 -4 -24 

13-17 17 15 255 -3 -51 

18-22 25 20 500 -2 -50 

23-27 86 25 2150 -1 -86 

28-32 125 30 3750 0 0 

33-37 77 35 2695 1 77 

38-42 55 40 2200 2 110 

43-47 9 45 405 3 27 

48-52 4 50 200 4 16 

53-57 1 55 55 5 5 

Total 405 
 ∑ 𝑓𝑖𝑥𝑖

= 12270 

 ∑ 𝑓𝑖𝑑𝑖

= 24 
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1) Direct Method: 

 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 = �̅� =
∑ 𝑓𝑖𝑥𝑖

∑ 𝑓𝑖
=

12270

405
= 30.2963 

 

2) Indirect Method: 

 a=assumed mean=30 

 h=class interval=5 

 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 = �̅� = 𝑎 +
∑ 𝑓𝑖𝑑𝑖

𝑁
𝑋 ℎ 

 𝐴. 𝑀 = �̅� = 𝑎 +
∑ 𝑓𝑖𝑑𝑖

𝑁
 𝑋 ℎ = 30 + (

24

405
) 𝑋 5 

A.M = 30 + 120/405 

A.M = 30+0.2963 

A.M = 30.2963 

 

4.2  PROPERTIES OF THE ARITHMETIC MEAN 
 
The arithmetic mean is a widely used measure of location. It has several important 
properties:  
1.  To compute a mean, the data must be measured at the interval or ratio level. 

Recall from Chapter 1 that ratio-level data includes such data as ages, 
incomes, and weights, with the distance between numbers being constant.  

2.  All the values are included in computing the mean. 

3.  The mean is unique. That is, there is only one mean in a set of data.  

4.  The sum of the deviations of each value from the mean is zero. Expressed 
symbolically: Σ(x – x bar) = 0  

 As an example, the mean of 3, 8, and 4 is 5. Then: 5
4

20





n

x
x  

 Σ(x − x ) = (3 − 5) + (8 − 5) + (4 − 5) = −2 + 3 − 1 = 0  

 

Thus, we can consider the mean as a balance point for a set of data. To illustrate, 

we have a long board with the numbers 1, 2, 3, . . ., 9 evenly spaced on it. Suppose 

three bars of equal weight were placed on the board at numbers 3, 4, and 8, and the 

balance point was set at 5, the mean of the three numbers. We would find that the 

STATISTIC, A characteristic of a sample.  
 

Example:  

Ufone is studying the number of monthly minutes used by clients in a particular 

cell phone rate plan. A random sample of 12 clients showed the following number 

of minutes used last month. 90 77 94 89 119 112 91 110 92 100 113 83. What is 

the arithmetic mean number of minutes used last month?  
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Solution: 

Using formula the sample mean is: Sample mean = Sum of all values in the sample 

Number of values in the sample  

Mean = Σx/ n = (90 + 77 + … + 83)/ 12 = 1,170 /12 = 97.5  

 

The arithmetic mean number of minutes used last month by the sample of cell 

phone users is 97.5 minutes.  

 

4.3  MERITS AND DEMERITS OF ARITHMETIC MEAN 
 

Merits of Arithmetic mean: 

1.  It is simple to understand and easy to calculate. 

2.  It is affected by the value of every item in the series. 

3.  It is rigidly defined. 

4.  It is capable of further algebraic treatment. 

5.  It is calculated value and not based on the position in the series. 

 

Demerits of arithmetic mean. 

1.  It is affected by extreme items i.e., very small and very large items. 

2.  It can hardly be located by inspection. 

3.  In some cases arithmetic mean does not represent the actual item. For 

example, average patients admitted in a hospital is 10.7 per day. 

4.  Arithmetic mean is not suitable in extremely asymmetrical distributions. 

 

4.4  MEDIAN AND ITS PROPERTIES  
 

Median is the value of the variable that divides the ordered set of values into two 

equal halves. 50 percent values are to the left of the median and 50 percent are the 

right of the median.  

 

Median for odd number of observation: 
 

First, let’s examine these five test scores. 

78 93 86 97 79 

We need to put them in order. 

78 79 86 93 97 

The number in the middle is 86 

Median for even number of observation: 

92 86 94 83 72 88 



67 

 

 

We need to put them in order. 

72 83 86 88 92 94 

 

Average of two middle is the median i.e.  (86+ 88)/2 = 87 

The median for this set is 87.  

 

Formula to calculate median: 
Case-I: For odd number of observation  

𝑀𝑒𝑑𝑖𝑎𝑛 = (
𝑛 + 1

2
)

𝑡ℎ

𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 

Case-II: For even number of observation: 

𝑀𝑒𝑑𝑖𝑎𝑛 =
1

2
{(

𝑛

2
)

𝑡ℎ

𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 + (
𝑛

2
+ 1)

𝑡ℎ

𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛} 

 

4.5  MERITS AND DEMERITS OF MEDIAN 
 

Merits of Median 

1.  They are easy to determine especially in case of the individual and discrete 

series. 

2.  They do not need all the data relating to a series like the mathematical 

averages viz. AM… G.M. and H.M. 

3.  They can be directly determined in case of an open end series without locating 

the lower limit of the lowest class, and the upper limit of the highest class. 

4.  They are useful in the computation of the measures of dispersion and 

skewness. 

5.  They give an idea about the character of a frequency distribution i.e. whether 

a series is symmetric, or asymmetric can be known by measuring their 

distance from the Median. 

6.  They are not affected very much by the extreme values of a series. 

7.  They can be located both graphically and tabularly. 

 

Demerits of the Median 

1.  These averages are not easily understood by a common man. 

2.  The determination of their values in case of continuous series becomes 

cumbersome as it involves application of the formula of interpolation. 

3.  They are not based on all the observations of a series. 

4.  They need the rearrangement of series in the ascending order if given otherwise. 

5.  They do not study the entire data. For example, Q1, studies only, first 25%, 

Q2 only first 50%, and Q3 only first 75% of the data. 
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6.  They are not capable of further algebraic treatment except in the computation 

of quartile deviation and coefficient of skewness. 

7.  They are affected very much by fluctuation of sampling. 

8.  They are influenced much by the number of items rather than their values. 

 

4.6  QUARTILE, DECILE, PERCENTILE 
 

All of us are aware of the median, which is the middle value or the mean of the two 

middle values, of an array. We have learned that the median divides a set of data 

into two equal parts. In the same way, there are also certain other values which 

divide a set of data into four, ten or hundred equal parts. Such values are referred 

as quartiles, deciles and percentiles respectively. Collectively, the quartiles, deciles 

and percentiles and other values obtained by equal sub-division of the data are 

called Quartiles. 

 

Quartiles: 

The values which divide an array (a set of data arranged in ascending or descending 

order) into four equal parts are called quartiles. The first, second and third quartiles 

are denoted by   respectively. The first and third quartiles are also called the lower 

and upper quartiles respectively. The second quartile represents the median, the 

middle value. 

 

Quartiles for Ungrouped Data: 

Quartiles for ungrouped data are calculated by the following formulae. 
 

  

 

 
 

Example: Following is the data is of marks obtained by 20 students in a test of statistics; 

53 74 82 42 39 20 81 68 58 28 

67 54 93 70 30 55 36 37 29 61 

 

In order to apply formula we need to arrange the above data into ascending order 

i.e. in the form of an array. 

20 28 29 30 36 37 39 42 53 54 

55 58 61 67 68 70 74 81 82 93 

 

http://econtutorials.com/wp-content/uploads/2015/07/clip_image0043.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0062.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0082.png
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Here, n = 20 

 

 

 

Q1=   =(n+1)/4 =21/4= 5.25 

 

The value of 5th item is 36 and that of the 6th item is 37. Thus the first quartile is 

a value 0.25th of the way between 36 and 37, which are 36.25. Therefore, = 36.25.  

 

Similarly, 

Q2=(n+1)/2=21/2=10.5 

 

 

 

   

The value of the 10th item is 54 and that of the 11th item is 55. Thus the second 

quartile is the 0.5th of the value 54 and 55. Since the difference between 54 and 55 

is of 1, therefore 54 + 1(0.5) = 54.5. Hence, = 54.5.  

 

Likewise, 

Q3=3(n+1)/4= 3X21/4= 15.75 

 

 

 
 

The value of the 15th item is 68 and that of the 16th item is 70. Thus the third 

quartile is a value 0.75th of the way between 68 and 70. As the difference between 

68 and 70 is 2, so the third quartile will be 68 + 2(0.75) = 69.5. Therefore, = 69.5. 

 

http://econtutorials.com/wp-content/uploads/2015/07/clip_image0103.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0122.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0142.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0186.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0203.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0223.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0262.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0282.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0302.png
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Quartiles for Grouped Data: 

The quartiles may be determined from grouped data in the same way as the median 

except that in place of n/2 we will use n/4. For calculating quartiles from grouped 

data we will form cumulative frequency column. Quartiles for grouped data will be 

calculated from the following formulae; 

  

    

   

 = Median     

 

Where, 

l = lower class boundary of the class containing the Q1, Q2, i.e. the class 

corresponding to the cumulative frequency in which n/4 or 3n/4 lies 

h = class interval size of the class containing. 

f = frequency of the class containing. 

n = number of values, or the total frequency. 

C.F = cumulative frequency of the class preceding the class containing Q1, Q3. 

 

Example: 

We will calculate the quartiles from the frequency distribution for the weight of 

120 students as given in the following Table; 

 

Weight (lb)  Frequency (f)  Class Boundaries  Cumulative Frequency 

110 – 119   1   109.5 – 119.5   0 

120 – 129   4   119.5 – 129.5   5 

130 – 139   17   129.5 – 139.5   22 

140 – 149   28   139.5 – 149.5   50 

150 – 159   25   149.5 – 159.5   75 

160 – 169   18   159.5 – 169.5   93 

170 – 179   13   169.5 – 179.5   106 

180 – 189   6   179.5 – 189.5   112 

190 – 199   5   189.5 – 199.5   117 

200 – 209   2   195.5 – 209.5   119 

210 – 219   1   209.5 – 219.5   120 

 

http://econtutorials.com/wp-content/uploads/2015/07/clip_image0342.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0362.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image02411.png
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∑f = n = 120 

i. The first quartile Q1 is the value of  or the 30th item from the 

lower end. From Table we see that cumulative frequency of the third class is 22 

and that of the fourth class is 50. Thus lies in the fourth class i.e. 140 – 149. 
 

  

     

 

     

 
 

ii.  The thirds quartile Q3 is the value of   or 90th item from the 

lower end. The cumulative frequency of the fifth class is 75 and that of the 

sixth class is 93. Thus, lies in the sixth class i.e. 160 – 169. 

 

  

    

 

     
Conclusion: 
From   Q1 and Q3we conclude that 25% of the students weigh 142.36 pounds or less 

and 75% of the students weigh 167.83 pounds or less. 

 
Deciles: 

The values which divide an array into ten equal parts are called deciles. The first, 

second,…… ninth deciles by   respectively. The fifth decile (Q2= Median) 

corresponds to median. The second, fourth, sixth and eighth deciles which 

collectively divide the data into five equal parts are called quintiles. 

  

http://econtutorials.com/wp-content/uploads/2015/07/clip_image0422.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0442.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0462.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0482.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0502.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0521.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0541.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0561.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0581.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0601.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0641.png
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Deciles for Ungrouped Data: 

Deciles for ungrouped data will be calculated from the following formulae; 

  

 

 

 
 

Example: 

We will calculate second, third and seventh deciles from the following array of data. 

20 28 29 30 36 37 39 42 53 54 

55 58 61 67 68 70 74 81 82 93 

 

The value of the 4th item is 30 and that of the 5th item is 36. Thus the second decile is 

a value 0.2th of the way between 30 and 36. The fifth decile will be 30 + 6(0.2) = 31.2.  

Therefore, = 31.2 

 

 

 

D3  

 

The value of the 6th item is 37 and that of the 7th item is 39. Thus the third decile 

is 0.3th of the way between 37 and 39. The third decile will be 37 + 2(0.3) = 37.6. 

Hence, = 37.6. 

 

 

 

 

The value of the 14th item is 67 and that of the 15th item is 68. Thus the 7th decile 

is 0.7th of the way between 67 and 68, which will be as 37 + 0.7 = 67.7.  

Therefore, = 67.7. 

http://econtutorials.com/wp-content/uploads/2015/07/clip_image0681.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0701.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0721.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0761.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0861.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0882.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0902.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0941.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0961.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0981.png
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Decile for Grouped Data 

Decile for grouped data can be calculated from the following formulae; 

   

 

 

 
 

Where, 

l = lower class boundary of the class containing the  , i.e. the class 

corresponding to the cumulative frequency in which 2n/10 or 9n/10 lies 

h = class interval size of the class containing  . 

f = frequency of the class containing  . 

n = number of values, or the total frequency. 

C.F = cumulative frequency of the class preceding the class containing . 

 

For Example: 

We will calculate fourth, seventh and ninth deciles from the frequency distribution 

of weights of 120 students, as provided in Table. 
 

i.      

 

 

 

 

 

 

 

 

http://econtutorials.com/wp-content/uploads/2015/07/clip_image1021.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1041.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image0742.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1061.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1081.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1081.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1081.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1081.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1101.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1121.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1141.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1161.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1181.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1201.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1221.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1241.png
http://econtutorials.com/wp-content/uploads/2015/07/clip_image1261.png
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Conclusion: 

From   we conclude that 40% students weigh 148.79 pounds or less, 

70% students weigh 164.5 pounds or less and 90% students weigh 182.83 pounds 

or less. 

 

Percentiles: 

The values which divide an array into one hundred equal parts are called 

percentiles. The first, second,……. Ninety-ninth percentile are denoted by  

. The 50th percentile (P50 ) corresponds to the median. The 

25thpercentile P25  corresponds to the first quartile and the 75th percentile   

corresponds to the third quartile. 

 

Percentiles for Ungrouped Data: 

Percentile from ungrouped data could be calculated from the following formulae; 

  

 

 

 
Example: 

We will calculate fifteenth, thirty-seventh and sixty-fourth percentile from the 

following array; 

20 28 29 30 36 37 39 42 53 54 

55 58 61 67 68 70 74 81 82 93 
 

 

 

 
 

The value of the 3rd item is 29 and that of the 4th item is 30. Thus the 15th 

percentile is 0.15th item the way between 29 and 30, which will be calculated as  

29 + 0.15 = 29.15. Hence, P15  = 29.15. 
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The value of 7th item is 39 and that of the 8th item is 42. Thus the 37th percentile 

is 0.77th of the between 39 and 42, which will be calculate as 39 + 3(0.77) = 41.31. 

Hence, P37= 41.31. 

 

 

 

 
 

The value of the 13th item is 61 and that of the 14th item is 67. Thus, the 64th 

percentile is 0.44th of the way between 61 and 67. Since the difference between 61 

and 67 is 6 so 64th percentile will be calculated as 61 + 6(0.44) = 63.64.  

Hence, P64 = 63.64. 

 

Percentiles for Grouped Data: 

Percentiles can also be calculated for grouped data which is done with the help of 

following formulae; 

 

  

 

 

 
 

Where, 

l = lower class boundary of the class containing the   , i.e. the class 

corresponding to the cumulative frequency in which 35n/100 or 99n/100 lies 

h = class interval size of the class containing . 

f = frequency of the class containing  . 

n = number of values, or the total frequency. 

C.F = cumulative frequency of the class preceding the class containing . 
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Example: 

We will calculate thirty-seventh, forty-fifth and ninetieth percentile from the 

frequency distribution of weights of 120 students, by using the Table. 

 

 

 

 

 

 

 

 

 

 
 

Conclusion: 

From   we have concluded or interpreted that 37% student weigh 

147.5 pounds or less. Similarly, 45% students weigh 151.1 pounds or less and 90% 

students weigh 182.83 pounds or less. 

 

4.7  MODE 
 

Mode is that value of the variable which occurs most frequently in the series of 

observations of the variable. 

 

A list of temperature for one week 

Mon  Tues  Wed  Thurs  Fri  Sat   Sun  

77  79  83  77  83  77  82  

Here most frequently occurred number is 77. 

 

Example:  

Consider this dataset showing the retirement age of 11 people, in whole years: 54, 

54, 54, 55, 56, 57, 57, 58, 58, 60, 60 
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This table shows a simple frequency distribution of the retirement age data. 

Age   54   55   56    57   58    59   60 

Frequency 3   1     1  2     2  1    2 

 

The most commonly occurring value is 54, therefore the mode of this distribution is 

54 years.  

 

Characteristics 

Easiest average to determine and it is used when the most typical value is required 

as the central value. Found for nominal data set as well.  

Mode need not be a unique measure. A distribution can have more than one mode 

or no mode at all.   

 

Example: Find the mode of a numerical data set 

109  112  109  110  109  107  104  104  104  111  111  109  109  104  104  

 

Solution:  

Given data, 

109  112  109  110  109  107  104  104  104  111  111  109  109  104  104 

Total number of element = 15 

 

Among the 15 data elements the values 104 and 109 both occur five times which 

are hence the modes of the data set. 

 

4.8  SELF-ASSESSMENT QUESTIONS 
 

1.  What is the mean of the following numbers? 10, 39, 71, 39, 76, 38, 25 

  a.  42    b.  39    c.  42.5    d.  35.5  

 

2.  What number would you divide by to calculate the mean of 3, 4, 5, and 6?  

 a.  6 b.  3 c. 5 d. 4  

 

3.  What measure of central tendency is calculated by adding all the values and 

dividing the sum by the number of values?  

 a.  Median  b.  Mean  c.  Mode  d.  Typical value  

 

4.  The mean of four numbers is 71.5. If three of the numbers are 58, 76, and 

88, what is the value of the fourth number?  

 a.  64    b.  60    c.  76    d.  82  
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5.  Determine the mean of the following set of numbers:  

 40, 61, 95, 79, 9, 50, 80, 63, 109, 42  

 

6.  The mean weight of five complete computer stations is 167.2 pounds. The 

weights of four of the computer stations are 158.4 pounds, 162.8 pounds, 165 

pounds, and 178.2 pounds respectively. What is the weight of the fifth 

computer station?  

 

7.  The mean width of 12 iPads is 5.1 inches. The mean width of 8 Kindles is 4.8 

inches.  

 a.  What is the total width of the iPads?   

 b.  What is the total width of the Kindles?  

 c.  What is the mean width of the 12 iPads and 8 Kindles?  

 

8.  The following data represent the number of pop-up advertisements received 

by 10 families during the past month. Calculate the mean number of 

advertisements received by each family during the month.  

 43 37 35 30 41 23 33 31 16 21  

 

9.  The following table of grouped data represents the weight (in pounds) of 100 

computer towers. Calculate the mean weight for a computer.  
 

 Weight (pounds)  Number of Computers 

  3 - 5      8  

  5 – 7 25  

  7 - 9     45  

  9 - 11     18  

  11 – 13    4  
 

10.  A group of customer service surveys were sent out at random. The scores 

were 90, 50, 70, 80, 70, 60, 20, 30, 80, 90, and 20. Find the mean score.  
 

11.  What is the median of the following numbers? 10, 39, 71, 42, 39, 76, 38, 25  

 a.  42.5    b.  39    c.  42    d.  35.5  
 

12.  The front row in a movie theatre has 23 seats. If you were asked to sit in the 

seat that occupied the median position, in which seat would you have to sit?  

 a.  1    b.  11    c.  23    d.  12  
 

13.  What is the median score achieved by a student who recorded the following 

scores on 10 math quizzes? 68, 55, 70, 62, 71, 58, 81, 82, 63, 79  

 a.  68    b.  71    c.  69    d.  79  
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14.  A set of four numbers that begins with the number 32 is arranged from 
smallest to largest. If the median is 35, which of the following could possibly 
be the set of numbers?  

 a.  32, 32, 36, 38  b.  32, 35, 38, 41  c.  32, 34, 36, 35 d.  32, 36, 40, 44  
 
15.  The number of service upgrades sold by each of 30 employees is as follows: 

32, 6, 21, 10, 8, 11, 12, 36, 17, 16, 15, 18, 40, 24, 21, 23, 24, 24, 29, 16, 32, 
31, 10, 30, 35, 32, 18, 39, 12, 20 What is the median number of service 
upgrades sold by the 30 employees?  

 a.  18    b.  21    c.  24    d.  32  
 
16.  Which of the following measures can be determined for quantitative data?  
 a.  Mean  b.  Median c.  Mode d.  All of these 
 
17.  Which of the following measures can be calculated for qualitative data?  
 a.  Mean  b.  Median  c.  Mode  d.  All of these 
 
18.  What is the term used to describe the distribution of a data set with one mode?  
 a.  Multimodal  b.  Unimodal  c.  Nonmodal  d.  Bimodal  
 
19.  What is the mode of the following numbers? 12, 11, 14, 10, 8, 13, 11, 9  
 a.  11 b. 10 c. 14 d. 8  
 
20.  Which of the following measures can have more than one value for a set of data?  
 a. Median  b.  Mode  c.  Mean  d.  None of these 
 
21.  What are the modes of the following sets of numbers?  
 a.  3, 13, 6, 8, 10, 5, 6   
 b.  12, 0, 15, 15, 13, 19, 16, 13, 16, 16  
 
22.  A student recorded her scores on weekly math quizzes that were marked out 

of a possible 10 points. Her scores were as follows: 8, 5, 8, 5, 7, 6, 7, 7, 5, 7, 
5, 5, 6, 6, 9, 8, 9, 7, 9, 9, 6, 8, 6, 6, 7 What is the mode of her scores on the 
weekly math quizzes?  

 
23.  What is the mode of the following numbers, and what word can be used to 

describe the distribution of the data set? 5, 4, 10, 3, 3, 4, 7, 4, 6, 5, 11, 9, 5, 7 
 
24.  The temperature in o F on 20 days during the month of June was as follows: 

70 o F, 76o F, 76 o F, 74o F, 70o F, 70 o F, 72o F, 74 o F, 78o F, 80o F, 74 
o F, 74o F, 78 o F, 76o F, 78o F, 76 o F, 74o F, 78 o F, 80o F, 76o F What is 
the mode of the temperatures for the month of June? 
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INTRODUCTION 
 

This function can be used to find the average for a set of values contributing to a 

product. While the Average function is used to find the arithmetic mean for a set of 

values contributing to a sum, Geometric Mean can be used to determine the average 

growth rate for a given compound interest with variable rates. 

 

 

OBJECTIVES 
 

When you have completed this unit, you will be able to: 

 The central tendency measurement is commonly used as a summary statistic 

in Descriptive Statistics, which provides an overview or idea of any data set 

or distribution to a statistical researcher by breaking down the data. 

 In case of a big data, it enables the breakdown of the data into a simple and 

understandable analysis by comparing the values or items of the data set with 

a single value or component within that data set. 

 The central tendency measures help in decision making process in various 

fields such as business, medical field, education, banking etc. 

 In the field of economic policy making by the government, central tendency 

measures can provide valuable statistical insights and directions. 
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5.1  THE GEOMETRIC MEAN AND ITS PROPERTIES 

 
 The geometric mean is less than the arithmetic mean, G.M < A.M 

 The product of the items remains unchanged if each item is replaced by the 

geometric mean. 

 The geometric mean of the ratio of corresponding observations in two series 

is equal to the ratios of their geometric means. 

 The geometric mean of the products of corresponding items in two series is 

equal to the product of their geometric mean. 

 

The geometric mean is useful in finding the average change of percentages, ratios, 

indexes, or growth rates over time. It has a wide application in business and 

economics because we are often interested in finding the percentage changes in 

sales, salaries, or economic figures, such as the gross domestic product, which 

compound or build on each other. The geometric mean of a set of n positive 

numbers is defined as the nth root of the product of n values. The formula for the 

geometric mean is written:  
 

GEOMETRIC MEAN =GM = √ 𝑥1 𝑥2…….𝑥𝑛
𝑛

 

 

The geometric mean will always be less than or equal to (never more than) the 

arithmetic mean. Also, all the data values must be positive. As an example of the 

geometric mean, suppose you receive a 5% increase in salary this year and a 15% 

increase next year. The average annual percent increase is 9.886%, not 10.0%. Why 

is this so?  

 

We begin by calculating the geometric mean. Recall, for example, that a 5% 

increase in salary is 105%. We will write it as 1.05.  
 

GM = √(1.05)(1.15) = 1.09886 

 

This can be verified by assuming that your monthly earning was Rs. 3,000 to start 

and you received two increases of 5% and 15%.  

Raise 1 = Rs3,000(.05) = Rs. 150.00  

Raise 2 =Rs. 3,150(.15) = Rs. 472.50  

Total Rs. 622.50  

 

Your total salary increase is Rs.622.50. This is equivalent to:  

Rs. 3,000.00(.09886) = Rs. 296.59  

Rs. 3,296.58(.09886) =Rs. 325.91  

Total Rs. 622.50  
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Example:  

Compute the geometric mean of 2 and 8.   

 

The formula  of Geometric Mean is G.M= n
nxxxx ...,321   

By putting the Values of X1 and X2 

 GM= 82  = 16  = 4 

 

Example: 

Compute the Geometric mean of 2, 4, 8.  

 

The formula of Geometric Mean is GM= n
nxxxx ...,321      

By putting the Values of X1,  X2  and X3 

 

   GM= 3 842   = 3 842   = 4 

 

Example: 

Calculate Geometric mean of the following by using the formula 

GM=antilog of 
n

xlog
 

Solution: 

x  Log of x  

50 

72 

54 

82 

93 

1.6990 

1.8573 

1.7324 

1.9138 

1.9685 

 1710.9log  x  

 

GM= 9382547250  =68.26 

OR 

GM = Antilog
n

xlog
 = Antilog 26.688342.1log

5

1710.9
 Anti  

 

Example:  

Daily income of ten families of a particular place in given below.  Find out the 

Geometric  
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Income in Rs.(000). 85, 70, 15, 75, 500, 8, 45, 250, 40, 36 

x  log  x  

85 

70 

15 

75 

500 

8 

45 

250 

40 

36 

1.9294 

1.8451 

1.1761 

1.8751 

2.6990 

0.9031 

1.6532 

2.3979 

1.6021 

1.5563 

 6373.17log  x  

     

GM = Antilog of 
n

xlog
 

= Antilog 
10

6373.17
   = 58.03 

Example: 

For the grouped data given below obtain the geometric mean  

X 10 100 1000 10000 

f 2 3 2 3 

 

Solution: 

By using the formula    GM = Antilog 
n

xf log
. 

x F Log x f log  x 

10 

100 

1000 

10000 

2 

3 

2 

3 

1 

2 

3 

4 

2 

6 

6 

12 

 n= 10f   26log  xf  

 

GM = Antilog 
n

xf log
 = Antilog 

10

26
=398.1 

The following example shows the geometric mean of several percentages. 
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Example: 
The return on investment earned by Atkins Construction Company for four 

successive years was 30%, 20%, −40%, and 200%. What is the geometric mean 

rate of return on investment?  

 

Solution: 

The number 1.3 represents the 30% return on investment, which is the “original” 

investment of 1.0 plus the “return” of 0.3. The number 0.6 represents the loss of 

40%, which is the original investment of 1.0 less the loss of 0.4. This calculation 

assumes the total return each period is reinvested or becomes the base for the next 

period. In other words, the base for the second period is 1.3 and the base for the 

third period is (1.3) (1.2) and so forth. Then the geometric mean rate of return is 

29.4%, found by  

GM = √ 𝑥1 𝑥2…….𝑥𝑛
𝑛

 = 4√ (1.3)(1.2)(0.6)(3.0) = 4√2.808 = 1.294 

 

The geometric mean is the fourth root of 2.808. So, the average rate of return 

(compound annual growth rate) is 29.4%.  

 

5.2  MERITS AND DEMERITS OF THE GEOMETRIC MEAN  
 

Merits of Geometric Mean 

 It is rigidly defined. 

 It is based on all the items. 

 It is capable of further algebraic treatment. 

 It gives less weight to large items and more to small items. 

 

Demerits of Geometric Mean 

 It is difficult to compute. 

 It is not easy to understand. 

 If there are negative and 0 values in the series, it cannot be computed. 

 

Example of Suitable Average 

Geometric mean is considered as the best average in the construction of index 

numbers. 

 

When large weights are to be given to small items and small weights to large items, 

geometric mean is very useful. 

 

It is useful in averaging rates; ratios and percentages. 
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5.3  HARMONIC MEAN AND ITS PROPERTIES 
 

The Harmonic Mean (HM) is defined as the reciprocal of the arithmetic mean of 

the given data values. It is based on all the observations, and it is rigidly defined. 

Harmonic mean gives less weightage to the large values and large weightage to the 

small values to balance the values correctly. In general, the harmonic mean is used 

when there is a necessity to give greater weight to the smaller items. It is applied in 

the case of times and average rates. 

 

Properties of Harmonic Mean 

If all the observations taken are constants, say c, then the harmonic mean of the 

observations is also c. 

 

The harmonic mean has the least value as compared to the geometric mean and the 

arithmetic mean i.e. AM > GM > HM 

 

Uses of Harmonic Mean 

Harmonic mean is basically used in  

 

In calculating average prices, average speed etc. under certain conditions. 

 

The harmonic mean is useful in the finance sector to calculate the average multiples 

like the price-earnings ratio 

 

It is also used in computing Fibonacci Sequences. 

 

Example: 

Find the harmonic mean for the following data, 

 3, 5, 6, 6, 7, 10, 12.  

X 3 5 6 6 7 10 12 Total 

1/X 0.3333 0.2000 0.1667 0.1667 0.1429 0.1000 0.0833 1.2939 

The formula of Harmonic Mean is H.M= 

 








x

n

1
 =  8683.5

2939.1

7
  

Example: 

The monthly income of 10 families in a certain village are given below. Calculate 

the Harmonic.    

Family 1 2 3 4 5 6 7 8 9 10 

Income  (in Rs.) 85 70 10 75 500 8 42 250 40 36 
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Solution: 

Family Income (x) 1/x 

1 85 0.01176 

2 70 0.01426 

3 10 0.1000 

4 75 0.01333 

5 500 0.0020 

6 8 0.1250 

7 42 0.0238 

8 250 0.0040 

9 40 0.0250 

10 36 0.02778 

n=10   (1/x) = 0.34693 

 

Harmonic Mean    =  
   1/xn)-----1/x3 + 1/x2+ (1/x1

n
 OR 

(1/x) 

n
 

 

Harmonic Mean  = 824.28
0.34693

10
  

        

Example: 
A truck company has 5 trucks to bring red soil from a pit of 5kms away from the    

brickyard.  The following table shows the time taken per load of all the 5 trucks.    

    

Truck no     1   2     3    4    5 

Minutes per hour   48  40    40   48   32 

 

Solution: - 

 

Truck no Minutes per hour 1/x 

1 48 0.0208 

2 40 0.0250 

3 40 0.0250 

4 48 0.0208 

5 32 0.0312 

n = 5    x =0.1228 
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The formula HM=

x

n

1


 

Harmonic Mean   =  
(1/x)  

n
 = 5/0.1228) 

  = 40.716 

       

Harmonic Mean of Grouped Data. 

Example:  
Calculate the harmonic Mean for the following data  

Size of Items 6 7 8 9 10 11 

Frequency 4 6 9 5 2 8 

 

Solution:  

The formula  of Harmonic Mean =

 








x
f

n

1
 

X F 1/x f (1/x) 

6 4 0.167 0.6668 

7 6 0.143 0.8574 

8 9 0.125 1.1250 

9 5 0.111 0.5555 

10 2 0.100 0.2000 

11 8 0.090 0.7272 

 n = f = 34    f(1/x)=4.1319 

 

Harmonic Mean  =  
 )/1( xf

n
 

 

  23.8
1319.4

34
   

     

Example: 

From the following data compute, the value of harmonic Mean  

Marks 10 20 25 40 50 

No of Students 20 30 50 15 5 
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Solution: 

Marks (x)  f 1/x f(1/x) 

10 20 0.100 2.00 

20 30 0.050 1.50 

25 50 0.040 2.00 

40 15 0.025 0.37 

50 5 0.020 0.10 

   (1/x)=0.235  f(1/x)=5.97 

Harmonic Mean  =  

 








x

f

n
  or   














x

f

f
    

       

  10.20
97.5

120
  

Example: From the following data compute the value of harmonic mean.  

Class interval 10-20 20-30 30-40 40-50 50-60 

Frequency 4 6 10 7 3 

 

 

Solution: 

The formula HM =














x

f

f
 

Class interval Midpoints (x) F f/x 

10-20 15 4 0.267 

20-30 25 6 0.240 

30-40 35 10 0.286 

40-50 45 7 0.156 

50-60 55 3 0.055 

    n= f=30  (f/x)=1.004 

 

Harmonic Mean  = 

 








x

f

n
    or   














x

f

f
 

      88.29
004.1

30
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Example: 

Calculate harmonic mean of the following data.   

 Use the formula HM = 

 








x

f

n
 

 

Marks 30-40 40-50 50-60 60-70 70-80 80-90 90-100 

Frequency 15 13 8 6 15 7 6 

 

Solution: 
 

Marks Mid value (x) Frequency (f) 1/x f/x 

30-40 35 15 0.02857 0.42855 

40-50 45 13 0.02222 0.28886 

50-60 55 8 0.01818 0.14544 

60-70 65 6 0.01534 0.09264 

70-80 75 15 0.01333 0.19995 

80-90 85 7 0.01176 0.08232 

90-100 95 6 0.01053 0.06318 

   f=70   (f/x)=1.30034 

 

Harmonic Mean  = 














x

f

f
    or 

 








x

f

n
 

 

  83.53
300.1

70
  

 

 

5.4  MERITS AND DEMERITS OF HARMONIC MEAN 
 

The merits and demerits of harmonic mean are as follows: 
 

Merits: 

o It is rigidly defined 

o It is based on all observation  

o It is least affected by fluctuation in sampling 

o It gives to greater importance to small items 

o It is capable of further algebraic treatment. 
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Demerits: 

o It is difficult to calculate 

o It does not give equal weight to every item 

o It may not be represented in the actual data 

o It is not defined for negative value. 

 

5.5  EMPIRICAL RELATIONSHIP BETWEEN MEAN, 

MEDIAN AND MODE 
 

There is empirical relationship between Mean, Median and Mode of a series of 

items. If distribution of item values be symmetrical then the Mean, Median and 

Mode coincides, otherwise the distance between the Mode and the Median is 

usually twice the distance between the Median and the Mean: 

Mode – Median = 2(Median – Mean) 

or Mode – Mean = 3(Median – Mean) 

or Mode = 3 Median – 2 Mean 

 

5.6 RELATIONSHIP AMONG DIFFERENT MEANS 

 
𝐴. 𝑀 ≥ 𝐺. 𝑀 ≥ 𝐻𝑀  

 

𝑤ℎ𝑒𝑟𝑒, 𝐴. 𝑀 = 𝐴𝑟𝑖𝑡ℎ𝑚𝑎𝑡𝑖𝑐 𝑚𝑒𝑎𝑛, 𝐺. 𝑀 = 𝐺𝑒𝑜𝑚𝑎𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 𝑎𝑛𝑑  
𝐻. 𝑀 = 𝐻𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑚𝑒𝑎𝑛 

 

Proof: 

Let us consider two observation 𝑥1 and  𝑥2. Then  

𝐴𝑀 =
1

2
(𝑥1 + 𝑥2) ,  𝐺. 𝑀 = (𝑥1. 𝑥2)

1

2  ,     

𝐻. 𝑀 =
2

1

𝑥1
+

1

𝑥2

=
2𝑥1. 𝑥2

𝑥1 + 𝑥2
 

𝐴𝑀 −  𝐺. 𝑀 =
1

2
(𝑥1 + 𝑥2) − (𝑥1. 𝑥2)

1

2  =
1

2
(𝑥1 + 𝑥2 − 2√𝑥1. 𝑥2) 

=
1

2
(√𝑥1 − √𝑥2)

2
= +𝑣𝑒 

 

𝑖, 𝑒 𝐴𝑀 > 𝐺𝑀. 
 

The equality sign holds good if 𝑥1 = 𝑥2 
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Again  

𝐺. 𝑀 − 𝐻. 𝑀 = (𝑥1. 𝑥2)
1

2 −
2𝑥1. 𝑥2

𝑥1 + 𝑥2
 

((𝑥1 + 𝑥2)√𝑥1. 𝑥2 − 2√𝑥1. 𝑥2√𝑥1. 𝑥2)

𝑥1 + 𝑥2
 

= √𝑥1.𝑥2

𝑥1+𝑥2
(𝑥1 + 𝑥2 − 2√𝑥1. 𝑥2) = √𝑥1.𝑥2

𝑥1+𝑥2
(√𝑥1 − √𝑥2)2 = +𝑣𝑒 

𝑖, 𝑒 𝐺. 𝑀 > 𝐻. 𝑀 

The equality sign holds good  

If 𝑥1 = 𝑥2 

∴  𝐴. 𝑀 ≥ 𝐺. 𝑀 ≥ 𝐻𝑀 
 

The theorem is true for any number of observations.  

 

Calculation of median for ungrouped and grouped data: 

Median: 

The median is the middle score of a distribution. To calculate the median 

1. Arrange your numbers in numerical order. 

2. Count how many numbers you have. 

3. If you have an odd number, divide by 2 and round up to get the position of 

the median number. 

4. If you have an even number, divide by 2. Go to the number in that position 

and average it with the number in the next higher position to get the median. 

 

Consider this set of numbers: 5, 7, 9, 9, 11. Since you have an odd number of scores, 

the median would be 9. You have five numbers, so you divide 5 by 2 to get 2.5, and 

round up to 3. The number in the third position is the median. 

 

What happens when you have an even number of scores so there is no single middle 

score? Consider this set of numbers: 1, 2, 2, 4, 5, 7. Since there is an even number 

of scores i.e. 6, you need to take the average of the middle two scores, calculating 

their mean. 

 

Median =average of Middle two value= (2+4)/2=6/2=3 

 

a) Ungrouped Data 
If the weights of 7 ear-heads of sorghum are 89, 94, 102, 107, 108, 115 and 126 g. 

find the median. 
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i) Sample is odd 

First arranged the data by order (Ascending or Descending) 

In this case the data is already arranged 

89, 94, 102, 107, 108, 115, 126 

Central Value is 107 which is Median 

Median= 107 

 

ii) Sample is even 

If the weights of 8 ear-heads of sorghum are 89, 94, 102, 107, 108, 110, 115 and 

126 g. find the median. 

 

We first arranged the data  

89, 94, 102, 107, 108, 110, 115 and 126 

 

Now we have two values is Centre i.e. 107 and 108. 

 

We find the mean (Average of Two values) of central values 

107 + 108

2
 

Median =107.5 

 

b) Grouped Data 
The following are the 405 soybean plant heights collected from a particular plot. 

Find the Median of the plants height by.  

 

The formula is, again, 

Median = L+ (n/2 – C) x h/f 

Where: 

L is the lower class boundary of the group containing the median 

n is the total number of values and f is the frequency of the median group 

C is the cumulative frequency of the groups before the median group 

h is the Class Interval or the width 

 

Example: 
Find the median, for the distribution of examination marks given below:  
 

Marks 30–39 40–49 50–59 60–69 70–79 80–89 90–99 

No of 

students 
08 87 190 304 211 85 20 
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Solution: 

Class 

Interval 

Class 

Boundaries 

Mid points 

(x) 
Frequency (f) 

Cumulative 

frequency (cf) 

30 – 39 29.5 -39.5 34.5 08 08 

40- 49 39.5- 49.5 44.5 87 95 

50-59 49.5-59.5 54.5 190 285 

60-69 59.5- 69.5 64.5 304 589 

70-79 69.5 -79.5 74.5 211 800 

80-89 79.5 -89.5 84.5 85 885 

90-99 89.5 - 99.5 94.5 20 905 

Total   905  
 

n= Σf = 905 

n/2 = Σf / 2 = 905/2 =452.5th student which corresponds to marks in the class 60- 

69 and class boundary 59.5 -69.5.  Therefore  

  Median = L+ (n/2 –  C) x h/f 

   = 59.5 + (452.5 – 285) x 10/304 

Median = 59.5 + (167.5) x 10/304 

Median = 59.5 + 1675/304 

Median = 59.5 + 5.5098 

Median  65marks 
 

Mode= L +  
𝑓𝑚 −  𝑓1

2𝑓𝑚−𝑓1−𝑓2  
  𝑋 ℎ 

Model class is that in which the frequency is highest i.e. frequency =304 

Mode= 59.5 + 
304−190

2𝑥304−190−211
 𝑋 10 

Mode= 59.5 + = 
114

608−190−211
 X 10 

Mode =59.5 +  
114

608−401
   x 10 

Mode = 59.5 +  
114

207
 x 10 

Mode =59.5 + 5.507 

Mode = 65.007 

Mode = 65 Marks 
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5.7  SELECTING A SUITABLE MEASURE OF CENTRAL 

TENDENCY 
 

When you have a symmetrical distribution for continuous data, the mean, median, 

and mode are equal. In this case, analysts tend to use the mean because it includes 

all of the data in the calculations. However, if you have a skewed distribution, the 

median is often the best measure of central tendency. 

 

When you have ordinal data, the median or mode is usually the best choice. For 

categorical data, you have to use the mode. 

 

In cases where you are deciding between the mean and median as the better measure 

of central tendency, you are also determining which types of statistical hypothesis 

tests are appropriate for your data—if that is your ultimate goal. I have written an 

article that discusses when to use parametric (mean) and nonparametric (median) 

hypothesis tests along with the advantages and disadvantages of each type. 

 

 

5.8  SELF-ASSESSMENT QUESTIONS 

 
1. Consider the data below. This data represents the number of miles per gallon that 

30 selected four-wheel drive sports utility vehicles obtained in city driving: 
 

12 17 16 14 16 18 

16 18 17 16 17 15 

15 16 16 15 16 19 

10 14 15 11 15 15 

19 13 16 18 16 20 

 

i) Calculate mean, median and mode of ungrouped data. 

ii) Construct the frequency distribution of the data.  

iii) Find the 1st and 3rd Quartile (Q1 and Q3), 2
nd, 4th, 7th Decile (D2, D4, D7) 

and 5th, 10th, 25th, 35th 50th, 65th, 75th, 80th Percentile (P5, P10, P25, P35, 

P50, P65, P75, P80) 

iv) Calculate the Mean (Using Direct and Indirect method), G.M, H.M, 

Median and mode of the grouped data. 
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2. Consider the weight recorded to the nearest grams of 60 apples picked out at 

random from a consignment are given below:  

45 32 37 46 39 36 41 48 36 106 107 76 82 109 107 115 93 187 95 123 125 111 

92 86 70 126 68 130 129 139 119 115 128 100 186 84 99 113 204 111 141 136 

123 90 115 98 110 78 185 162 178 140 152 173 146 158 194 148 90 107  

i) Calculate mean, median and mode. 

ii) Construct the frequency distribution of the data.  

iii) Find the 1st and 3rd Quartile (Q1 and Q3), 3
rd, 5th, 9th Decile (D3, D5, D9) 

and 4th, 12th, 25th, 45th 50th, 60th, 75th, 90th Percentile (P4, P12, P25, P45, 

P50, P60, P75, P90) 

iv) Calculate the Mean (Using Direct and Indirect method), Harmonic 

Mean and Geometric Mean, Median and mode of the grouped data. 
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INTRODUCTION 
 

 

Dispersion means scattering of the observations among themselves or from a 

central value (Mean/ Median/ Mode) of data.  We study the dispersion to have an 

idea about the variation. These measures give us an idea about the amount of 

dispersion in a set of observations. They give the answers in the same units as the 

units of the original observations. 

 

 

OBJECTIVES 

 

When you have completed this unit, you will be able to: 

 Comparative Study: Measures of dispersion give a single value indicating the 

degree of consistency or uniformity of distribution. This single value helps us 

in making comparisons of various distributions. 

 The smaller the magnitude (value) of dispersion, higher is the consistency or 

uniformity and vice-versa. 

 Reliability of an Average: A small value of dispersion means low variation 

between observations and average. It means the average is a good 

representative of observation and very reliable. 

 A higher value of dispersion means greater deviation among the observations. 

In this case, the average is not a good representative and it cannot be 

considered reliable. 

 Control the Variability: Different measures of dispersion provide us data of 

variability from different angles, and this knowledge can prove helpful in 

controlling the variation. Especially in the financial analysis of business and 

Medical, these measures of dispersion can prove very useful. 

 Basis for Further Statistical Analysis: Measures of dispersion provide the 

basis for further statistical analysis like computing Correlation, Regression, 

Test of hypothesis, etc. 

 

 

 



102 

 

6.1  ABSOLUTE AND RELATIVE MEASURE OF DISPERSIONS 
 

There are two types of measures of dispersion.  

1. Absolute measures of dispersion  

2. Relative measures of dispersion 

 

Difference between Absolute measures and Relative measures: 

Absolute measures of Dispersion are expressed in same units in which original data 

is presented but these measures cannot be used to compare the variations between 

the two series. Relative measures are not expressed in units but it is a pure number. 

It is the ratios of absolute dispersion to an appropriate average such as co-efficient 

of Standard Deviation or Co-efficient of Mean Deviation. 

 

1. Absolute measures of dispersion  

i. Range 

ii. Mean deviation 

iii. Standard deviation 

iv. Quartile deviation 

 

2. Relative measures of dispersion  
i. Coefficient of range 

ii. Coefficient of mean deviation 

iii. Co-efficient of variation  

iv. Coefficient of quartile deviation. 

 

6.2  RANGE 
 

The range is the absolute difference between the highest and the smallest values in 

a set of data. 

 

Range is defined as the difference between the maximum or largest and the 

minimum or smallest observation of the given data. If xm denotes the maximum 

observation and x0 denotes the minimum observation, then the range is defined as 

Range= largest value -   smallest value= Xm – X0 

 

Example: 

Suppose we have the following data of weights in Ibs (Pounds) 

126 68 130 129 139 119 115 128 100 186 84 99 

The largest value among the data=Xm=186 lbs 

The Smallest value among the data=X0=68 lbs 
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Range= largest value -   smallest value= Xm – X0 =186 - 68=118 lbs 

 

Range is based on two extreme observations. It gives no weight to the central values 

of the data. It is a poor measure of dispersion and does not give a good picture of 

the overall spread of the observations with respect to the center of the observations. 

Let us consider three groups of data which have the same range: 

 

Group A:   30, 40, 40, 40, 40, 40, 50 

Group B:   30, 30, 30, 40, 50, 50, 50 

Group C:   30, 35, 40, 40, 40, 45, 50 

 

In all the three groups the range is 50 – 30 = 20. In group A there is a concentration 

of observations in the center. In group B the observations are concentrated in the 

extreme corners, and in group C the observations are almost equally distributed in 

the interval from 30 to 50. The range fails to explain differences in the three groups 

of data. This defect in range cannot be removed even if we calculate the coefficient 

of the range, which is a relative measure of dispersion. If we calculate the range of 

a sample, we cannot draw any inferences about the range of the population. 

 

6.3  QUARTILE DEVIATION 
 

The Quartile Deviation is defined as half the difference between the first and the 

third quartiles. It gives an idea about the range within which the central 50% of data 

lie. If the quartile deviation is large it means that the middle 50% of the observations 

are spaced wide apart. Based on the quartile deviation, the Coefficient of Quartile 

Deviation can be defined, which makes it easy to compare the spread of two or 

more different distributions.  

 

Consider the calculation of quartile deviation and coefficient of quartile deviation 

from ungrouped data set with values  𝑥1, 𝑥2 , … , 𝑥𝑛. If 𝑄1 and 𝑄3 are the 

corresponding 1st and 3rd quartiles respectively, then the quartile deviation (Q) and 

coefficient of quartile deviation (CQ) is defined as 
 

𝑄 =
𝑄3 − 𝑄1

2
 

   and  

𝐶𝑄 =
𝑄3 − 𝑄1

𝑄3 + 𝑄1
. 

 

Since the formulae for quartile deviation and coefficient of quartile deviation 

depends on data only through 𝑄1 and 𝑄3, it makes no difference while we are using 
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the ungrouped data or the grouped data. Definitely, the calculation of quartiles for 

ungrouped data and grouped data will make the difference. The quartile deviation 

as a measure of dispersion can be considered as an improved version of range and 

best measure of dispersion for open-end classification. 

 

Finally, one other related statistic is the interquartile range (IQR).  

 

Example: 

The waiting times (in minutes) of 50 students standing in a queue before the ABL 

window to be served for admission to Semester Spring-2018 on the last date were 

recorded as given below: 

0.30, 2.22, 0.71, 3.53, 2.15, 4.18, 0.16, 1.25, 2.46, 8.83, 1.51, 

0.92, 2.49, 2.55, 2.35, 0.50, 2.17, 2.35, 0.08, 1.22, 0.31, 1.52, 

0.69, 0.24, 0.80, 1.16, 2.98, 3.72 0.58, 6.57, 0.02, 3.93, 0.02, 

1.96, 2.56, 2.61, 1.67, 0.23, 8.61, 4.84, 4.67, 4.63, 5.31, 1.11, 

0.54,    1.95,     0.20,     0.57,    2.51,    1.98.  

 

Compute quartile deviation and coefficient of quartile deviation. 

 

Solution: 

To calculate quartile deviation, we first arrange the data as 

0.02, 0.02, 0.08, 0.16, 0.20, 0.23, 0.24, 0.30, 0.31, 0.50, 0.54, 

0.57, 0.58, 0.69, 0.71, 0.80, 0.92, 1.11, 1.16, 1.22, 1.25, 1.51, 

1.52, 1.67, 1.95, 1.96, 1.98, 2.15, 2.17, 2.22, 2.35, 2.35, 2.46, 

2.49, 2.51, 2.55, 2.56, 2.61, 2.98, 3.53, 3.72, 3.93, 4.18, 4.63, 

4.67,    4.84,     5.31,    6.57,    8.61,     8.83. 

 

The next step is to calculate lower and upper quartiles as 

 Lower Quartile = 𝑄1 = the (
𝑛+1

4
)th value in an array 

    = the 12.75th value in an array 

    = 0.57 + 0.75 (0.58 – 0.57) = 0.5775 minutes 

 

and Upper Quartile = 𝑄3 = the 3(
𝑛+1

4
)th value in an array 

    = the 38.25th value in an array 

    = 2.61 + 0.25 (2.98 – 2.61) = 2.7025 minutes 
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Now the quartile deviation and coefficient of quartile deviation are 

𝑄 =
𝑄3−𝑄1

2
=

2.7025−0.5775

2
= 1.0625 minutes     

 

and  

𝐶𝑄 =
𝑄3 − 𝑄1

𝑄3 + 𝑄1
=

2.7025 − 0.5775

2.7025 + 0.5775
=

2.1250

3.2800
= 0.6479 = 64.79% 

 

Example: 

For the grouped data in example # 2, compute quartile deviation and coefficient of 

quartile deviation. 

 

Solution: 

Fist we make the necessary columns in the data table as 

Marks 

Groups 

No. of 

Students(f) 

Class 

Boundaries 

Cumulative 

frequencies(F) 

10 – 19 1 9.5 – 19.5 1 

20 – 29 3 19.5 – 29.5 4 

30 – 39 2 29.5 – 39.5 6 

40 – 49 16 39.5 – 49.5 22 

50 – 59 18 49.5 – 59.5 40 

60 – 69 13 59.5 – 69.5 53 

70 – 79 9 69.5 – 79.5 62 

80 – 89 2 79.5 – 89.5 64 

 

For frequency distributions we calculate quartiles by using the formulae as 

  

𝑄1 = 𝑙 +
ℎ

𝑓
(

𝑛

4
− 𝐹) = 39.5 +

10

16
(

64

4
− 6) = 39.5 + 7.5 = 47 marks  

and  

𝑄3 = 𝑙 +
ℎ

𝑓
(

3𝑛

4
− 𝐹) = 59.5 +

10

13
(

3 × 64

4
− 40) = 59.5 + 6.15 = 65.65 marks. 

 

Now the quartile deviation and coefficient of quartile deviation can be calculated 

as before 

𝑄 =
𝑄3 − 𝑄1

2
=

65.65 − 47.00

2
= 9.325 marks 

 and  

𝐶𝑄 =
𝑄3 − 𝑄1

𝑄3 + 𝑄1
=

65.65 − 47.00

65.65 + 47.00
=

18.65

126.65
= 0.1656 = 16.56% 
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6.4  MEAN DEVIATION 

 
The mean deviation (MD) also called mean absolute deviation is defined as the 

mean of absolute deviations of the observations from some suitable average. 

Usually the mean deviation from mean or mean deviation from median is useful. 

The mean deviation from median is preferred in the sense that the sum of absolute 

deviations from median is minimum. Consider the calculation of mean deviation 

and coefficient of mean deviation (CMD) from ungrouped data set with values 𝑥1,
𝑥2 , … , 𝑥𝑛. The formulae for mean deviation from mean and the corresponding 

coefficient are 

𝑀𝐷(𝑚𝑒𝑎𝑛) =
∑ |𝑥𝑖 − �̅�|𝑛

𝑖=1

𝑛
 

 

and 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑎𝑛)

𝑚𝑒𝑎𝑛
=

𝑀𝐷(𝑚𝑒𝑎𝑛)

�̅�
. 

 

Similarly, the formulae for mean deviation from median and the corresponding 

coefficient are 

𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛) =
∑ |𝑥𝑖 − �̃�|𝑛

𝑖=1

𝑛
 

 

and 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛)

𝑚𝑒𝑑𝑖𝑎𝑛
=

𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛)

�̃�
. 

 

Now consider the calculation of mean deviation and coefficient of mean deviation 

for the grouped data in the form of following frequency distribution. 

 

Mid-points(x) 𝒙𝟏 𝒙𝟐 ... 𝒙𝒋 ... 𝒙𝒌 

Frequency(f) 𝑓1 𝑓2 ... 𝑓𝑗 ... 𝑓𝑘 

 

The formulae for mean deviation from mean and the corresponding coefficient are 

𝑀𝐷(𝑚𝑒𝑎𝑛) =
∑ 𝑓𝑖|𝑥𝑖 − �̅�|𝑘

𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

 

 

and 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑎𝑛)

𝑚𝑒𝑎𝑛
=

𝑀𝐷(𝑚𝑒𝑎𝑛)

�̅�
. 
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Similarly, the formulae for mean deviation from median and the corresponding 

coefficient are 

𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛) =
∑ 𝑓𝑖|𝑥𝑖 − �̃�|𝑘

𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

 

and 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛)

𝑚𝑒𝑑𝑖𝑎𝑛
=

𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛)

�̃�
. 

 

Example: 

The weights (in kg) of second semester students of BS Statistics are measured 

nearest to one decimal point as 37.7, 40.3, 43.3, 44.5, 46.9, 47.6, 48.6, 51.5, 52.4, 

53.8. Determine the mean deviation and coefficient of mean deviation. 

 

Solution: 

First we compute the mean and median as 

mean = �̅� =
∑ 𝑥𝑖

10
𝑖=1

10
=

466.6

10
= 46.66 kg 

 

and  

median = �̃� =
46.9 + 47.6

2
= 47.25 kg. 

 

The next step is to find sum of the absolute deviations as 

X 𝒙 − �̅� 𝒙 − �̃� |𝒙 − �̅�| |𝒙 − �̃�| 
37.7 −8.96 −9.55 8.96 9.55 

40.3 −6.36 −6.95 6.36 6.95 

43.3 −3.36 −3.95 3.36 3.95 

44.5 −2.16 −2.75 2.16 2.75 

46.9 +0.24 −0.35 0.24 0.35 

47.6 +0.94 +0.35 0.94 0.35 

48.6 +1.94 +1.35 1.94 1.35 

51.5 +4.84 +4.25 4.84 4.25 

52.4 +5.74 +5.15 5.74 5.15 

53.8 +7.15 +6.55 7.15 6.55 

Total 41.68 41.20 

 

Now 

𝑀𝐷(𝑚𝑒𝑎𝑛) =
∑ |𝑥𝑖 − �̅�|𝑛

𝑖=1

𝑛
=

41.68

10
= 4.17 kg 
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and 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑎𝑛)

�̅�
=

4.17

46.66
= 0.0894 = 8.94 %. 

 

Similarly 

𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛) =
∑ |𝑥𝑖 − �̃�|𝑛

𝑖=1

𝑛
=

41.2

10
= 4.12 𝑘𝑔 

 

and 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛)

�̃�
=

4.12

47.25
= 0.0872. 

 

Example: 

For the grouped data in example # 2, compute mean deviation and coefficient of 

mean deviation. 

 

Solution:  
First we do the necessary calculations as shown in the following table. 

 

Class 

Limits  

Class 

Boundaries 
f x fx CF 

|𝒙
− �̅�| 

𝒇|𝒙
− �̅�| 

|𝒙
− �̃�| 

𝒇|𝒙
− �̃�| 

10 – 19 9.5 – 19.5 1 14.5 14.5 1 40.63 40.63 40.56 40.56 

20 – 29 19.5 – 29.5 3 24.5 73.5 4 30.63 91.89 30.56 91.68 

30 – 39 29.5 – 39.5 2 34.5 69.0 6 20.63 41.26 20.56 41.12 

40 – 49 39.5 – 49.5 16 44.5 712 22 10.63 170.08 10.56 168.96 

50 – 59 49.5 – 59.5 18 54.5 981 40 0.63 11.34 0.56 10.08 

60 – 69 59.5 – 69.5 13 64.5 838.5 53 9.37 121.81 9.44 122.72 

70 – 79 69.5 – 79.5 9 74.5 670.5 62 19.37 174.33 19.44 174.96 

80 – 89 79.5 – 89.5 2 84.5 169.5 64 29.37 58.74 29.44 58.88 

Total 64  3528   710.08  708.96 
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Next we compute mean and median as 

mean = �̅� =
∑ 𝑓𝑖𝑥𝑖

8
𝑖=1

∑ 𝑓𝑖
8
𝑖=1

=
3528

64
= 55.13 marks 

 

and 

median = �̃� = 𝑙 +
ℎ

𝑓
(

𝑛

2
− 𝑐) = 49.5 +

10

18
(

64

2
− 22) 

                          = 49.5 +
10 × 10

18
= 49.5 + 5.56 = 55.06 marks 

 

Now the mean deviation from mean can be computed as  

𝑀𝐷(𝑚𝑒𝑎𝑛) =
∑ 𝑓𝑖|𝑥𝑖 − �̅�|𝑘

𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

=
710.08

64
= 11.10 marks 

 

and coefficient of mean deviation from men as 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑎𝑛)

�̅�
=

11.10

55.13
= 0.2013. 

 

Similarly, the mean deviation from median is 

𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛) =
∑ 𝑓𝑖|𝑥𝑖 − �̃�|𝑘

𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

=
708.96

64
= 11.08 marks 

 

and coefficient of mean deviation from median is 

𝐶𝑀𝐷 =
𝑀𝐷(𝑚𝑒𝑑𝑖𝑎𝑛)

�̃�
=

11.08

55.06
= 0.2012. 

 
6.5  VARIANCE 
 

The square of standard deviation is defined as the variance of data and thus is in 

squared units of the data. The above formulae for standard deviation after squaring 

both sides can be used to calculate variance directly. 

 

Example: 

For the ungrouped data in example #1, compute standard deviation using different 

formulae. 
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Solution: 
It is better to construct a table of calculation for such a question as shown below. 

𝒙 (𝒙 − �̅�) (𝒙 − �̅�)𝟐 𝒙𝟐 𝒙 − 𝟔𝟒 𝒅𝟐 

56 −8.5 72.25 3136 −8 64 

59 −5.5 30.25 5041 −5 25 

62 −2.5 6.25 3844 −2 4 

63 −1.5 2.25 4225 −1 1 

64 −0.5 0.25 3481   0 0 

65 0.5 0.25 4489   1 1 

67 2.5 6.25 4096   3 9 

68 3.5 12.25 4624   4 16 

70 5.5 30.25 4900   6 36 

71 6.5 42.25 3969   7 49 

645 0 202.50 41805  5 205 
 

To compute the standard deviation by definitional formula, we need the mean of 

the data which is computed first as 
 

�̅� =
∑ 𝑥𝑖

10
𝑖=1

10
=

645

10
= 64.5 cm 

 

Now the standard deviation can be computed as 

𝑠 = √
∑ (𝑥𝑖 − �̅�)2𝑛

𝑖=1

𝑛
= √

∑ (𝑥𝑖 − 64.5)210
𝑖=1

10
= √

202.5

10
= √20.25 = 4.5 cm. 

 

Next we use the computing formula to compute the standard deviation as 

𝑠 = √
∑ 𝑥𝑖

2𝑛
𝑖=1

𝑛
− (

∑ 𝑥𝑖
𝑛
𝑖=1

𝑛
)

2

= √
∑ 𝑥𝑖

210
𝑖=1

10
− (64.5)2 = √

41805

10
− 4160.25 

= √4180.5 − 416025 = √20.25 = 4.5 cm. 
 

Now we use the shortcut formula given by 

𝑠 = √
∑ 𝑑𝑖

2𝑛
𝑖=1

𝑛
− (

∑ 𝑑𝑖
𝑛
𝑖=1

𝑛
)

2

= √
205

10
− (

5

10
)

2

= √20.50 − 0.25 = √20.25 = 4.5. 

 

It may be noted that all the formulae provide the same result which must be same 

except for rounding error. 
 

Example: 

For the grouped data in example # 2, calculate standard deviation using different 

formulae. 
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Solution: 

First we make the necessary columns shown in the following table,  

Where   𝑢 = (𝑥 − 𝑎)/ℎ = (𝑥 − 44.5)/10. 

Limits f x fx (𝒙 − �̅�) 𝒇(𝒙 − �̅�)𝟐 f𝒙𝟐 𝒖 fu f𝒖𝟐 

10 – 19 1 14.5 14.5 −40.63 1650.80 210.25 −3 −3 9 

20 – 29 3 24.5 73.5 −30.63 2814.59 1800.75 −2 −6 12 

30 – 39 2 34.5 69.0 −20.63 851.19 2380.50 −1 −2 2 

40 – 49 16 44.5 712 −10.63 1807.95 31684.00   0   0 0 

50 – 59 18 54.5 981 −0.63 7.14 53464.50   1   18 18 

60 – 69 13 64.5 838.5 9.37 1141.36 54083.25   2   26 52 

70 – 79 9 74.5 670.5 19.37 3376.77 49952.25   3   27 81 

80 – 89 2 84.5 169.5 29.37 1725.19 14280.50   4   8 32 

Total 64  3528  13375 207856  68 202 

 

First we use the definitional formula given by 

𝑠 = √
∑ 𝑓𝑖(𝑥𝑖 − �̅�)2𝑘

𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

= √13375/64 = √208.98 = 14.46 marks. 

 

Next we use the computing formula given by 

𝑠 = √
∑ 𝑓𝑖𝑥𝑖

2𝑘
𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

− (
∑ 𝑓𝑖𝑥𝑖

𝑘
𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

)

2

= √
207856

64
− (

3528

64
)

2

 

= √3247.75 − 3038.77 = √208.98 = 14.46 marks. 
 

Finally, we use the shortcut formula given by 

𝑠 = ℎ√
∑ 𝑓𝑖𝑢𝑖

2𝑘
𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

− (
∑ 𝑓𝑖𝑢𝑖

𝑘
𝑖=1

∑ 𝑓𝑖
𝑘
𝑖=1

)

2

= 10√
202

64
− (

68

64
)

2

 

        = 10√3.16 − 1.13 = 10√2.03 = 10 × 1.424 = 14.24 marks. 
 

This small difference is due to rounding error. 
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6.6  STANDARD DEVIATION 
 

The standard deviation is the most-used measure of dispersion. The value of the 

standard deviation tells how closely the values of a data set are clustered around 

the mean. In general, a lower value of the standard deviation for a data set indicates 

that the values of that data set are spread over a relatively smaller range around the 

mean. In contrast, a larger value of the standard deviation for a data set indicates that 

the values of that data set are spread over a relatively larger range around the mean. 

 

It is defined as the positive square root of the arithmetic mean of the squares of the 

deviations of the given values from arithmetic mean. The square of the standard 

deviation is called variance. 

 

If 𝑥1, 𝑥2, 𝑥3, … . 𝑥𝑛 are a set of n observations then standard deviation is given by 

𝑆. 𝐷 = √
∑(𝑥𝑖 − �̅�)2

𝑛 − 1
 

Where 

 𝑥 ̅ =  𝑡ℎ𝑒 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛  

 𝑛 =  𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛. 
 

Simplifying above equation 

𝑆. 𝐷 = 𝑠 = √
1

𝑛 − 1
{∑ 𝑥2 −

(∑ 𝑥)2

𝑛
} 

 

Example: 

Calculate S.D. and variance for the following information. 

5 6 7 7 9 4 5 

 

Solution: 

𝑆. 𝐷 = 𝑠 = √
∑(𝑥𝑖 − �̅�)2

𝑛 − 1
 

     

�̅� =
5 + 6 + ⋯ + 4 + 5

7
= 6.142 

∴ 𝑆. 𝐷 = √
(5 − 6.142)2 + (6 − 6.142)2 + ⋯ + (5 − 6.142)2

7 − 1
= 1.68 

=16.8566/6= 208094 
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Calculations of s or s2
 using the formula can be tedious even for relatively small 

data sets. As an example, we calculate the mean and standard deviation for the 

sample of five data values given below: 

 

90  40  85  69  79 

 

First, we calculate the sample mean as follows: 

�̅�  =
90 +40+ 85+ 69+ 79 

5
  =

363

5
 = 72.6 

 

Now, we are ready to calculate the variance. Here are the steps: 

•  For each data value, Y, we calculate its deviation from the mean, Y - 72.6, 

and enter that value into the second column of Table. 

•  Next, we square each of these deviations and enter them into the third column. 

•  Then we sum the entries in the third column. 

 

Calculating the Variance. 

 

For the final step, we divide the sum by 5 – 1, or 4: 

 

To compute the standard deviation, we take the square root of the variance: 

Y    Y - 72.6   (x - 72.6)2 

90    17.4     302.76 

40    -32.6     1062.76 

85    12.4     153.76 

69    -3.6     12.96 

79    6.4     40.96 

  Sum = 1573.2 

s2 = 
1573.2

5−1
 = 393.3 

 

To compute the standard deviation, we take the square root of the variance: 

s = √393.3 ≈ 19.8 

 

Standard deviation for grouped data: 

If 𝑥1, 𝑥2, 𝑥3, … . 𝑥𝑛 are a set of n observations with corresponding frequencies 

𝑓1, 𝑓2,𝑓3, … 𝑓𝑛 then standard deviation is given by 

 

𝑆. 𝐷 = 𝑠 = √
∑ 𝑓𝑖(𝑥𝑖 − �̅�)2

𝑛 − 1
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Or  

𝑆. 𝐷 = 𝑠 = √
1

𝑛 − 1
{∑ 𝑓𝑖𝑥2 −

(∑ 𝑥 𝑓𝑖)2

𝑛
} 

 

 

Example: 

The following data gives the frequency distribution of the daily commuting times 

(in minutes) from home to Allama Iqbal Open University for 25 faculty members. 

 

Daily Commuting Time 

(minutes) 

Number of 

faculties 

0-10 4 

10-20 9 

20-30 6 

30-40 2 

40-50 4 

 

Calculate the variance and standard deviation. 

 

Solution: 

 

Daily Commuting 

Time 

(minutes) 

Number of 

faculties 

(𝑓𝑖) 

 

𝑥𝑖  

 

𝑓𝑖𝑥𝑖  

 

𝑓𝑖𝑥𝑖
2 

0-10 4 5 20 100 

10-20 9 15 135 2025 

20-30 6 25 150 3750 

30-40 2 35 70 2450 

40-50 4 45 180 8100 

Total n=25  555 16425 

 

∴ 𝑆. 𝐷 = 𝑠 = √
1

𝑛 − 1
{∑ 𝑓𝑖𝑥2 −

(∑ 𝑥 𝑓𝑖)2

𝑛
} =  

S=    √
1

25−1
{16425 −

(555)2

25
} 

√
1

24
{16425 −

308025

25
} 
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√
1

24
{16425 − 12321} 

√
1

24
{4104} 

S = √171 

S  =  13.0767 

Variance =S2 = 171 

 

Standard deviation for POPULATION: 

𝜎 = √
∑ 𝑓𝑖(𝑥𝑖 − �̅�)2

𝑁
𝑜𝑟√

1

𝑁
{∑ 𝑓𝑖𝑥2 −

(∑ 𝑥 𝑓𝑖)2

𝑁
} 

 

Variance= 𝜎2 

Standard deviation for SAMPLE: 

𝑠 = √
∑ 𝑓𝑖(𝑥𝑖 − �̅�)2

𝑛 − 1
 𝑜𝑟√

1

𝑛 − 1
{∑ 𝑓𝑖𝑥2 −

(∑ 𝑥 𝑓𝑖)2

𝑛
} 

 

Variance= 𝑠2 

 

Relative measures of dispersion: 

These measures are calculated for the comparison of dispersion in two or more than 

two sets of observations. These measures are free of the units in which the original 

data is measure. If the original is in dollar or kilometers, we do not use these units 

with relative measure of dispersion. These are a sort of ratio and are called 

coefficients.  

 

Suppose that the two distributions to be compared are expressed in the same units 

and their means are equal or nearly equal. Then their variability can be compared 

directly by using their standard deviations. However, if their means are widely 

different or if they are expressed in different units of measurement, we cannot use 

the standard deviations as such for comparing their variability. We have to use the 

relative measures of dispersion in such situations. 

 

6.7 COEFFICIENT OF RANGE 
 

This is a relative measure of dispersion and is based on the value of the range. It is 

also called range coefficient of dispersion. It is defined as: 

Coefficient of Range = (xm–x0)/(xm+x0) 

Range xm – x0 is standardized by the total xm+ x0 
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Example: 

Suppose we have the following data of weights in lbs (pounds) 

126 68 130 129 139 119 115 128 100 186 84 99 

 

The largest value among the data=Xm=186 

The Smallest value among the data=X0=68 

Coefficient of Range = (xm–x0)/(xm+x0) = (186 -68)/(186 +68) 

Coefficient of Range = 118/154=0.766 

 

Let us take two sets of observations. Set A contains the marks of five students in 

Statistics out of 25 marks and group B contains marks of the same students in 

English out of 100 marks. 

 

Set A:   10, 15, 18, 20, 20 

Set B:   30, 35, 40, 45, 50 

 

The values of the ranges and coefficients of range are calculated as: 

 Range Coefficient of Range 

Set A: (Statistics) 20–10=10 Marks (20–10)/(20+10)=0.33 

Set B: (English) 50–30=20 Marks (50–30)/(50+30)=0.25 

 

In set A the range is 10 marks and in set B the range is 20 Marks. Apparently it 

seems there is greater dispersion in set B, but this is not true. The range of 20 marks 

in set B is for more observations and the range of 10 marks in set A is for fewer 

observations. Thus 20 marks and 10 marks cannot be compared directly. Their base 

is not the same. The marks in statistics are out of 25 and the marks of English are 

out of 100. Thus, it makes no sense to compare range of 10 marks with range of 20 

marks. When we convert these two values into coefficients of range, we see that 

the coefficient of range for set A is greater than that of set B. Thus there is greater 

dispersion or variation in set A. The marks of students in English are more stable 

than their marks in Statistics. 

 

6.8 COEFFICIENT OF VARIATION 
 

The most important and commonly used relative measure of dispersion is 

Coefficient of variation (CV). Coefficient of variation is the percentage ratio of 
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standard deviation and the arithmetic mean. It is usually expressed in percentage. 

The formula for C.V. is 

 

𝑪. 𝑽 =
𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛

𝑎𝑟𝑖𝑡ℎ𝑚𝑎𝑡𝑖𝑐 𝑚𝑒𝑎𝑛
× 100 =

𝜎

�̅�
× 100 

 

This measure is free of unit. Hence it is a measure to compare the dispersion of two 

or more distribution. 

 

Example: 

Below are the scores of two cricketers in 10 innings. Who is more consistent scorer? 

 

 

Solution: 

Let, 

The player A = x 

And the player B = y 

 

Coefficient of variation (CV) for player A is 

𝑐𝑣𝐴 =
𝜎𝐴

�̅�
× 100 … … … … … … … … … . (1) 

 

Coefficient of variation (CV) for y is 

 

𝑐𝑣𝐵 =
𝜎𝐵

�̅�
× 100 … … … … … … … … … . (2) 

 

Now  

�̅� =
204 + 68 + ⋯ 19

10
= 79.6 

𝜎𝐴 = √
∑(𝐴𝑖 − �̅�)2

𝑛
= √

(204 − 79.6)2 + (68 − 79.6)2 + ⋯ (19 − 79.6)2

10
= 58.23 

𝑐𝑣𝐴 =
𝜎𝐴

�̅�
× 100 … … … … … … … … … . (1) 

=
58.23

79.6
× 100 = 73.15% 

 

 

 

A  204 68 150 30 70 95 60 76 24 19 

B 99 190 130 94 80 89 69 85 65 40 
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Similarly 

�̅� =
99 + 190 + ⋯ … … … . .40

10
= 94.1 

𝜎𝐵 = √
∑(𝐵𝑖 − �̅�)2

𝑛
= √

(99 − 94.1)2 + (190 − 94.1)2 + ⋯ (40 − 94.1)2

10
= 41.12 

 

And 

𝑐𝑣𝐵 =
𝜎𝐵

�̅�
× 100 … … … … … … … … … . (2) 

 

=
41.12

94.1
× 100 = 43.70% 

 

Coefficient of variation of A is greater than coefficient of variation of B and hence 

we conclude that player B is more consistent. 

 

Application of standard deviation: 

By using the mean and standard deviation, we can find the proportion or percentage 

of the total observations that fall within a given interval about the mean. This 

section briefly discusses Chebyshev’s theorem. 

 

Chebyshev’s theorem gives a lower bound for the area under a curve between two 

points that are on opposite sides of the mean and at the same distance from the 

mean. 

 

In order to compare the two companies, Survey collects a sample of 30 nozzles 

from each company.  The company who has the most reliable product will be 

awarded the contract.   

 

Company A Company B 

6.28   6.42   5.52   6.09   5.71   6.18   

5.80   6.10   6.09   6.06   6.11   5.95   

6.25   6.10   6.02   6.16   5.61   5.97   

5.92   5.89   6.11   5.56   5.70   5.63   

6.13   5.94   6.17   6.14   5.80   5.97 

5.87   6.07   6.18   5.76   6.13   5.65   

6.03   6.01   6.14   6.03   6.52   6.84   

5.76   6.88   5.77   5.26   6.01   5.96   

5.28   5.82   6.13   6.37   5.64   5.85   

5.88   6.46   6.35   6.52   6.37   5.70 

 

Which company deserves the contract?  Develop a mathematical method to justify 

your choice. 
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6.9  CHEBYSHEV’S THEOREM 

For any number k greater than 1, at least (1 − 1
𝑘2⁄ ) of the data values lies within 

k standard deviations of the mean. 

 

 

Figure: Illustration of chebyshev’s theorem. 

 

Thus for example if k=2 then(1 − 1
𝑘2⁄ ) = 1 − 1

22⁄ = 0.75 Therefore, according to 

Chebyshev’s  theorem, at least 0.75 or 75% of the values of a data set lie within 

two standard deviations of the mean. 

 

 

Figure:  Percentage of values within two standard deviations of the mean for 

Chebyshev’s theorem 
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Example: 

The average systolic blood pressure for 4000 women who were screened for high 

blood pressure was found to be 187 mm Hg with a standard deviation of 22. Using 

Chebyshev’s theorem, find at least what percentage of women in this group has a 

systolic blood pressure between 143 and 231 mm Hg. 
 

Solution: 

Let 𝜇 and 𝜎 be the mean and the standard deviation, respectively, of the systolic 

blood pressures of the women.  

Then, from the given information 
𝜇 = 187 

𝜎 = 22 

 

To find the percentage of women whose systolic blood pressures are between 143 

and 231 mm Hg, the first step is to determine k.  

 

It can be written as 
 𝜇 + 𝑘𝜎 = 231 
 

Or,    𝑘𝜎 = 231 − 187 

Or,   𝑘 =
44

22
= 2 

 

So for k=2  

(1 − 1
𝑘2⁄ ) = 1 − 1

22⁄ = 0.75 

 

Hence, according to Chebyshev’s theorem, at least 75% of the women have systolic 

blood pressure between 143 and 231 mm Hg. This percentage is shown in the above 

figure. 

 

6.10 SELF-ASSESSMENT QUESTION 

 
1. The following table gives the frequency distribution of the amounts of 

telephone bills for April 2013 for a sample of 50 students. 

Amount of telephone bills Number of students 

40-70 

70-100 

100-130 

130-160 

160-190 

9 

11 

16 

10 

4 
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Calculate variance and standard deviation. 

 

2. The production of jute goods in different days of first and second of the year 

are shown below: 

 

Class interval of production 2-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 

No. of days in the first half of the year 12 48 70 35 15 

No. of days in the second half of the year 5 38 80 50 7 

 

 In which part of the year the production level is homogeneous? 

 

3. Terrier and SFP are two stocks traded on the New York Stock Exchange.  For 

the past seven weeks Friday closing price (dollars per share) was recorded: 

Terrier 32 35 34 36 31 39 41 

SFP 51 55 56 52 55 52 57 

 

1. Compute the mode, median, and mean for Terrier. 

2. Compute the mode, median, and mean for SFP. 

3. Compute the range, sample standard deviation, and sample variance for 

Terrier. 

4. Compute the range, sample standard deviation, and sample variance for 

SFP. 

5. Compute the coefficient of variation for both Terrier and SFP.  Compare 

the results and explain the meaning of these numbers. 
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INTRODUCTION 
 

Historically, the first index was constructed in 1764 to compare the Italian price 

index in 1750 with the price level in 1500. Though originally developed for 

measuring the effect of change in prices, index numbers have today become one of 

the most widely used statistical devices and there is hardly any field where they are 

not used. Newspapers headline the fact that prices are going up or down, that 

industrial production is rising or falling, that imports are increasing or decreasing, 

that crimes are rising in a particular period compared to the previous period as 

disclosed by index numbers. They are used to feel the pulse of the economy and 

they have come to be used as indicators of inflationary or deflationary tendencies, 

In fact, they are described as ‘barometers of economic activity’, i.e., if one wants 

to get an idea as to what is happening to an economy, he should look to important 

indices like the index number of industrial production, agricultural production, 

business activity, etc. 

 

OBJECTIVES 

 

When you have completed this unit, you will be able to: 

 Explain the problems arising in the construction of an index number 

  Explain the important uses of an index number.  

 An index number constructed for one category or purpose cannot be used for 

others.  

 A cost of living index of working classes cannot be used for farmers because 

the items entering into their consumption will be different. 

 Study an index number in some book or newspaper and make out its meaning. 
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Some prominent definitions of index numbers are given below: 

1.  ‘Index numbers are devices for measuring differences in the magnitude of a 

group of related variables.     —Croxton & Cowdert 

2.  “An index number is a statistical measure designed to show changes in a 

variable or a group of related variables with respect to time, geographic 

location or other characteristics such as income, profession, etc.   —Spiegel 

3.  “In its simplest form an index number is the ratio of two index numbers 

expressed as a per cent. An index number is a statistical measure—a measure 

designed to show changes in one variable or in a group of related variables 

over time, or with respect to geographic location, or in terms of some other 

characteristics.”   —Patternson 

 

Index numbers are statistical devices designed to measure the relative change in 

the level of variable or group of variables with respect to time, geographical 

location etc. 

 

In other words, these are the numbers which express the value of a variable at any 

given period called “current period “as a percentage of the value of that variable at 

some standard period called “base period”. 

 

Here the variables may be  

1. The price of a particular commodity like silver, iron or group of commodities 

like consumer goods, food, stuffs etc. 

2. The volume of trade, exports, imports, agricultural and industrial production, 

sales in departmental store. 

3. Cost of living of persons belonging to particular income group or profession 

etc. 

 

Ex: suppose rice sells at Rs.9/kg at BBSR in 1995 as compare to Rs. 4.50/Kg in 

1985, the index number of price in 1995 compared to 1985. 

 

Therefore, the index number of price of rice in 1995 compared to 1985 is calculated 

as 

200100
50.4.

00.9.


Rs

Rs

 
 

This means there is a net increase of 100% in the price of rice in 1995as compared 

to 1985 [the base year’s index number is always treated as 100] 
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Suppose, during the same period 1995 the rice sells at Rs. 12.00/kg in Rawalpindi. 

Therefore, the index number of price at Bhubaneswar compared to price at 

Rawalpindi is 

75100
00.12.

00.9.


Rs

Rs

 
 

This means there is a net decrease of 25% in the price of rice in 1995as compared 

to 1985 

 

The above index numbers are called ‘price index numbers’. 

 

To take another example the production of rice in 1978 in Peshawar was 44, 01,780 

metric tons compare to 36, 19,500 metric tons in 1971. So the index number of the 

quantity produced in 1978 compared to 1971 is  

 

61.121100
3619500

4401780


 
 

That means there is a net increase of 21.61% in production of rice in 1978 as 

compared to 1971. 
 

The above index number is called ‘quantity index number’ 
 

7.1 TYPES OF INDEX NUMBERS (BY VARIABLE) 
 

Univariate index: An index which is calculated from a single variable is called 
univariate index. 
 
Composite index: An index which is calculated from group of variables is called 
Composite index 
 

7.2 CHARACTERISTICS OF INDEX NUMBERS 

1. Index numbers are specialized averages: 

 As we know an average is a single figure representing a group of figures. 

However, to obtain an average the items must be comparable. For example, the 

average weight of man, woman and children of a certain locality has no 

meaning at all. Furthermore, the unit of measurement must be same for all the 

items. However, this is not so with index numbers. Index numbers also one type 

of averages which shows in a single figure the change in two or more series of 

different items which can be expressed in different units. For example, while 
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constructing a consumer price index number the various items which are used 

in construction are divided into broad heads namely food, clothing, fuel, 

lighting, house rent, and miscellaneous which are expressed in different units. 

 

2. Index numbers measures the net change in a group of related variables: 

 Since index numbers are essentially averages, they describe in one single 

figure the increase or decrease in a group of related variables under study. The 

group of variables may be prices of set of commodities, the volume of 

production in different sectors etc.  
 

3. Index numbers measure the effect of changes over period of time: 

 Index numbers are most widely used for measuring changes over a period of 

time. For example, we can compare the agricultural production, industrial 

production, imports, exports, wages etc. in two different periods. 

 

7.3  USES OF INDEX NUMBERS 
 

Index numbers are indispensable tools of economics and business analysis. 

Following are the main uses of index numbers. 

1. Index numbers are used as economic barometers: 
 Index number is a special type of averages which helps to measure the 

economic fluctuations on price level, money market, economic cycle like 

inflation, deflation etc. G. Simpson and F. Kafka say that index numbers are 

today one of the most widely used statistical devices. They are used to take 

the pulse of economy and they are used as indicators of inflation or deflation 

tendencies. So index numbers are called economic barometers. 

 

2. Index numbers helps in formulating suitable economic policies and 

planning etc. 

 Many of the economic and business policies are guided by index numbers. 

For example, while deciding the increase of Daily Allowance of the 

employees; the employers have to depend primarily on the cost of living 

index. If salaries or wages are not increased according to the cost of living it 

leads to strikes, lock outs etc. The index numbers provide some guide lines 

that one can use in making decisions. 

 

3. They are used in studying trends and tendencies. 

 Since index numbers are most widely used for measuring changes over a 

period of time, the time series so formed enable us to study the general trend 

of the phenomenon under study. For example, for last 8 to 10 years we can 

say that imports are showing upward tendency. 
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4. They are useful in forecasting future economic activity. 

 Index numbers are used not only in studying the past and present workings of 

our economy but also important in forecasting future economic activity. 

 

5. Index numbers measure the purchasing power of money. 

 The cost of living index numbers determines whether the real wages are rising 

or falling or remain constant. The real wages can be obtained by dividing the 

money wages by the corresponding price index and multiplied by 100. Real 

wages help us in determining the purchasing power of money. 

 

6. Index numbers are used in deflating. 
 Index numbers are highly useful in deflating i.e. they are used to adjust the 

wages for cost of living changes and thus transform nominal wages into real 

wages, nominal income to real income, nominal sales to real sales etc. through 

appropriate index numbers.  

 

 

7.4  CLASSIFICATION OF INDEX NUMBERS 
 

According to purpose for which index numbers are used are classified as below. 

i) Price index number 

ii) Quality index number 

iii) Value index number 

iv) Special purpose index number 

 

Only price and quantity index numbers are discussed in detail. The others will be 

mentioned but without detail. 

 

Price index number: 
Price index number measures the changes in the price level of one commodity or 

group of commodities between two points of time or two areas. 

 

Ex:  Wholesale price index numbers 

       Retail price index numbers 

       Consumer price index numbers. 

 

Quantity index number: 

Quantity index numbers measures the changes in the volume of production, sales, 

etc. in different sectors of economy with respect to time period or space. 

 

Note: Price and Quantity index numbers are called market index numbers. 
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Problems in constructing index numbers: 

 Before constructing index numbers, the careful thought must be given into 

following problems 

i. Purpose of index numbers.       
 An index number which is properly designed for a purpose can be most useful 

and powerful tool. Thus the first and the foremost problem are to determine 

the purpose of index numbers. If we know the purpose of the index numbers 

we can settle some related problems. For example, if the purpose of index 

number is to measure the changes in the production of steel, the problem of 

selection of items is automatically settled.  

 

ii. Selection of commodities 

 After defining the purpose of index numbers, select only those commodities 

which are related to that index. For example, if the purpose of an index is to 

measure the cost of living of low income group we should select only those 

commodities or items which are consumed by persons belonging to this group 

and due care should be taken not to include the goods which are utilized by 

the middle income group or high income group i.e. the goods like cosmetics, 

other luxury goods like scooters, cars, refrigerators, television sets etc. 

 

iii. Selection of base period 

 The period with which the comparisons of relative changes in the level of 

phenomenon are made is termed as base period. The index for this period is 

always taken as 100. The following are the basic criteria for the choice of the 

base period. 

i) The base period must be a normal period i.e. a period frees from all sorts 

of abnormalities or random fluctuations such as labor strikes, wars, 

floods, earthquakes etc. 

ii) The base period should not be too distant from the given period. Since 

index numbers are essential tools in business planning and economic 

policies the base period should not be too far from the current period. 

For example, for deciding increase in dearness allowance at present 

there is no advantage in taking 1950 or 1960 as the base, the comparison 

should be with the preceding year after which the DA has not been 

increased. 

iii) Fixed base or chain base. While selecting the base a decision has to be 

made as to whether the base shall remain fixing or not i.e. whether we 

have fixed base or chain base. In the fixed base method, the year to 

which the other years are compared is constant. On the other hand, in 

chain base method the prices of a year are linked with those of the 
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preceding year. The chain base method gives a better picture than what 

is obtained by the fixed base method.  

 How a base is selected if a normal period is not available? 

 Sometimes it is difficult to distinguish a year which can be taken as a 

normal year and hence the average of a few years may be regarded as 

the value corresponding to the base year. 

 

iv. Data for index numbers 

 The data, usually the set of prices and of quantities consumed of the selected 

commodities for different periods, places etc. constitute the raw material for 

the construction of index numbers. The data should be collected from reliable 

sources such as standard trade journals, official publications etc. for example 

for the construction of retail price index numbers, the price quotations for the 

commodities should be obtained from super bazaars, departmental stores etc. 

and not from wholesale dealers. 

 

v. Selection of appropriate weights 

 A decision as to the choice of weights is an important aspect of the 

construction of index numbers. The problem arises because all items included 

in the construction are not of equal importance. So proper weights should be 

attached to them to take into account their relative importance. Thus there are 

two type of indices. 

i) Un weighted indices- in which no specific weights are attached 

ii) Weighted indices- in which appropriate weights are assigned to various 

items. 

 

vi. Choice of average. 

 Since index numbers are specialized averages, a choice of average to be used 

in their construction is of great importance. Usually the following averages 

are used. 

i) A.M    ii).   G.M   iii).   Median 

 

 Among these averages G.M is the appropriate average to be used. But in 

practice G.M is not used as often as A.M because of its computational 

difficulties. 

 

vii. Choice of formula. 

 A large variety of formulae are available to construct an index number. The 

problem very often is that of selecting the appropriate formula. The choice of 

the formula would depend not only on the purpose of the index but also on 

the data available. 
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7.5 CONSTRUCTION OF INDEX NUMBERs 
 

Methods of constructing index numbers: 

A large number of formulae have been derived for constructing index numbers.  

 

They can be  

1) Un-Weighted indices 

a) Simple aggregative method 

b) Simple average of relatives. 

 

2) Weighted indices 

a) Weighted aggregative method 

i) Lasperey’s method 

ii) Paasche’s method 

iii)  Fisher’s ideal method 

iv)  Dorbey’s and Bowley’s method 

v) Marshal-Edgeworth method 

vi)  Kelly’s method 

 

b) Weighted average of relatives 

Unweighted indices: 

i) Simple aggregative method: 

 This is the simplest method of constructing index numbers. When this method 

is used to construct a price index number the total of current year prices for 

the various commodities in question is divided by the total of the base year 

prices and the quotient is multiplied by 100. 

 

   Symbolically 

100
0

1

01 



P

P
P

 
 

Where P0 are the base year prices 

 P1 are the current year prices 

  P01 is the price index number for the current year with reference to the base year. 
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Problem: 

Calculate the index number for 1995 taking 1991 as the base for the following data 
 

Commodity Unit Prices 1991 (P0) Prices 1995 (P1) 

A Kilogram 2.50 4.00 

B Dozen 5.40 7.20 

C Meter 6.00 7.00 

D Quintal 150.00 200.00 

E Liter 2.50 3.00 

Total  166.40 221.20 

 

93.132100
40.166

20.221
100 =number index  Price

0

1

01 



P

P
P  

There is a net increase of 32.93% in 1995 as compared to 1991. 

 

Limitations: 

There are two main limitations of this method 

1. The units used in the prices or quantity quotations have a great influence on 

the value of index. 

2. No considerations are given to the relative importance of the commodities.  

 

ii) Simple average of relatives 

 When this method is used to construct a price index number, first of all price 

relatives are obtained for the various items included in the index and then the 

average of these relatives is obtained using any one of the averages i.e. mean 

or median etc.  

 

 When A.M is used for averaging the relatives the formula for computing the 

 









 100

1
    isindex 

0

1
01

P

P

n
P  

 

 When G.M is used for averaging the relatives the formula for computing the 




















  100log

1
log    isindex 

0

1
01

P

P

n
AntiP  

Where n is the number of commodities and price relative   

100
0

1 
P

P
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Problem: 

Calculate the index number for 1995 taking 1991 as the base for the following data 

Commodity Unit 
Prices 

1991 (P0) 

Prices 1995 

(P1) 
100

0

1 
P

P
 

A Kilogram 50 70 140 =100
50

70
  

B Dozen 40 60 150 

C Meter 80 90 112.5 

D Quintal 110 120 109.5 

E Liter 20 20 100 

Total     

 

4.122612
5

1
100

1
 =number index  Price

0

1
01 










 

P

P

n
P  

 
There is a net increase of 22.4% in 1995 as compared to 1991. 

 

Merits: 

1. It is not affected by the units in which prices are quoted 

2. It gives equal importance to all the items and extreme items don’t affect the 

index number. 

3. The index number calculated by this method satisfies the unit test. 

 

Demerits: 

1. Since it is an unweighted average the importance of all items are assumed to 

be the same. 

2. The index constructed by this method doesn’t satisfy all the criteria of an ideal 

index number. 

3. In this method one can face difficulties to choose the average to be used. 

 

7.6 WEIGHTED INDICES 

a) Weighted aggregative method: 

These indices are same as simple aggregative method. The only difference is in this 

method, weights are assigned to the various items included in the index. 

 

There are various methods of assigning weights and consequently a large number 

of formulae for constructing weighted index number have been designed. 
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Some important methods are 
i. Lasperey’s method: This method is devised by Lasperey in year 1871.It is 

the most important of all the types of index numbers. In this method the base 
year quantities are taken weights. The formula for constructing Lasperey’s 
price index number is  

100=P
00

01

01 



qp

qp
 

 

 

 

 

 

 

 

 

 
 
 

ii. Paasche’s method: In this method the current year quantities are taken as 

weights and the formula is given by  

100=P
10

11

01 



qp

qp
 

 

 

 

 

 

 

 

 
 

iii. Fisher’s ideal method: Fishers price index number is given by the G.M of 

the Laspeyres and Paasche’s index numbers.  

 

  
PaLa

PP 0101

F

01  =P  

 

 

 

 

 

 

 
Sir Ronald Aylmer 

Fisher (1890-1962), England 

 

 

 

 

Ernst Louis Étienne Laspeyres  

(1834-1913), Germany 

 

 

 

 

 

 

Hermann Paasche (1851-1925) 

Germany 

 

 

 

 

 

http://en.wikipedia.org/wiki/File:R._A._Fischer.jpg
http://en.wikipedia.org/wiki/England
http://en.wikipedia.org/wiki/File:Hermann_Paasche.jpg
http://en.wikipedia.org/wiki/Germany
http://en.wikipedia.org/wiki/Germany
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 Symbolically 

 

 100100100
10

11

00

01

10

11

00

01














qp

qp

qp

qp

qp

qp

qp

qp
 

 

iv. Dorbey’s and Bowley’s method 

 Dorbey’s and Bowley’s price index number is given by the A.M of the 

Lasperey’s and Paasche’s index numbers.  

 

 Symbolically  

P01
DB= 

2

0101

01

PaLa

DB PP
P


 

 

Quantity index numbers: 

i. Lasperey’s quantity index number:    Base year prices are taken as weights   

100Q
00

01La

01 



pq

pq
 

 

ii. Paasche’s quantity index number: Current year prices are taken as weights   

100
10

11

01 



pq

pq
QPa  

 

iii.  Fisher’s ideal method:     

100=    =Q
10

11

00

01

01

La

01

F

01 






pq

pq

pq

pq
QQ Pa  

 

Fisher’s index number is called ideal index number. Why? 

The Fisher’s index number is called ideal index number due to the following 

characteristics. 

1) It is based on the G.M which is theoretically considered as the best average 

of constructing index numbers. 

2) It takes into account both current and base year prices as quantities. 

3) It satisfies both time reversal and factor reversal test which are suggested by 

Fisher. 

4) The upward bias of Lasperey’s index number and downward bias of 

Paasche’s index number are balanced to a great extent. 
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Example: Compute price index numbers for the following data by 

i. Laspeyre’s Method 

ii. Paasche’s Method 

iii. Fisher’s Ideal Method 

iv. Dorbish – Bowley’s Method 

v. Marshall- Edgeworth’s Method 

 

Year Commodity A Commodity B Commodity C 

 Price Quantity Price Quantity Price Quantity 

1980 4 50 3 10 2 5 

1985 10 45 6 8 3 4 

 

Base Year 1980, Base and quantity are in arbitrary units 

 

Calculation of Indices 

Commodities 1980 1985     

 
Price 

(p0) 

Quantity 

(q0) 

Price 

(p1) 

Quantity 

(q1) 
p1q0 p0q0 p1q1 p0q1 

A 4 50 10 45 500 200 450 180 

B 3 10 6 8 60 30 48 24 

C 2 5 3 4 15 10 12 8 

Total     575 240 510 212 
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Comparison of Lasperey’s and Paasche’s index numbers: - 

In Lasperey’s index number base year quantities are taken as the weights and in 

Paasche’s index the current year quantities are taken as weights. 

 

From the practical point of view Lasperey’s index is often proffered to Paasche’s 

for the simple reason that Lasperey’s index weights are the base year quantities and 

do not change from the year to the next. On the other hand, Paasche’s index weights 

are the current year quantities, and in most cases these weights are difficult to obtain 

and expensive. 

 

Lasperey’s index number is said to be have upward bias because it tends to 

overestimate the price rise, whereas the Paasche’s index number is said to have 

downward bias, because it tends to under estimate the price rise. 

 

When the prices increase, there is usually a reduction in the consumption of those 

items whose prices have increased. Hence using base year weights in the Lasperey’s 

index, we will be giving too much weight to the prices that have increased the most 

and the numerator will be too large. Due to similar considerations, Paasche’s index 

number using given year weights underestimates the rise in price and hence has 

down ward bias. 

 

If changes in prices and quantities between the reference period and the base period 

are moderate, both Lasperey’s and Paasche’s indices give nearly the same values.  

 

Demerit of Paasche’s index number: 

Paasche’s index number, because of its dependence on given year’s weight, has 

distinct disadvantage that the weights are required to be revised and computed for 

each period, adding extra cost towards the collection of data. 

 

What are the needs of good index numbers? 

Irving Fisher has considered two important properties which an index number 

should satisfy. These are tests of reversibility.  

1. Time reversal test 

2. Factor reversal test 

 

If an index number satisfies these two tests it is said to be an ideal index number. 

 

Weighted average of relatives: 

Weighted average of relatives can be calculated by taking values of the base year 

(p0q0) as the weights. The formula is given by 
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 When A.M is used 




W

PW
P01  

 When G.M is used 





W

PW
AntiP

log
log01  

 Where 

100
0

1 
p

p
P

 and 00qpW   i.e. base year weight 

 

Illustration: From the following data compute price index by Supplying weighted 

average of price method using i) Arithmetic Mean and ii) Geometric Mean 

Commodity    Price (p0)     Quantity (q0)  p1 

Sugar     85    20Kg  90 

Flour     60    40Kg  75 

Milk     100    10Lit  120 

 

Commodity p0 q0 p1 w=p0q0 p=(p1 x 100)/p0 pw log(p) wlog(p) 

Sugar 85 20 90 1700 105.88 179,996 2.0248 3442.18 

Flour 60 40 75 2400 125 300,000 2.0969 629,073.00 

Milk 100 10 120 1000 120 120,000 2.0792 249,501.75 

Total    Σw Σpw=599,996  Σwlog(p)=882,016.93 

 

P01 = Σpw/Σw   = 599,996/5100= 117.65 

 

This means that there has been 17.6 percent increase in prices over the base level 

when we use the criteria of Arithmetic mean. 

 

P01 = Antilog [Σwlog(p)/ Σw] = Antilog (882,016.93/5100) = 172.94 

 

This means that there has been 17.6 percent increase in prices over the base level 

when we use the criteria of Geometric mean. 

 

7.7 TEST OF CONSISTENCY OR ADEQUACY 
 

Several formulae have been suggested for constructing index numbers and the 

problem is that of selecting most appropriate one in a given situation. The following 

teats are suggested for choosing an appropriate index. 
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The following tests are suggested for choosing an appropriate index. 
1) Unit test 
2) Time reversal test 
3) Factor reversal test 
4) Circular test 
 
1) Unit test:  
This test requires that the formula for construction of index numbers should be such, 
which is not affected by the unit in which the prices or quantities have been quoted. 
 
Note: This test is satisfied by all the index numbers except simple aggregative 

method. 
 
2) Time reversal test 
This is suggested by R. A. Fisher. Time reversal test is a test to determine whether a 

given method will work both ways in time i.e. forward and backward. In other words, 

when the data for any two years are treated by the same method, but with the bases 

reversed, the two index numbers secured should be reciprocals to each other, so that 

their product is unity. Symbolically the following relation should be satisfied. 

11001 PP
 

 
Where P01 is the index for time period 1 with reference period 0. 
 
P10 is the index for time period 0 with reference period 1. 
 
Note: This test is not satisfied by Lasperey’s method and Paasche’s method. It is 
satisfied by Fisher’s method. 
 
When Lasperey’s method is used 

   P01
La= 100

00

01





qp

qp
,   P10

La= 100
11

10





qp

qp
 

 

Now,  

   P01
La× P10

La = 



00

01

qp

qp




11

10

qp

qp
≠1 

 

Therefore, this test is not satisfied by Lasperey’s method 
 

When Paasche’s method is used 

   P01
Pa= 100

10

11





qp

qp
 ,   P10

Pa= 100
01

00





qp

qp
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Now,  

   P01
Pa ×P10

Pa = 1
01

00

10

11








qp

qp
x

qp

qp
     

 

Therefore, this test is not satisfied by Paasche’s method 

 

When Fisher’s method is used 

 

P01
F= 100
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11

00
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qp
  ,  P10

F= 100
01

00

11

10
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Now, 

P01
F ×P10

F=






10

11

00

01

qp

qp

qp

qp
1

01

00

11

10








qp

qp

qp

qp
  

 

The value of a single commodity is the product of its price and quantity. Thus a 

value index ‘V’ is the sum of the values of the commodities of given year divided 

by the sum of the value of the base year multiplied by 100. 

i.e. 100
00

11





qp

qp
W  

3) Factor reversal test: 

This is also suggested by R. A. Fisher. It holds that the product of a price index 

number and the quantity index number should be equal to the corresponding value 

index. In other words, the test is that the change in price multiplied by the change 

in quantity should be equal to change in value. 

 

Value index: 

If 1p & 0p
represents prices and 1q & 0q

the quantities in the current year and base 

year respectively and if P01 represents the change in price in the current year 1 with 

reference to the year 0 and Q01 represents the change in quantity in the current year 

1 with reference to the year 0.  

Symbolically   




00

11

010101
qp

qp
WQP  

 

Note: This test is not satisfied by Lasperey’s method and Paasche’s method. It is 

satisfied by Fisher’s method. 
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When Lasperey’s method is used 

 P01
La= 100

00

01





qp

qp
 (price Index) 

 Q01
La= 100

00

01





pq

pq
  (Quantity Index) 

Now,  

 P01
La× Q01

La =
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00
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Therefore, this test is not satisfied by Lasperey’s method 
 

When Paasche’s method is used 

 P01
Pa= 100
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    ,   Q01

Pa= 100
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Now,  

 P01
Pa × Q10

Pa =
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Therefore, this test is not satisfied by Paasche’s method 

 

When Fisher’s method is used 

100=P
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P01
La × Q01

La =   

 

 

 

 

Therefore, this test is satisfied by Fisher’s method 
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4) Circular test: 

This is another test of consistency of an index number. It is an extension of time 

reversal test. According to this test, the index should work in a circular fashion. 
 

Symbolically    

1201201  PPP
 

 

Note: This test is not satisfied by Lasperey’s method, Paasche’s method and 

Fisher’s method.  
 

This test is satisfied by simple average of relatives based on G.M and Kelly’s fixed 

base method. 
 

Construct a Fisher’s Ideal Index from the following data and show that it satisfies 

time reversal and factor reversal test: 
 

Year     2006      2007 

Items    p0   q0      p1  q1 

A    10   40    12    45 

B    11   50    11   52 

C    14   30    10   29 

D    08   28    10   29 

E    12   15    13   20 

 

Solution: 

Construction of Fisher’s Ideal Index 

Item p0 q0 p1 q1 p1q0 p0q0 p1q1 p0q1 

A 10 40 12 45 480 400 50 450 

B 11 50 11 52 550 550 572 572 

C 14 30 17 30 510 420 510 420 

D 08 28 10 29 280 224 290 232 

E 12 15 13 20 195 180 260 240 

Total     2015 1774 2172 1914 
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7.8  THE CHAIN INDEX NUMBERS 
 
In fixed base method the base remain constant throughout i.e. the relatives for all 
the years are based on the price of that single year. On the other hand, in chain base 
method, the relatives for each year is found from the prices of the immediately 
preceding year. Thus the base changes from year to year. Such index numbers are 
useful in comparing current year figures with the preceding year figures. The 
relatives which we found by this method are called link relatives.  
 

    Thus  100
Pr

year current for  relativelink 
figureyearsevious

figureyearsCurrent
 

 

And by using these link relatives we can find the chain indices for each year by 

using the below formula 
 

100
year current for index Chain 

yearpreviousofindexChainyearcurrentofveLinkrelati 


 
Note: The fixed base index number computed from the original data and chain index 

number computed from link relatives give the same value of the index provided 
that there is only one commodity, whose indices are being constructed. 
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Example: 
From the following data of wholesale prices of wheat for ten years construct index 

number taking a) 1998 as base and b) by chain base method. 
 

Year 
Price of Wheat 

(Rs. Per 40 Kg) 
Year 

Price of Wheat 

(Rs. Per 40 Kg) 

1998 50 2003 78 

1999 60 2004 82 

2000 62 2005 84 

2001 65 2006 88 

2002 70 2007 90 

 

Solution:  

A)  Construction of Index Numbers Taking 1998 as Base year 

Year 
Price of 

Wheat 

Index Number 

(1998=100) 
Year 

Price of 

Wheat 

Index Number 

(1998=100) 

1998 50 100 2003 78 =78x100/50=156 

1999 60 =60x100/50=120 2004 82 =82x100/50=164 

2000 62 =62x100/50=124 2005 84 =84x100/50=176 

2001 65 =65x100/50=130 2006 88 =88x100/50=176 

2002 70 =70x100/50=140 2007 90 =90x100/50=180 

 

This means that from 1998 to 1999 there is 20% increase; from 1999 to 2000 there 

is a 24 % increase; from 2000 to 2001 there is 30% increase. If we are interested in 

finding out increase from 1998 to 199, from 1999 to 2000 and from 2000 to 2001, 

we shall have to compute the chain indices. 

 

B)  Construction of Chain Indices 

Year 
Price of 

Wheat 
Link Relatives 

Chain Indices 

(1998=100) 

1998 50 =50x100/50=100.00 100 

1999 60 =60x100/50=120.00 =120x100/100=120 

2000 62 =62x100/60=103.33 =103.33x120/100=124 

2001 65 =65x100/62=104.84 =104.84x124/100=120 

2002 70 =70x100/65=107.69 =107.69x130/100=140 

2003 78 =78x100/70=111.43 =111.43x140/100=156 

2004 82 =82x100/78=105.13 =105.13x156/100=164 

2005 84 =84x100/82=102.44 =102.44x164/100=168 

2006 88 =88x100/84=104.76 =104.76x168/100=176 

2007 90 =90x100/88=102.76 =102.27x176/100=180 
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Note: the chain indices obtained in (b) are the same as the fixed base indices 

obtained in (a). In fact chain index figures will always be equal to fixed index figure 

if there is only one series.   

 

Example: 
Compute the chain index number with 2003 prices as base from the following table 

giving the average wholesale prices of the commodities A, B and C for the year 

2003 to 2007    

 

Average Whole Sale Price (Rs) 

Commodity 2003 2004 2005 2006 2007 

A 20 16 28 35 21 

B 25 30 24 36 45 

C 20 25 30 24 30 

 

Solution: 

Calculation of Chain Indices 
Commodity Relative Based on preceding year 

 2003 2004 2005 2006 2007 

A 100 =16x100/20=80 =28x100/16=175 =35x100/28=125 =21x100/35=60 

B 100 =30x100/25=120 =24x100/30=80 =36x100/24=150 =45x100/36=125 

C 100 =25x100/20=125 =30x100/25=120 =24x100/30=80 =30x100/24=125 

Total of Link 
Relative 

300 325 375 355 310 

Average of 
link relative 

100 108.33 125 118.33 103.33 

Chain 
Index 

(2003=100) 
100 

=108.33x100/100
=108.33 

=125x108.33/100
=135.41 

118.33x135.41/100
=160.23 

=103.33x160.33/100
=165.57 

  

Conversion of fixed based index to chain based index  

100
..Pr

..
C.B.Iyear Current 

IBCyearsevious

IBFyearsCurrent

 
 

Conversion of chain based index to fixed base index. 

100

..Pr..
F.B.Iyear Current 

IBFyearseviousIBCyearsCurrent 


 
Example:  

Compute the chain base index numbers 
Year 1980 1981 1982 1983 1984 

Fixed Base Index 100 120 150 130 160 
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Solution:  

Base Year 1980=100 

Year Fixed Base Chain Base Index (I1 x 100)/I0 

1980 100 =100x100/100=100 

1981 120 =120x100/100=120 

1982 150 =150x100/120=125 

1983 130 =130x100/150=86.67 

1984 160 =160x100/130=123.08 

 

Example:  

Calculate fixed base index numbers from the following chain base index numbers 

Year 1978 1979 1980 1981 1982 

Chain Base Index Numbers 120 140 120 130 150 

 

Solution: 

Computation of fixed base index numbers 

Year 
Chain Base Index 

Numbers 

Fixed Base Index 

Numbers 

1978 120 120 

1979 140 =140x120/100=168 

1980 120 =120x168/100=201.60 

1981 130 =130x201.60/100=262.08 

1982 150 =150x262.08/100=393.12 

 

Note: It may be remembered that the fixed base index for the first year is same as 

the chain base index for that year. 

 

Merits of chain index numbers: 

1. The chain base method has a great significance in practice, because in 

economic and business data we are often concerned with making comparison 

with the previous period. 

2. Chain base method doesn’t require the recalculation if some more items are 

introduced or deleted from the old data. 

3. Index numbers calculated from the chain base method are free from seasonal 

and cyclical variations. 

 

Demerits of chain index numbers: 

1. This method is not useful for long term comparison. 

2. If there is any abnormal year in the series, it will affect the subsequent years 

also. 
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Differences between fixed base and chain base methods: 

Chain base Fixed base 

1. Here the base year changes 

2. Here link relative method is used 

3. Calculations are tedious  

4. It cannot be computed if any one 

year is missing 

5. It is suitable for short period 

6. Index numbers will be wrong if an 

error is committed in the 

calculation of link relatives 

1. Base year does not changes 

2. No such link relative method is 

used 

3. Calculations are simple 

4. It can be computed if any year is 

missing 

5. It is suitable for long period 

6. The error is confined to the index 

of that year only. 

 

Base shifting: 

One of the most frequent operations necessary in the use of index numbers is 

changing the base of an index from one period to another without recompiling the 

entire series. Such a change is referred to as ‘base shifting’. The reasons for shifting 

the base are 

1. If the previous base has become too old and is almost useless for purposes of 

comparison. 

2. If the comparison is to be made with another series of index numbers having 

different base.   

 

The following formula must be used in this method of base shifting is 

 100
numberindex  old years base new

numberindex  old yearscurrent 
 =year  base newon  basednumber Index   

Example: 

 The following are time 

Year 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 

Index 100 110 120 200 400 410 400 380 370 340 

 

The index numbers of prices with 1998 as base year 

 

Shift the base from 1998 to 2004 and recast the index numbers. 

 

Solution: 

100
numberindex  old years base new

numberindex  old yearscurrent 
 =year  base newon  basednumber Index   

100
400

100
 = 1998for number Index  =25 …………………………………………. 
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100
400

340
 =2007for number Index  =85 

 

Year 
Index number 
(1998as base) 

Index number 
(2004 as base) 

Year 
Index number 
(1998as base) 

Index number 
(2004 as base) 

1998 100 25=100
400

100
  2003 410 100

400

410


=102.5 

1999 110 100
400

110


=27.5 
2004 400 100

400

400


=100 

2000 120 100
400

120


=30 
2005 380 100

400

380


=95 

2001 200 100
400

200


=50 
2006 370 100

400

370


=92.5 

2002 400 100
400

400


=100 
2007 340 100

400

340


=85 

   

Splicing of two series of index numbers: 

The problem of combining two or more overlapping series of index numbers into 

one continuous series is called splicing. In other words, if we have a series of index 

numbers with some base year which is discontinued at some year and we have 

another series of index numbers with the year of discontinuation as the base, and 

connecting these two series to make a continuous series is called splicing. 

 

The following formula must be used in this method of splicing 

 

Index number after splicing =

100

base existing ofnumber index  old  spliced be number toindex 

 
Example: 
The index A given was started in 1993 and continued up to 2003 in which year 

another index B was started. Splice the index B to index A so that a continuous 

series of index is made 

Year Index A Index B Year Index A Index B 

1993 100  2002 138  

1994 110  2003 150 100 

1995 112  2004  120 

-   2005  140 

-   2006  130 

-   2007  150 
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Solution: 

Index B spliced to Index A 

Year Index A Index B Index B spliced to Index A 1993 as base 

1993 100   

1994 110   

1995 112   

-    

-    

-    

2002 138   

2003 150 100 =150x100/100=150 

2004  120 =150x120/100=180 

2005  140 =150x140/100=210 

2006  130 =150x130/100=195 

2007  150 =150x150/100=225 

 

The Spliced Index now refers to 1993 as base and we can make a continuous 

comparison of index numbers from 1993 onwards. 

 

In the above case it also possible to splice the new index in such a manner that a 

comparison could be made with 2003 as base. This would be done by multiplying 

the old index by ratio 100/150. Thus the spliced index for 1993 would be 100 x 

100/150=66.7 for the year 1994, 100x100/150=73.3 for the year 1995 and 

100x112/150=74.6, etc.  This process appears to be more useful because recent year 

can be kept as base. However, much would depends upon the object. 

 

Deflating: 

Deflating means correcting or adjusting a value which has inflated. It makes 

allowances for the effect of price changes. When prices rise, the purchasing power 

of money declines. If the money incomes of people remain constant between two 

periods and prices of commodities are doubled the purchasing power of money is 

reduced to half. For example, if there is an increase in the price of rice from Rs10/kg 

in the year 1980 to Rs20/kg in the year 1982. then a person can buy only half kilo 

of rice with Rs10. so the purchasing power of a rupee is only 50paise in 1982 as 

compared to 1980. 

 

indexprice

1
 =money  ofpower  purchasing  theThus   
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In times of rising prices the money wages should be deflated by the price index to 

get the figure of real wages. The real wages alone tells whether a wage earner is in 

better position or in worst position. 
 

For calculating real wage, the money wages or income is divided by the 

corresponding price index and multiplied by 100. 

100
Pr

 =  wagesReal i.e. 
indexice

wagesMoney
 

 

100
Re

Re
 =Index  WageReal Thus 

yearbaseofwageal

yearcurrentofwageal
 

 

Example: 

The following table gives the annual income of a worker and the general Index 

Numbers of price during 1999-2007. Prepare Index Number to show the changes 

in the real income of the teacher and comment on price increase 

 

Year 1999 2000 2001 2002 2003 2004 2005 2006 2007 

Income 

(Rs) 
3600 4200 5000 5500 6000 6400 6800 7200 7500 

Price  

Index 
100 120 145 160 250 320 450 530 600 

 

Solution 

Index Number Showing changes in the Real income of the workers 

Year 
Income 

(Rs.) 
Price Index Real Income 

Real Income 

Index 

1999 3600 100 =3600 x100/100=3600.00 100.00 

2000 4200 120 =4200 x 100/120=3500.00 97.22 

2001 5000 145 =5000 x 100/145=3448.70 95.78 

2002 5500 160 =5500x100/160=3437.50 95.49 

2003 6000 250 =6000x100/250=2400.00 66.67 

2004 6400 320 =6400x100/320=2000.00 55.56 

2005 6800 450 =6800x 100/450=1511.11 41.98 

2006 7200 530 =7200x100/530=1358.49 37.74 

2007 7500 600 =7500x100/600=1250.00 34.72 

 

The method discussed above is frequently used to deflate individual values, value 

series or value indices. Its special use is in problems dealing with such diversified 

things as rupee sales, rupee inventories of manufacturer’s, wholesaler’s and 

retailer’s income, wages and the like. 
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Cost of living index numbers (or) Consumer price index numbers: 

The cost of living index numbers measures the changes in the level of prices of 

commodities which directly affects the cost of living of a specified group of persons 

at a specified place. The general index numbers fails to give an idea on cost of 

living of different classes of people at different places. 

 

Different classes of people consume different types of commodities, people’s 

consumption habit is also varying from man to man, place to place and class to 

class i.e. richer class, middle class and poor class. For example, the cost of living 

of rickshaw pullers at BBSR is different from the rickshaw pullers at Kolkata. The 

consumer price index helps us in determining the effect of rise and fall in prices on 

different classes of consumers living in different areas. 

 

Main steps or problems in construction of cost of living index numbers 

The following are the main steps in constructing a cost of living index number. 

1. Decision about the class of people for whom the index is meant. It is 

absolutely essential to decide clearly the class of people for whom the index 

is meant i.e. whether it relates to industrial workers, teachers, officers, labors, 

etc. Along with the class of people it is also necessary to decide the 

geographical area covered by the index, such as a city, or an industrial area or 

a particular locality in a city. 

 

2. Conducting family budget enquiry. Once the scope of the index is clearly 

defined the next step is to conduct a sample family budget enquiry i.e. we 

select a sample of families from the class of people for whom the index is 

intended and scrutinize their budgets in detail. The enquiry should be 

conducted during a normal period i.e. a period free from economic booms or 

depressions. The purpose of the enquiry is to determine the amount; an 

average family spends on different items. The family budget enquiry gives 

information about the nature and quality of the commodities consumed by the 

people. The commodities are being classified under following heads   

i)   Food ii)   Clothing   iii)  Fuel and Lighting 

 iv) House rent v)   Miscellaneous 

 

3. Collecting retail prices of different commodities. The collection of retail 

prices is a very important and at the same time very difficult task, because 

such prices may vary from lace to place, shop to shop and person to person. 

Price quotations should be obtained from the local markets, where the class 

of people reside or from super bazaars or departmental stores from which they 

usually make their purchases. 
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7.9  USES OF COST OF LIVING INDEX NUMBERS 

 
1. Cost of living index numbers indicate whether the real wages are rising or 

falling. In other words, they are used for calculating the real wages and to 

determine the change in the purchasing power of money.     

numberindex  living ofCost 

1
money  ofpower  Purchasing 

 
 

100
umbersindex  living ofCost 

wagesMoney
R Wageseal

 
 

2. Cost of living indices are used for the regulation of D.A or the grant of bonus 

to the workers so as to enable them to meet the increased cost of living. 

3. Cost of living index numbers are used widely in wage negotiations. 

4. These index numbers also used for analyzing markets for particular kinds of 

goods. 

 

Methods for construction of cost of living index numbers: 

Cost of living index number can be constructed by the following formulae.   

1)    Aggregate expenditure method or weighted aggregative method 

2) Family budget method or the method of weighted relatives 

 

1)    Aggregate expenditure method or weighted aggregative method 

In this method the quantities of commodities consumed by the particular group in 

the base year are taken as weights. The formula is given by consumer price index  

100=
00

01





qp

qp
 

 

Steps:  

i)  The prices of commodities for various groups for the current year is multiplied 

by the quantities of the base year and their aggregate expenditure of current 

year is obtained .i.e. 01qp
    

ii)  Similarly obtain  00qp
 

iii)  The aggregate expenditure of the current year is divided by the aggregate 

expenditure of the base year and the quotient is multiplied by 100. 

 Symbolically 100    
00

01





qp

qp
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2)    Family budget method or the method of weighted relatives 

In this method cost of living index is obtained on taking the weighted average of 

price relatives, the weights are the values of quantities consumed in the base year 

i.e. 
00qpW  . Thus the consumer price index number is given by consumer price 

index = 



w

pw
   

Where 

1001 
op

p
p

 for each item 

      00qpW  , value on the base year 

 

Note: It should be noted that the answer obtained by applying the aggregate 

expenditure method and family budget method shall be same. 

 

Example: 
Construct the consumer price index number for 2007 on the basis of 2006 from the 

following data using (i) the aggregate expenditure method, and (ii) the family 

budget method. 

 

Commodity 
Quantity Consumed in 

2006 

Price in 2006 

Rs        Paisa 

Price in 2007 

Rs       Paisa 

A 6 Quintals 5 75 6 00 

B 6 Quantils 5 00 8 00 

C 1 Quantils 6 00 9 00 

D 6 Quantils 8 00 10 00 

E 4Kg 2 00 1 50 

F 1Quantils 20 00 15 00 

 

Solution: 

Commodity 

Quantity 

Consumed 

in 2006 q0 

Price in 

2006 

P0 

Price in 

2007 

P1 

p1q0 p0q0 

A 6 Quintals 5.75 6.00 36 34.50 

B 6 Quantils 5.00 8.00 48.00 30.00 

C 1 Quantils 6.00 9.00 9.00 6.00 

D 6 Quantils 8.00 10.00 60.00 48.00 

E 4Kg 2.00 1.50 6.00 8.00 

F 1Quantils 20.00 15.00 15.00 20.00 

Total           174.00   146.50 
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Price Index = Σp1q0 x 100/Σp0q0 = 174x100/146.5= 118.77 

Construction of Consumer Price Index for 2007 (Base 2006=100) by the family 

Budget Method 

Commodity 

Quantity 

Consumed 

in 2006 q0 

Price 

in 2006 

P0 

Price 

in 2007 

P1 

P=p1x100/p0 p0q0=w Pw 

A 6 Quintals 5.75 6.00 104.34 34.50 3600 

B 6 Quantils 5.00 8.00 160.00 30.00 4800 

C 1 Quantils 6.00 9.00 150.00 6.00 900 

D 6 Quantils 8.00 10.00 125.00 48.00 6000 

E 4Kg 2.00 1.50 75.00 8.00 600 

F 1Quantils 20.00 15.00 75.00 20.00 1500 

Total           146.50 17400 

 

Consumer Price Index =Σpw/Σw =17400/146.5 = 118.77 

 

Thus, the answer is the same by both the methods. However, the reader should 

prefer the aggregate expenditure method because it is far easier to apply compared 

to the family budget method. 

 

Possible errors in construction of cost of living index numbers: 

Cost of living index numbers or its recently popular name consumer price index 

numbers are not accurate due to various reasons. 

1. Errors may occur in the construction because of inaccurate specification of 

groups for whom the index is meant. 

2. Faulty selection of representative commodities resulting out of unscientific 

family budget enquiries. 

3. Inadequate and unrepresentative nature of price quotations and use of 

inaccurate weights 

4. Frequent changes in demand and prices of the commodity 

5. The average family might not be always a representative one. 

 

Problems or steps in construction of wholesale price index numbers (WPI): 

Index numbers are the best indicators of the economic progress of a community, a 

nation and the world as a whole. Wholesale price index numbers can also be 

constructed for different economic activities such as Indices of Agricultural 

production, Indices of Industrial production, Indices of Foreign Trade etc. Besides 

some International organizations like the United Nations Organization, the F.A.O. 

of the U.N., the World Bank and International Labour Organization, there are a 

number of organizations in the country who publish index numbers on different 

aspects. These are (a) Ministry of Food and Agriculture, (b) Reserve Bank of India, 
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(c) Central Statistical Organization, (d) Department of Commercial Intelligence and 

Statistics, (e) Labour Bureau, (f) Eastern Economist. The Central Statistical 

Organization of the Government of India publishes a Monthly Abstract of’ 

Statistics which contains All India index numbers of Wholesale Prices (Revised 

series: Base year 1981-82) both commodity-wise and also for the aggregate. 

 

i. Purpose or object of index numbers.  
 A wholesale price index number which is properly designed for a purpose can 

be most useful and powerful tool. Thus the first and the foremost problem are 

to determine the purpose of index numbers. If we know the purpose of the 

index numbers we can settle some related problems.  

 

ii. Selection of commodities 

 Representative items should be taken into consideration. The items may be 

grouped into relatively homogeneous heads to make the calculation. The 

construction of WPI of a region or country we may group the commodities as 

(1) Primary Articles — (a) Food Articles (b) Non-food Articles (c) Minerals 

(ii) Fuel. Power, Light and Lubricants (iii) Manufactured Products (iv) 

Chemicals and Chemical Products (v) Machinery and Machine Equipment’s 

(vi) Other Miscellaneous Manufacturing Industries. 

 

iii. Selection of base period 

1. The base period must be a normal period i.e. a period frees from all sorts 

of abnormalities or random fluctuations such as labor strikes, wars, floods, 

earthquakes etc. 

 

2. The base period should not be too distant from the given period. Since 

index numbers are essential tools in business planning and economic policies 

the base period should not be too far from the current period. For example, 

for deciding increase in dearness allowance at present there is no advantage 

in taking 1950 or 1960 as the base, the comparison should be with the 

preceding year after which the DA has not been increased. 

 

3. Fixed base or chain base. While selecting the base a decision has to be made 

as to whether the base shall remain fixing or not i.e. whether we have fixed 

base or chain base. In the fixed base method the year to which the other years 

are compared is constant. On the other hand, in chain base method the prices 

of a year are linked with those of the preceding year. The chain base method 

gives a better picture than what is obtained by the fixed base method.  
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iv. Data for index numbers 

 The data, usually the set of prices and of quantities consumed of the selected 

commodities for different periods, places etc. constitute the raw material for 

the construction of wholesale price index numbers. The data should be 

collected from reliable sources such as standard trade journals, official 

publications etc.  

 

v. Selection of appropriate weights 

 A decision as to the choice of weights is an important aspect of the 

construction of index numbers. The problem arises because all items included 

in the construction are not of equal importance. So proper weights should be 

attached to them to take into account their relative importance. Thus there are 

two type of indices. 

1. Un weighted indices- in which no specific weights are attached 

2. Weighted indices- in which appropriate weights are assigned to various 

items. 

 

vi. Choice of average. 

 Since index numbers are specialized averages, a choice of average to be used 

in their construction is of great importance. Usually the following averages 

are used. 

1. A.M 

2. G.M 

3. Median 

 

 Among these averages G.M is the appropriate average to be used. But in 

practice G.M is not used as often as A.M because of its computational 

difficulties. 

 

vii.  Choice of formula. 

 The selection of a formula along with a method of averaging depends on data 

at hand and purpose for which it is used. Different formulae developed for the 

purpose have already been discussed in earlier sections. 

 

Wholesale price index numbers (Vs) consumer price index numbers: 

1. The wholesale price index number measures the change in price level in a 

country as a whole. For example, economic advisors index numbers of 

wholesale prices. Whereas cost of living index numbers measures the change 

in the cost of living of a particular class of people stationed at a particular 

place. In this index number we take retail price of the commodities. 
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2. The wholesale price index number and the consumer price index numbers are 

generally different because there is lag between the movement of wholesale 

prices and the retail prices. 

3. The retail prices required for the construction of consumer price index number 

increased much faster than the wholesale prices i.e. there might be erratic changes 

in the consumer price index number unlike the wholesale price index numbers. 

4. The method of constructing index numbers in general the same for wholesale 

prices and cost of living. The wholesale price index number is based on 

different weighting systems and the selection of commodities is also different 

as compared to cost of living index number 

 

Importance and methods of assigning weights: 

The problem of selecting suitable weights is quite important and at the same time 

quite difficult to decide. The term weight refers to the relative importance of the 

different items in the construction of the index. Generally various items say wheat, 

rice, kerosene, clothing etc. included in the index are not of equal importance, 

proper weights should be attached to them to take into their relative importance.  
Thus there are two types of indices. 
1)  Unweighted indices – in which no specific weights are attached to various 

commodities. 
2)  Weighted indices – in which appropriate weights are assigned to various 

commodities. 
 
The Unweighted indices can be interpreted as weighted indices by assuming the 
corresponding weight for each commodity being unity. But actually the 
commodities included in the index are all not of equal importance. Therefore, it is 
necessary to adopt some suitable method of weighting, so that arbitrary and 
haphazard weights may not affect the results. 
 
There are two methods of assigning weights. 
i)  Implicit weighting 
ii) Explicit weighting 
 
In implicit weighting, a commodity or its variety is included in the index a number 
of times. For example, if wheat is to be given in an index twice as much times as 
rice then the weight of wheat is two. Where as in explicit weighting two types of 
weights can be assigned. i.e. quantity weights or value weights.  
 
A quantity weight symbolized by q means the amount of commodity produced, 
distributed or consumed in some time period. A value weight in the other hand 
combines price with quantity produced, distributed or consumed and is denoted by 
v=pq. 
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 For example, quantity weights are used in the method of weighted aggregative like 

Lasperey’s, Paasche’s index numbers and value weights are used in the method of 

weighted average of price relatives. 

 

7.10  LIMITATIONS OF INDEX NUMBERS 
 

Although index numbers are indispensable tools in economics, business, 

management etc., they have their limitations and proper care should be taken while 

interpreting them. Some of the limitations of index numbers are   

1. Since index numbers are generally based on a sample, it is not possible to take 

into account each and every item in the construction of index. 

2. At each stage of the construction of index numbers, starting from selection of 

commodities to the choice of formulae there is a chance of the error being 

introduced. 

3. Index numbers are also special type of averages, since the various averages 

like mean, median, G.M have their relative limitations, their use may also 

introduce some error. 

4. None of the formulae for the construction of index numbers is exact and 

contains the so called formula error. For example, Lasperey’s index number 

has an upward bias while Paasche’s index has a downward bias. 

5. An index number is used to measure the change for a particular purpose only. 

Its misuse for other purpose would lead to unreliable conclusions. 

6. In the construction of price or quantity index numbers it may not be possible to 

retain the uniform quality of commodities during the period of investigation. 

 

7.11  SELF ASSESMENT QUESTIONS 
 

1.  Define Index Number.  
2.  State the uses of Index Number. 
3.  Mention the classification of Index Number. 
4.  Define Laspeyre’s price index number. 
5.  Explain Paasche’s price index number. 
6.  Write note on Fisher’s price index number. 
7.  State the test of adequacy of index number. 
8.  Define Time Reversal Test. 
9.  Explain Factor Reversal Test. 
10.  Define true value ratio. 
11.  Discuss about Cost of Living Index Number. 
12.  Define Family Budget Method. 
13.  State the uses of Cost of Living Index Number. 
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14.  Calculate by a suitable method, the index number of price from the following data: 

 
   

15.  Calculate price index number for 2005 by (a) Laspeyre’s (b) Paasche’s method: 

 
 

 16.  Compute (i) Laspeyre’s (ii) Paasche’s (iii) Fisher’s Index numbers for the 

2010 from the following data. 

 
 

 17.  Using the following data, construct Fisher’s Ideal index and show how it 

satisfies Factor Reversal Test and Time Reversal Test? 
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18.  Using Fisher’s Ideal Formula, compute price index number for 1999 with 

1996 as base year, given the following: 

 
 

19.  Calculate Fisher’s index number to the following data. Also show that it 

satisfies Time Reversal Test. 

 
 20. The following are the group index numbers and the group weights of an 

average working class family’s budget. Construct the cost of living index 

number: 

 
 

21.  Construct the cost of living Index number for 2015 on the basis of 2012 from 

the following data using family budget method. 
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 22.  Calculate the cost of living index by aggregate expenditure method: 
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INTRODUCTION 

 

How can we explore the relationship between two quantitative variables? 

Graphically, we can construct a scatterplot. 

Numerically, we can calculate a correlation coefficient and a regression equation. 

 

 
OBJECTIVES 

 

When you have completed this unit, you will be able to: 

 Learn about the Pearson Product-Moment Correlation Coefficient (r) 

 Learn about the uses and abuses of correlation. 

 Learn how to calculate and interpret r. 

 Identify the direction and strength of a linear correlation between two factors. 

 Interpret the Pearson correlation coefficient and the coefficient of determination, 

and test for significance. 

 Identify and explain three assumptions and three limitations for evaluating a 

correlation coefficient.  

 Distinguish between a predictor variable and a criterion variable. 

 Learn the essential elements of simple regression analysis 

 Learn how to interpret the results of simple regression 

 Identify each source of variation in an analysis of regression. 

 Summarize the results of the correlation coefficient and linear regression 
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8.1  SIMPLE LINEAR CORRELATION 
 

The Pearson correlation coefficient, r, measures the degree of association, 

strength and the direction of a straight-line relationship. 

 

• The strength of the relationship is determined by the closeness of the points 

to a straight line. 

• The direction is determined by whether one variable generally increases or 

generally decreases when the other variable increases. 

• r is always between –1 and +1 

• magnitude indicates the strength 

• r = –1 or +1 indicates a perfect linear relationship 

• sign indicates the direction 

• r = 0 indicates no linear relationship 

 
8.2  CORRELATION COEFFICIENT AND ITS 

INTERPRETATION 
 

Let us consider the data of on two interdependent variables namely X and Y. 

OBSERVATION ‘CLOUDS’: 

 

 
 

  

Positive  

Correlation 

r>0 

Y 

X 
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Y 

X 

Negative 

Correlation 

r<0 

Y 

No Linear 

Correlation 

r=0 X 
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The following data were collected to study the relationship between the sale price, 

y and the total appraised value, x, of a residential property located in an upscale 

neighborhood. 

 

Property X y x2 y2 Xy 

1 2 2 4 4 4 

2 3 5 9 25 15 

3 4 7 16 49 28 

4 5 10 25 100 50 

5 6 11 36 121 66 

Σ(Sum) 20 35 90 299 163 

              x         y        
2x             

2y           xy  

 

Pearson correlation coefficient, r. 

With n=5 
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XX
r =

)1225(1495)400()450

700815




=

27050

115
= 

432.16071.7

115

x
 

 

r= 
432.16071.7

115

x
= 

174.116

115
= 0.98,  X and Y and Highly Positively correlated. 

 

Note: Association Does Not Imply Causation 

 

Example: 

Among all elementary school children, the relationship between the number of 

cavities in a child’s teeth and the size of his or her vocabulary is strong and positive. 

 

Number of cavities and vocabulary size are both related to age. 

 

Example: 

Consumption of hot chocolate is negatively correlated with crime rate. Both are 

responses to cold weather. 
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For example: 

Scatter Diagram of X and Y 

 
 

x  
y  xxi   yyi   

( x
i

x  ) ( y
i

y  ) 

0 3 -3 0 0 

2 2 -1 -1 1 

3 4 0 1 0 

4 0 1 -3 -3 

6 6 3 3 9 

15 15 0 0  

3x  3y  0 0  7  

 

4.1
5

7
)))((

),cov( 1 







n

yyxx

yx
i

n

i

i

 

 

 

0

1

2

3

4

5

6

7

0 1 2 3 4 5 6 7
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But what does this number tell us?  

 

Nothing, so we can only compare covariances between different variables to see 

which is greater.  Really, as 

 

 ),cov( yx  

 

Or, we could standardize this measure, thus obtaining a more intuitive measure of 

correlation magnitude. 

 

Correlation: Pearson’s r 

 

Standardize by adding the standard deviations to the equation: 

 

n
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yx
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Where Sx = Standard Deviation of X and Sy = Standard deviation of Y 
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Important: each xi goes with a specific yi Why? 

 

Example: 

By changing just two points of Y variable the correlation result is different… 

11  r  
The distance of r from 0 indicates strength of correlation 

 

r = 1 or r = (-1) means that we can predict y from x and 

vice versa with certainty; all data points are on a straight 

line. i.e., y = ax + b 
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X Y Zx Zy Zx * Zy  X Y Zx Zy Zx * Zy 

0 3 -1.5 0 0 
 

0 3 -1.5 0 0 

2 2 -0.5 -0.5 0.25 
 

2 0 -0.5 -1.5 0.75 

3 4 0 0.5 0 
 

3 4 0 0.5 0 

4 0 0.5 -1.5 -0.75 
 

4 2 0.5 -0.5 -0.25 

6 6 1.5 1.5 2.25 
 

6 6 1.5 1.5 2.25 

3x  3y    
 75.1  

 
3x  3y    

 75.2  
2xs  2ys     2xs  2ys    

 

35.0
5

75.1
*

1 



n

ZZ

r

n

i

yx

xy

ii

            55.0
5

75.2
*

1 



n

ZZ

r

n

i

yx

xy

ii

 

A limitation of r: it is very sensitive to values. 

Example:  

X Y 

The correlation seems strong – but if we 

calculate it we’ll find that r = 0 

1 1 

2 2 

3 3 

4 4 

5 0 

 

0

1

2

3

4

5

6

7

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

0 1 2 3 4 5 6 7
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Note: r is actually r̂ . 

 

OK, so when r = 1 or   r = (–1) we have a perfect linear relationship:  y = ax + b 

r = + 1 (Perfect Positive correlation) 

  = –1 (perfect negative correlation) 

r = 0 (No Linear Correlation) 

 

8.3  INTRODUCTION TO LINEAR REGRESSION 
 

First recorded in 1510–20, regression is from the Latin word regressiōn- (stem of 

regressiōn). See regress, -ion. 

 

What is regression analysis? 

 

Umbrella selling company offers this example scenario: Suppose you’re a sales 

manager trying to predict next month’s numbers. You know that dozens, perhaps 

even hundreds of factors from the weather to a competitor’s promotion to the rumor 

of a new and improved model can impact the number. Perhaps people in your 

organization even have a theory about what will have the biggest effect on sales. 

“Trust me. The more rain we have, the more we sell.” “Six weeks after the 

competitor’s promotion, sales jump.” 

 

Regression analysis is a way of mathematically sorting out which of those variables 

does indeed have an impact. It answers the questions: Which factors matter most? 

Which can we ignore? How do those factors interact with each other? And, perhaps 

most importantly, how certain are we about all of these factors? 

 

We have seen how to explore the relationship between two quantitative variables 

graphically with a scatterplot. When the relationship has a straight-line pattern, the 

Pearson correlation coefficient describes it numerically. We can analyze the data 

further by finding an equation for the straight line that best describes the pattern. 

This equation predicts the value of the response (y) variable from the value of the 

explanatory variable.  

 

Much of mathematics is devoted to studying variables that are deterministically 

related. Saying that x and y are related in this manner means that once we are told 

the value of x, the value of y is completely specified. For example, suppose the cost 

for a small pizza at a restaurant if Rs.100/- plus Rs.75 per topping. If we let x = # 
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toppings and y = price of pizza, then y=100+75x. If we order a 3-topping pizza, 

then y=100+75(3) =325. 

 

There are two variables x and y which are appear to be related to one another, but 

not in a deterministic fashion. Suppose we examine the relationship between 

x=high school GPA and Y=college GPA. The value of y cannot be determined just 

from knowledge of x, and two different students could have the same x value but 

have very different y values. Yet there is a tendency for those students who have 

high (low) high school GPAs also to have high(low) college GPAs. Knowledge of 

a student’s high school GPA should be quite helpful in enabling us to predict how 

that person will do in college. 

 

Regression analysis is the part of statistics that deals with investigation of the 

relationship between two or more variables related in a nondeterministic fashion.  

 

Historical Note: 

The statistical use of the word regression dates back to Francis Galton, who studied 

heredity in the late 1800’s. One of Galton’s interests was whether or not a man’s 

height as an adult could be predicted by his parents’ heights. He discovered that it 

could, but the relationship was such that very tall parents tended to have children 

who were shorter than they were, and very short parents tended to have children 

taller than themselves. He initially described this phenomenon by saying that there 

was a “reversion to mediocrity” but later changed to the terminology “regression to 

mediocrity.” 

 

8.4  DEPENDENT AND INDEPENDENT VARIABLES 
 

The least-squares line is the line that makes the sum of the squares of the vertical 

distances of the data points from the line as small as possible. 

 

Simple Linear regression model equation for Least Squares (Regression) Line 

Y=β0 + βX + ∈ 
 

When talking about regression equations, the following are terms used for X and Y 

X: predictor variable, explanatory variable, or independent variable 

Y: response variable or dependent variable 

And the Estimated Line   y  = xo 1
ˆˆ    



174 

 

 1̂  denotes the estimated slope. The slope in the equation equals the amount that 

y  changes when x increases by one unit. 

 
  






221
)(

))((ˆ
xxn

yxxyn
  

0̂  denotes the estimated y-intercept. The y-intercept is the predicted value of y 

when x=0. The y-intercept may not have any interpretive value. If the answer to 

either of the two questions below is no, we do not interpret the y-intercept. 

1. Is 0̂  a reasonable value for the explanatory variable? 

2. Do any observations near x=0 exist in the data set? 

xy 10
ˆˆ    

 

Equation for Least Squares Line :  ŷ  = -2.2 + 2.3x 

Appraisal Value, x 

$100,000 

Sale Price, y 

$100,000 
ŷ  (y – ŷ ) (y – ŷ )2 

2 2 2.4 -.4 .16 

3 5 4.7 .3 .09 

4 7 7 0 0 

5 10 9.3 .7 .49 

6 11 11.6 -.6 .36 

          Σ (y - ŷ )2 = 1.1 

65432

14

12

10

8

6

4

2

0

App val

S
a

le
P

ri
c

R-Squared = 0.980

Y = -2.2 + 2.3X

Scatterplot with Least Squares Line
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The method of least squares chooses the prediction line ŷ  = B̂ o + B̂ 1x    that 

minimizes the sum of the squared errors of prediction Σ (y – ŷ )2  for all sample 

points. 

 

The estimated regression line from the is given by 

ŷ  = –2.2 + 2.3x 

 

The slope in the equation equals the 2.3 that y  changes when x i.e. price  increases 

by one unit. 

0̂  denotes the estimated y-intercept. The y-intercept is the predicted value of y 

when x=0.  i.e. ŷ  = –2.2  i.e. on average sale price is –2.2 when appraisal value is 

zero. 

 

Regression  

 

 

Reference. Introduction to Statistical Theory Part-I page 398 
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The least squares principle: 

min

)ˆ(
1

2






n

yy
n

i

i

 

Example: 

From the data we calculate the following: 

Σxy =150605   Sx =19.3679, ΣY= 66.93 and   ΣX=144.6 

 

Applying these figures to the formulae for the regression coefficients, we have: 

xSn

YXnxy
21

)1(

)(ˆ






 =
2)3679.19(14

6.14493.6615150605

X

XX
 

6177.5251

17.145171150605ˆ
1


 = 0347.1

6177.5251

83.5433
  

6.1440347.193.66ˆ
0 X  

= 66.93 – 149.6176 =  –82.687 

 

Therefore, in this case, the equation for the regression of y on x becomes 

y  = –82.687 + 1.0367 x 

 

This means that, on average, for every increase in height of 1 cm the increase in 

anatomical dead space is 1.067 ml over the range of measurements made. 

 

The line representing the equation is shown superimposed on the scatter diagram 

of the data in figure. The way to draw the line is to take three values of x, one on 

the left side of the scatter diagram, one in the middle and one on the right, and 

substitute these in the equation, as follows: 
 

If x = 110, y = (1.0367 x 110) – 82.687 = 31.35 

If x = 140, y = (1.033 x 140) – 82.4 = 62.45 

If x = 170, y = (1.033 x 170) – 82.4 = 93.55 

 

Although two points are enough to define the line, three are better as a check. 

Having put them on a scatter diagram, we simply draw the line through them. 

 

ŷ  = a + bx    This is true for a sample. 
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Like in all statistical methods, we want to make inferences about the population. 

So, 

iii bxay   

 ii xbay ˆˆˆ    (our model) 

 

Obviously, the stronger the correlation between x and y, the better the prediction; 

this is expressed in both parameters: 

x

y

s

sr
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A different, simpler way to write this: 

yxx
s

sr
y i

x

y

i  )(
ˆ

ˆ  

 

It’s easy to see why if there’s no correlation, we will simply predict the average of 

y for any x. The larger the correlation, the greater the regression line’s slope. 

 

In any case, the average of the predicted values will always equal the average of 

the true values: yy ˆ  

(so ŷ  is an unbiased estimator of y ). The variance of the predicted values: 
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So this variance is always smaller than the true variance (as the true variance is 

multiplied by a fraction). 

 

Furthermore: 

2

2

ˆ2222

ˆ
ˆˆ

y

y

yy
s

s
rsrs   

r-squared is the explained variance! 
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It tells us what fraction of the general variance can be attributed to the model. 

 

Therefore: 

 

True variance = predicted variance + error variance 

2

)ˆ(

2

ˆ

2

ii yyyy sss 
 

 

or: 

22222 )ˆ1(ˆ
yyy srsrs   

 

 

Is the model significant?  

(do we get a significantly better prediction using it than we do by just predicting 

the mean?) 

 



179 

 

This is where we see why it is similar to ANOVA*: 

 

    SSTotal = SSRegression    + SSError 

    222 )ˆ()ˆ()( yyyyyy iii  

 

* In a one-way ANOVA, we have 

    SSTotal    = SSBetween    +  SSWithin 
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From the SS we can derive MS – dividing each SS by it’s degrees of freedom: 

MS Regression = SS Regression / 1 

MS Error = SS Error / (n-2) 

Statistical significance test: 

),mod( dferroreldfF

2ˆ1

2)2(2ˆ
...
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MSErr

gMS
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Alternatively, (as F is the square of t): 

2
)2(

ˆ1

)2(ˆ

r

nr
t n




  

 

Important assumptions: 

 Normal distributions 

 Constant variances 

 Independent sampling – no autocorrelations 

 ε ~ N(0,σ2) 

 No errors in the values of the independent variable 

 All causation in the model is one-way (not necessary mathematically, but 

essential for prediction) 

 

  

So all we really need 

to know is 
  

n and r  !! 
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The regression model: 

iii bxay 
 

 

 The regression model in GLM terms: 

 iiyi xy    

 

So: 

111 1*   yxy  

222 1*   yxy  

333 1*   yxy  

 

And in matrix notation: 
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1

3

2

1

3

2

1

1

1

1











y
x

x

x

y

y

y

 

 

In matrix Form 

  XY  

 

Extrapolation is the use of the least-squares line for prediction outside the range 

of values of the explanatory variable x that you used to obtain the line. 

Extrapolation should not be done! 

 

When the correlation coefficient indicates no linear relation between the 

explanatory and response variables, and the scatterplot indicates no relation at all 

between the variables, then we use the mean value of the response variable as the 

predicted value so that y = y . 

 

Measuring the Contribution of x in Predicting y 

We can consider how much the errors of prediction of y were reduced by using the 

information provided by x. 
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R2 (Coefficient of Determination) = (y- y)  -   (y - y)

(y- y)

2 2

2

 



  

 

The coefficient of determination can also be obtained by squaring the Pearson 

correlation coefficient. This method works only for the linear regression model  

y  = xo 1
ˆˆ   . The method does not work in general.  

 

The coefficient of determination, r2, represents the proportion of the total sample 

variation in y (measured by the sum of squares of deviations of the sample y values 

about their mean y ) that is explained by (or attributed to) the linear relationship 

between x and y.  
 

Appraisal 

Value, x 

$100,000 

Sale Price, y 

$100,000 

Y 

ŷ  yy ˆ  ( yy ˆ )2 ( yy  )2 

2 2 2.4 -0.4 0.16 25 

3 5 4.7 0.3 0.09 4 

4 7 7 0.0 0.00 0 

5 10 9.3 0.7 0.49 9 

6 11 11.6 -0.6 0.36 16 

       Total      1.1    54 

 

R2 (Coefficient of Determination) = (y- y)  -   (y - y)

(y- y)

2 2

2

 



 = 98.0
54

1.154



 

 

Interpretation: 98% of the total sample variation in y is explained by the straight-

line relationship between y and x, with the total sample variation in y being 

measured by the sum of squares of deviations of the sample y values about their 

mean y . 
 

Interpretation: An R2 of 0.98 means that the sum of squares of deviations of the y 

values about their predicted values has been reduced 98% by the use of the least 

squares equation ŷ  = -2.2 + 2.3x, instead of y , to predict y. 

 

The coefficient of determination is a number between 0 and 1, inclusive. That is, 

10 2  r  If r2 = 0, the least squares regression line has no explanatory value. If    

r2 = 1, the least-squares regression line explains 100% of the variation in the 

response variable. 
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8.5  SELF ASSESMENT QUESTIONS  
 

Correlation: 
1. For the sample data 

X 0 1 3 5 

Y 2 4 6 8 

a. Draw the scatter plot. 

b. Based on the scatter plot, predict the sign of the linear correlation 

coefficient. Explain your answer. 

c. Compute the linear correlation coefficient and compare its sign to your 

answer to part (b). 

 

2. For the sample data 

X 0 2 3 6 9 

Y 0 3 3 4 8 

a. Draw the scatter plot. 

b. Based on the scatter plot, predict the sign of the linear correlation 

coefficient. Explain your answer. 

c. Compute the linear correlation coefficient and compare its sign to your 

answer to part (b). 

 

3. For the sample data 

X 1 3 4 6 8 

Y 4 1 3 –1 0 

a. Draw the scatter plot. 

b. Based on the scatter plot, predict the sign of the linear correlation 

coefficient. Explain your answer. 

c. Compute the linear correlation coefficient and compare its sign to your 

answer to part (b). 
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4. For the sample data 

X 1 2 4 7 9 

Y 5 5 6 -3 0 

a. Draw the scatter plot. 

b. Based on the scatter plot, predict the sign of the linear correlation 

coefficient. Explain your answer. 

c. Compute the linear correlation coefficient and compare its sign to your 

answer to part (b). 

 

5. For the sample data 

X 1 1 3 4 5 

Y 2 1 5 3 4 

a. Draw the scatter plot. 

b. Based on the scatter plot, predict the sign of the linear correlation 

coefficient. Explain your answer. 

c. Compute the linear correlation coefficient and compare its sign to your 

answer to part (b). 

 

6. For the sample data 

X 1 3 5 5 8 

Y 5 -2 2 -1 -3 

a. Draw the scatter plot. 

b. Based on the scatter plot, predict the sign of the linear correlation 

coefficient. Explain your answer. 

c. Compute the linear correlation coefficient and compare its sign to your 

answer to part (b). 

 

7. Compute the linear correlation coefficient for the sample data summarized by 

the following information: 

n=5 ∑x=25 ∑x2=165 ∑y=24 ∑y2=134 ∑xy=144 1≤x≤9 
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8. Compute the linear correlation coefficient for the sample data summarized by 

the following information: 

n=5 ∑x=31 ∑x2=253 ∑y=18 ∑y2=90 ∑xy=148    2≤x≤12 

 

9. Compute the linear correlation coefficient for the sample data summarized by 

the following information: 

n=10 ∑x=0 ∑x2=60 ∑y=24 ∑y2=234 ∑xy=−87 −4≤x≤4 

 

10. Compute the linear correlation coefficient for the sample data summarized by 

the following information: 

n=10 ∑x=−3 ∑x2=263 ∑y=55 ∑y2=917 ∑xy=−355 −10≤x≤10 

 

 

Applications: 
11. The age x months and vocabulary y were measured for six children, with the 

results shown in the table. 

Age 13 14 15 16 17 18 19 

vocabulary 8 10 15 20 27 30 34 

 Compute the linear correlation coefficient for these sample data and interpret 

its meaning in the context of the problem. 

 

12. The curb weight x in hundreds of pounds and braking distance y in feet, at 50 

miles per hour on dry pavement, were measured for five vehicles, with the 

results shown in the table. 

Weight 13 14 15 16 17 18 19 

Distance 8 10 15 20 27 30 34 

 Compute the linear correlation coefficient for these sample data and interpret 

its meaning in the context of the problem. 
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Regression: 
1. A line has equation y=2+ 0.5x 

a. Pick five distinct x-values, use the equation to compute the corresponding 

y-values, and plot the five points obtained. 

b. Give the value of the slope of the line; give the value of the y-intercept. 

2. A line has equation y=x−0.5. 

a. Pick five distinct x-values, use the equation to compute the 

corresponding y-values, and plot the five points obtained. 

b. Give the value of the slope of the line; give the value of the y-intercept. 

3. A line has equation y=−2x+4. 

a. Pick five distinct x-values, use the equation to compute the 

corresponding y-values, and plot the five points obtained. 

b. Give the value of the slope of the line; give the value of the y-intercept. 

4. A line has equation y=−1.5x+1. 

a. Pick five distinct x-values, use the equation to compute the 

corresponding y-values, and plot the five points obtained. 

b. Give the value of the slope of the line; give the value of the y-intercept. 

5. Based on the information given about a line, determine how y will change 

(increase, decrease, or stay the same) when x is increased, and explain. In 

some cases, it might be impossible to tell from the information given. 

a. The slope is positive. 

b. The y-intercept is positive. 

c. The slope is zero. 

 

6. Based on the information given about a line, determine how y will change 

(increase, decrease, or stay the same) when x is increased, and explain. In 

some cases, it might be impossible to tell from the information given. 

a. The y-intercept is negative. 

b. The y-intercept is zero. 

c. The slope is negative. 

7. A data set consists of eight (x, y) pairs of numbers: 

(0, 12) (2,15)(4,16)(5,14)(8,22)(13,24)(15,28)(20,30)  

a. Plot the data in a scatter diagram. 

b. Based on the plot, explain whether the relationship between xx and y 

appears to be deterministic or to involve randomness. 

c. Based on the plot, explain whether the relationship between xx and y 

appears to be linear or not linear. 
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8. A data set consists of ten (x, y) pairs of numbers: 

(3,20) (5,13)(6,9)(8,4)(11,0)(12,0)(14,1)(17,6)(18,9)(20,16)  

a. Plot the data in a scatter diagram. 

b. Based on the plot, explain whether the relationship between xx and y 

appears to be deterministic or to involve randomness. 

c. Based on the plot, explain whether the relationship between xx and y 

appears to be linear or not linear. 

9. A data set consists of nine (x, y) pairs of numbers: 

(8,16) (9,9)(10,4)(11,1)(12,0)(13,1)(14,4)(15,9)(16,16)(10,3 

a. Plot the data in a scatter diagram. 

b. Based on the plot, explain whether the relationship between xx and y 

appears to be deterministic or to involve randomness. 

c. Based on the plot, explain whether the relationship between xx and y 

appears to be linear or not linear. 

10. A data set consists of five (x, y) pairs of numbers: 

(0,1)(2,5)(3,7)(5,11)(8,17) (0,1)(2,5)(3,7)(5,11)(8,17) 

a. Plot the data in a scatter diagram. 

b. Based on the plot, explain whether the relationship between xx and y 

appears to be deterministic or to involve randomness. 

c. Based on the plot, explain whether the relationship between xx and y 

appears to be linear or not linear. 

 

11. At 60∘F particular blend of automotive gasoline weights 6.17 lb/gal. The 

weight y of gasoline on a tank truck that is loaded with x gallons of gasoline 

is given by the linear equation   

y=6.17x 

a. Explain whether the relationship between the weight y and the amount 

x of gasoline is deterministic or contains an element of randomness. 

b. Predict the weight of gasoline on a tank truck that has just been loaded 

with 6,750gallons of gasoline. 
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12. The rate for renting a motor scooter for one day at a beach resort area is Rs.125 

plus 30 Paisa for each mile the scooter is driven. The total cost y in RS for 

renting a scooter and driving it x miles is 

y=0.30x+125 

a. Explain whether the relationship between the cost y of renting the 

scooter for a day and the distance xx that the scooter is driven that day 

is deterministic or contains an element of randomness. 

b. A person intends to rent a scooter one day for a trip to an attraction 17 

miles away. Assuming that the total distance the scooter is driven is 34 

miles, predict the cost of the rental. 

13. The pricing schedule for labor on a service call by an elevator repair company 

is RS 150plus Paisa 50 per hour on site. 

a. Write down the linear equation that relates the labor cost y to the number 

of hours x that the repairman is on site. 

b. Calculate the labor cost for a service call that lasts 2.5 hours. 

14. The cost of a telephone call made through a leased line service is 2.5 Paisa 

per minute. 

a. Write down the linear equation that relates the cost y (in Paisa) of a call 

to its length x. 

b. Calculate the cost of a call that lasts 23 minutes. 
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INTRODUCTION 
 

 

The idea of probability, chance, or randomness is quite old, whereas its rigorous 

axiomatization in mathematical terms occurred relatively recently. Many of the 

ideas of probability theory originated in the study of games of chance. 

 

 

OBJECTIVES 

 
When you have completed this unit, you will be able to: 
 

 Define event, outcome, trial, simple event, sample space and calculate the 

probability that an event will occur. 

 Explain the concept of probability. 

 Calculate the probability of simple events. 

 Calculate the probability of compound events. 

 Calculate the probability of complementary events. 

 Calculate the probability of events for more complex outcomes. 

 Solve applications involving probabilities. 
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In this century, the mathematical theory of probability has been applied to a wide 

variety of phenomena; the following are some representative examples:  

•  Probability theory has been used in genetics as a model for mutations and 

ensuing natural variability, and plays a central role in bioinformatics. 

 •  The kinetic theory of gases has an important probabilistic component.  

•  In designing and analyzing computer operating systems, the lengths of 

various queues in the system are modeled as random phenomena.  

•  There are highly developed theories that treat noise in electrical devices and 

communication systems as random processes.  

•  Many models of atmospheric turbulence use concepts of probability theory.  

•  In operations research, the demands on inventories of goods are often 

modeled as random.  

•  Actuarial science, which is used by insurance companies, relies heavily on 

the tools of probability theory.  

•  Probability theory is used to study complex systems and improve their 

reliability, such as in modern commercial or military aircraft.  

•  Probability theory is a cornerstone of the theory of finance. The list could go 

on and on. This chapter develops the basic ideas of probability and statistics. 

The theory of probability as a mathematical model for chance phenomena.  

 

9.1  TECHNICAL TERM IN RELATION TO PROBABILITY 
 

Sample Spaces 
Probability theory is concerned with situations in which the outcomes occur 

randomly. Generically, such situations are called experiments, and the set of all 

possible outcomes is the sample space corresponding to an experiment. The sample 

space is denoted by S. The following are some examples.  

 

Example: 
A Driving to work, a commuter passes through a sequence of three intersections 

with traffic lights. At each light, she either stops, s, or continues, c. The sample 

space is the set of all possible outcomes: S = {ccc, ccs, css, csc, sss, ssc, scc, scs} 

where csc, for example, denotes the outcome that the commuter continues through 

the first light, stops at the second light, and continues through the third light.  
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Example:  

The number of jobs in a print queue of a mainframe computer may be modeled as 

random. Here the sample space can be taken as S = {0, 1, 2, 3,...} that is, all 

the nonnegative integers. In practice, there is probably an upper limit, N, on how 

large the print queue can be, so instead the sample space might be defined as  

S = {0, 1, 2,...,}  

 

Example:  

Earthquakes exhibit very erratic behavior, which is sometimes modeled as random. 

For example, the length of time between successive earthquakes in a particular 

region that are greater in magnitude than a given threshold may be regarded as an 

experiment. Here S is the set of all nonnegative real numbers:  

S = {t | t ≥ 0}  

 

We are often interested in particular subsets of S, which in probability language are 

called events. In Example A, the event that the commuter stops at the first light is 

the subset of S denoted by A = {sss, ssc, scc, scs}  

 

In Example B, the event that there are fewer than five jobs in the print queue can 

be denoted by A = {0, 1, 2, 3, 4}  

 

The algebra of set theory carries over directly into probability theory.  

 

The union of two events, A and B, is the event C that either A occurs or B occurs 

or both occur: C = A ∪ B. For example, if A is the event that the commuter stops 

at the first light (listed before), and if B is the event that she stops at the third light, 

B = {sss, scs, ccs, css} then C is the event that she stops at the first light or stops at 

the third light and consists of the outcomes that are in A or in B or in both:  

C = {sss, ssc, scc, scs, ccs, css}  

 

The intersection of two events, C = A∩ B, is the event that both A and B occur. If 

A and B are as given previously, then C is the event that the commuter stops at the 

first light and stops at the third light and thus consists of those outcomes that are 

common to both A and B: C = {sss, scs}  

 

The complement of an event, Ac, is the event that A does not occur and thus 

consists of all those elements in the sample space that are not in A. The complement 

of the event that the commuter stops at the first light is the event that she continues 

at the first light: Ac = {ccc, ccs, css, csc}  
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You may recall from previous example to set theory a rather mysterious set called 

the empty set, usually denoted by ∅. The empty set is the set with no elements; it 

is the event with no outcomes. For example, if A is the event that the commuter 

stops at the first light and C is the event that she continues through all three lights, 

C = {ccc}, then A and C have no outcomes in common, and we can write A ∩ C = ∅ 

In such cases, A and C are said to be disjoint. Venn diagrams, such as those in 

Figure, are often a useful tool for visualizing set operations. The following are some 

laws of set theory.  

 

Commutative Laws: 

 A ∪ B = B ∪ A, A ∩ B = B ∩ A  

 

Associative Laws:  

(A ∪ B) ∪ C = A ∪ (B ∪ C)  

(A ∩ B) ∩ C = A ∩ (B ∩ C) 4  

 

Distributive Laws: 

 (A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C)  

(A ∩ B) ∪ C = (A ∪ C) ∩ (B ∪ C)  

 

Of these, the distributive laws are the least intuitive, and you may find it instructive 

to illustrate them with Venn diagrams.  

 

Now provide students with the following information and ask them to draw a 

completed Venn diagram on their mini whiteboards – there should be one number 

in each section of the diagram. 

•  90 students take Biology; 

•  35 students take both Biology and Geography; 

•  18 students take Geography but do not take Biology;  

•  There are 250 students in total in Year 12. 

 

Ask students to explain their reasoning.  Draw out the importance of subtracting 

the number of students who do both subjects from the number of students who do 

Biology to obtain the number of students who only do Biology (but not Geography).  

Similar calculations are needed to work out the number of students who do neither 

subject. 
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Now provide students with the following information and ask them to draw a 

completed Venn diagram on their mini whiteboards – there should be one number 

in each section of the diagram. 
 

 90 students take Biology; 

 35 students take both Biology and Geography; 

 18 students take Geography but do not take Biology;  

 

There are 250 students in total in Year 12 

 

Ask students to explain their reasoning.  Draw out the importance of subtracting 

the number of students who do both subjects from the number of students who do 

Biology to obtain the number of students who only do Biology (but not 

Geography).  Similar calculations are needed to work out the number of students 

who do neither subject  

 

The solution is 

 

 

 

 

 

 

 

 

 

 

 

Figure: Venn diagrams of A ∪ B and A ∩ B. 

 

Probability Measures 
A probability measure on S is a function P from subsets of S to the real numbers 

that satisfies the following axioms:  

1.  P(S) = 1. 

2.  If A ⊂ S, then P(A) ≥ 0.  

3.  If A1 and A2 are disjoint, then P(A1 ∪ A2) = P(A1) + P(A2). More generally, 

if A1, A2,..., An,... are mutually disjoint, then P (UAi) = Σ P(Ai) The first two 

axioms are obviously desirable. Since S consists of all possible outcomes, 

P(S) = 1. The second axiom simply states that a probability is nonnegative. 

The third axiom states that if A and B are disjoint—that is, have no outcomes 

in common—then P(A ∪ B) = P(A) + P(B) and also that this property extends 

Biology Geography 

55 35 18 

142 
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to limits. For example, the probability that the print queue contains either one 

or three jobs is equal to the probability that it contains one plus the probability 

that it contains three. The following properties of probability measures are 

consequences of the axioms.  

 

Property A  

P(Ac) = 1 − P(A). This property follows since A and Ac are disjoint with  

A ∪ Ac = S and thus, by the first and third axioms of the probability, 

 P(A) + P(Ac) = 1.  

 

In words, this property says that the probability that an event does not occur equals 

one minus the probability that it does occur.  

 

Property B  

P(∅) = 0. This property follows from Property A since ∅ = Sc. In words, this says 

that the probability that there is no outcome at all is zero.  

 

Property C  

If A ⊂ B, then P(A) ≤ P(B). This property states that if B occurs whenever A occurs, 

then P(A) ≤ P(B). For example, if whenever it rains (A) it is cloudy (B), then the 

probability that it rains is less than or equal to the probability that it is cloudy.  

 

Formally, it can be proved as follows: B can be expressed as the union of two 

disjoint sets: B = A ∪ (B ∩ Ac) Then, from the third axiom, P(B) = P(A) + P(B ∩ 

Ac ) and thus P(A) = P(B) − P(B ∩ Ac ) ≤ P(B) 

 

 Property D  

Addition Law P(A ∪ B) = P(A) + P(B) − P(A ∩ B). This property is easy to see 

from the Venn diagram in Figure. If P(A) and P(B) are added together, P(A ∩ B) 

is counted twice. To prove it, we decompose A ∪ B into three disjoint subsets: 

C = A ∩ Bc , D = A ∩ B,  E = Ac ∩ B  

 

Venn diagram illustrating the addition law. We then have, from the third axiom, 

P(A ∪ B) = P(C) + P(D) + P(E) 

Also, A = C ∪ D, and C and D are disjoint; so P(A) = P(C) + P(D).  

 

Similarly, P(B) = P(D) + P(E). Putting these results together, we see that  

P(A) + P(B) = P(C) + P(E) + 2P(D) = P(A ∪ B) + P(D) or  

P(A ∪ B) = P(A) + P(B) − P(D)  
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Example: 

Suppose that a fair coin is thrown twice. Let A denote the event of heads on the 

first toss, and let B denote the event of heads on the second toss. The sample space 

is S = {HH, HT, TH, TT} We assume that each elementary outcome in S is equally 

likely and has probability 1/ 4. C = A ∪ B is the event that heads comes up on the 

first toss or on the second toss. Clearly, P(C) = P(A) + P(B) = 1. Rather, since A ∩ 

B is the event that heads comes up on the first toss and on the second toss,  

P(C) = P(A) + P(B) − P(A ∩ B) = .5 + .5 − .25 = .75  

 

COMPUTING PROBABILITIES: 

Counting Methods Probabilities are especially easy to compute for finite sample 

spaces. Suppose that S = {ω1, ω2,...,ωn } and that P(ωi) = pi . To find the probability 

of an event A, we simply add the probabilities of the ωi that constitute A. 

 

Example:  
Suppose that a fair coin is thrown twice and the sequence of heads and tails is 

recorded. The sample space is S = {HH, HT, TH, TT}  

As in the Example of the previous section, we assume that each outcome in S has 

probability 0.25. Let A denote the event that at least one head is appear. Then  

A = {HH, HT, TH}, and P(A) = n(A)/n(S) =¾ =0 .75.  

This is a simple example of a fairly common situation. The elements of S all have 

equal probability; so if there are n elements in S, each of them has probability 1/n.  

P(A) = number of ways A can occur/ total number of outcomes,  

Note that this formula holds only if all the outcomes are equally likely. In Example, 

if only the number of heads were recorded, then S would be {0, 1, 2}. These 

outcomes are not equally likely, and P(A) is not 2 /3.  

Example:  

Simpson’s Paradox  

A black urn contains 5 red and 6 green balls, and a white urn contains 3 red and 4 

green balls. You are allowed to choose an urn and then choose a ball at random 

from the urn. If you choose a red ball, you get a prize. Which urn should you choose 

to draw from? If you draw from the black urn, the probability of choosing a red ball 

is 5 /11 = 0.455 (the number of ways you can draw a red ball divided by the total 

number of outcomes). If you choose to draw from the white urn, the probability of 

choosing a red ball is 3 / 7 =0.429, so you should choose to draw from the black 

urn. Now consider another game in which a second black urn has 6 red and 3 green 

balls, and a second white urn has 9 red and 5 green balls. If you draw from the black 
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urn, the probability of a red ball is 6/ 9 = 0.667, whereas if you choose to draw from 

the white urn, the probability is 9 /14 = 0.643. So, again you should choose to draw 

from the black urn. In the final game, the contents of the second black urn are added 

to the first black urn, and the contents of the second white urn are added to the first 

white urn. Again, you can choose which urn to draw from. Which should you 

choose? Intuition says choose the black urn, but let’s calculate the probabilities. 

The black urn now contains 11 red and 9 green balls, so the probability of drawing 

a red ball from it is 11 / 20 = 0.55. The white urn now contains 12 red and 9 green 

balls, so the probability of drawing a red ball from it is 12 /21 = 0.571. So, you 

should choose the white urn. This counterintuitive result is an example of 

Simpson’s paradox.  

 

In the preceding examples, it was easy to count the number of outcomes and 

calculate probabilities. To compute probabilities for more complex situations, we 

must develop systematic ways of counting outcomes, which are the subject of the 

next two sections.  

 

9.2  LAWS OF PROBABILITIES 
 

9.2.1 Law of Complementary Events 
The complement A′ of the event A consists of all elements of the sample space that 

are not in A. 

 

Determining Complements of an Event  

Let us refer back to the experiment of throwing one die. As you know, the sample 

space of a fair die is S={1,2,3,4,5,6}. If we define the event A as observing an odd 

number, then A={1,3,5}. The complement of A will be all the elements of the 

sample space that are not in A. Thus, A′={2,4,6}. 

 

A Venn diagram that illustrates the relationship between A and A′ is shown below: 
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This leads us to say that the sum of the possible outcomes for event A and the 

possible outcomes for its complement, A′, is all the possible outcomes in the sample 

space of the experiment. Therefore, the probabilities of an event and its complement 

must sum to 1. 

The Complement Rule states that the sum of the probabilities of an event and its 

complement must equal 1. 

P(A)+P(A′)=1 

As you will see in the following examples, it is sometimes easier to calculate the 

probability of the complement of an event than it is to calculate the probability of 

the event itself. Once this is done, the probability of the event, P(A), is calculated 

using the relationship P(A)=1−P(A′). 

1. Suppose you know that the probability of getting the flu this winter is 0.43. 

What is the probability that you will not get the flu? 

 Let the event A be getting the flu this winter. We are given P(A)=0.43. The 

event not getting the flu is A′. Thus, P(A′) = 1−P(A)=1−0.43=0.57. 

2.  Two coins are tossed simultaneously. Let the event A be observing at least 

one head. 

What is the complement of A, and how would you calculate the probability of A by 

using the Complement Rule? 

Since the sample space of event A = {HT, TH, HH}, the complement of A will be all 

events in the sample space that are not in A. In other words, the complement will be all 

the events in the sample space that do not involve heads. That is, A′={TT}. 

9.2.2 Addition Laws 
The addition law of probability (sometimes referred to as the addition rule or sum 
rule), states that the probability that A or B will occur is the sum of the probabilities 
that A will happen and that B will happen, minus the probability that both A and B 
will happen. 
 
As we have already noted, the sample space S is the set of all possible outcomes of 
a given experiment. Certain events A and B are subsets of S. In the previous Section 
we defined what was meant by P(A), P(B) and their complements in the particular 
case in which the experiment had equally likely outcomes. 
 
Events, like sets, can be combined to produce new events. 
•  A ∪ B denotes the event that event A or event B (or both) occur when the 

experiment is performed. 
•  A ∩ B denotes the event that both A and B occur together. 
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 we obtain expressions for determining the probabilities of these combined 
events, which are written P(A ∪ B) and P(A ∩ B) respectively. 

 
Types of events 
There are two types of events you will need to able to identify and work with: 
mutually exclusive events and independent events.  
 
Mutually exclusive events 

Mutually exclusive events are events that by definition cannot happen together. For 

example, when tossing a coin, the events ‘head’ and ‘tail’ are mutually exclusive; 

when testing a switch ‘operate’ and ‘fail’ are mutually exclusive; and when testing 

the tensile strength of a piece of wire, ‘hold’ and ‘snap’ are mutually exclusive. In 

such cases, the probability of both events occurring together must be zero. Hence, 

using the usual set theory notation for events A and B, we may write: 
 

P(A ∩ B) = 0, provided that A and B are mutually exclusive events 

 

Task 

Decide which of the following pairs of events (A and B) arising from the 

experiments described are mutually exclusive. 

(a)  Two cards are drawn from a pack 

A = {a red card is drawn} 

B = {a picture card is drawn} 
 

(b)  The daily traffic accidents in involving pedal cyclists and motor cyclists are 

counted 

A = {three motor cyclists are injured in collisions with cars} 

B = {one pedal cyclist is injured when hit by a bus} 

(c) A box contains 20 nuts. Some have a metric thread, some have a British 

Standard Fine (BSF) thread and some have a British Standard Whitworth 

(BSW) thread. 

A = {first nut picked out of the box is BSF} 

B = {second nut picked out of the box is metric} 

 

The Addition Law of Probability - General Case 

If two events are A and B then    P(A ∪ B) = P(A) + P(B) − P(A ∩ B) 

If A ∩ B = ∅, i.e. A and B are mutually exclusive, then P(A ∩ B) = P(∅) = 0, and 

this general expression reduces to the simpler case. 

 

This rule can be extended to three or more events, for example: 

P(A∪ B ∪ C)=P(A)+P(B)+P(C)−P(A ∩ B)−P(A ∩ C)−P(B ∩ C)+P(A ∩ B ∩ C) 
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Example: Consider a pack of 52 playing cards. A card is selected at random. What  

is the probability that the card is either a diamond or a ten?  

 

Solution: If A is the event {a diamond is selected} and B is the event {a ten is 

selected} then obviously P(A) = 13 / 52 and P(B) = 4/52. The intersection event 

A ∩ B consists of only one member - the ten of diamonds - which gets counted 

twice hence P(A ∩ B) = 1/52 .  

 

Therefore P(A ∪ B) = 13/52 + 4/52 – 1/52 = 16/52 . 

 

Example: A bag contains 20 balls, 3 are colored red, 6 are colored green, 4 are 

colored blue, 2 are colored white and 5 are colored yellow. One ball is selected at 

random. Find the probabilities of the following events. 

(a)  the ball is either red or green 

(b)  the ball is not blue 

(c)  the ball is either red or white or blue.  

 

Solution: 

A ball has only one color, designated by the letters R (Red), G (Green), B (Blue), 

W (White), Y (Yellow). 

 (a)  P(R ∪ G) = P(R) + P(G) = 3/20 + 6/20 = 9/20. 

 (b)  P(B′) = 1 − P(B) = 1 – 4/20 = 16/20 = 4/5. 

 (c)  The complementary event is G ∪ Y, P(G ∪ Y ) = 6/20 + 5/20 = 11/20 . Hence 

P(R ∪ W ∪ B) = 1 – 11/20 = 9/20 

 

In the last part (c) we could alternatively have used an obvious extension of the law 

of addition for mutually exclusive events: P(R ∪ W ∪ B) = P(R) + P(W) + P(B) = 

3 20 + 2 20 + 4 20 = 9 20 . 

 

9.2.3 Multiplication Principle 
If one experiment has m outcomes and another experiment has n outcomes, then 

there are m x n possible outcomes for the two experiments.  

 

Proof: Denote the outcomes of the first experiment by a1, a2, a3..., am and the 

outcomes of the second experiment by b1, b2..., bn. The outcomes for the two 

experiments are the ordered pairs (ai, bj). These pairs can be exhibited as the entries 

of an m × n rectangular array, in which the pair (ai, bj) is in the ith row and the jth 

column. There are m x n entries in this array.  
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Example: 

Playing cards have 13 face values and 4 suits. There are thus 4 × 13 = 52 face 

value/suit combinations.  

 

Example: 

A class has 12 boys and 18 girls. The teacher selects 1 boy and 1 girl to act as 

representatives to the student. He/She can do this in any of 12 × 18 = 216 different 

ways.  

 

Extended Multiplication Principle: 

If there are p experiments and the first has n1 possible outcomes, the second n2,..., 

and the pth np possible outcomes, then there are a total of n1 × n2 × ··· × np possible 

outcomes for the p experiments.  

 

Proof: 

This principle can be proved from the multiplication principle by induction. We 

saw that it is true for p = 2. Assume that it is true for p = q—that is, that there are 

n1 × n2 ×···× nq possible outcomes for the first q experiments. To complete the 

proof by induction, we must show that it follows that the property holds for  

p = q + 1. We apply the multiplication principle, regarding the first q experiments 

as a single experiment with n1 × n2 ×··· × nq outcomes, and conclude that there are 

(n1 × n2 ×··· ··· × nq ) × nq+1 outcomes for the q + 1 experiments.  

 

Example: An 8-bit binary word is a sequence of 8 digits, of which each may be 

either a 0 or a 1. How many different 8-bit words are there?  

 

There are two choices for the first bit, two for the second, etc., and thus there are 2 

× 2 × 2 × 2 × 2 × 2 × 2 × 2 = 28 = 256 such words.  

 

Example: 

A DNA molecule is a sequence of four types of nucleotides, denoted by A, G, C, 

and T. The molecule can be millions of units long and can thus encode an enormous 

amount of information. For example, for a molecule 1 million (106) units long, 

there are 4106 different possible sequences. This is a staggeringly large number 

having nearly a million digits. An amino acid is coded for by a sequence of three 

nucleotides; there are 43 = 64 different codes, but there are only 20 amino acids 

since some of them can be coded for in several ways. A protein molecule is 

composed of as many as hundreds of amino acid units, and thus there are an 

incredibly large number of possible proteins. For example, there are 20100 different 

sequences of 100 amino acids.  
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Permutations and Combinations: 

A permutation is an ordered arrangement of objects. Suppose that from the set C = 

{c1, c2,..., cn} we choose r elements and list them in order. How many ways can we 

do this? The answer depends on whether we are allowed to duplicate items in the 

list. If no duplication is allowed, we are sampling without replacement. If 

duplication is allowed, we are sampling with replacement. We can think of the 

problem as that of taking labeled balls from an urn. In the first type of sampling, 

we are not allowed to put a ball back before choosing the next one, but in the 

second, we are. In either case, when we are done choosing, we have a list of r balls 

ordered in the sequence in which they were drawn. The extended multiplication 

principle can be used to count the number of different ordered samples possible for 

a set of n elements. First, suppose that sampling is done with replacement. The first 

ball can be chosen in any of n ways, the second in any of n ways, etc., so that there 

are n × n ×···× n = nr samples. Next, suppose that sampling is done without 

replacement. There are n choices for the first ball, n − 1 choices for the second ball, 

n − 2 for the third, . . . , and n − r + 1 for the rth. We have just proved the following 

proposition.  

 

For a set of size n and a sample of size r, there are nr different ordered samples with 

replacement and n(n − 1)(n − 2)···(n − r + 1) different ordered samples without 

replacement.  

 

Corollary: 

The number of orderings of n elements is  

n(n − 1)(n − 2)··· 1 = n!.  

 

Example: 
How many ways can five children be lined up? This corresponds to sampling 

without replacement. According to Corollary, there are 5! = 5 × 4 × 3 × 2 × 1 = 120 

different lines.  

 

Example: 

Suppose that from ten children, five are to be chosen and lined up. How many 

different lines are possible? From Corollary, there are 10 × 9 × 8 × 7 × 6 = 30,240 

different lines.  

 

Example: 

In vehicle registration, number plates have six characters: three letters followed by 

three numbers. How many distinct such plates are possible? This corresponds to 

sampling with replacement. There are 263 = 17,576 different ways to choose the 

letters and 103 = 1000 ways to choose the numbers. Using the multiplication 
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principle again, we find there are 17,576 × 1000 = 17,576,000 different number 

plates with three letters followed by three numbers.  

 

Example: 

If all sequences of six characters are equally likely, what is the probability that the 

license plate for a new car will contain no duplicate letters or numbers?  

 

Call the desired event A; The sample Space S consists of all 17,576,000 possible 

sequences. Since these are all equally likely, the probability of A is the ratio of the 

number of ways that A can occur to the total number of possible outcomes. There 

are 26 choices for the first letter, 25 for the second, 24 for the third, and hence 26 

× 25 × 24 = 15,600 ways to choose the letters without duplication (doing so 

corresponds to sampling without replacement), and 10 × 9 × 8 = 720 ways to choose 

the numbers without duplication. From the multiplication principle, there are 

15,600×720 = 11,232,000 nonrepeating sequences. The probability of A is thus 

P(A) = 11,232,000/ 17,576,000 = 0.64 

 

Example: 

Birthday Problem Suppose that a room contains n people. What is the probability 

that at least two of them have a common birthday?  

 

This is a famous problem with a counterintuitive answer. Assume that every day 

nA the event that at least two people have a common birthday. As is sometimes the 

case, finding P(Ac) is easier than finding P(A). This is because A can happen in 

many ways, whereas Ac is much simpler. There are 365 x n possible outcomes, and 

Ac can happen in 365 × 364 ×···× (365 − n + 1) ways. Thus,  

P(Ac) = 365 × 364 ×···× (365 − n + 1)/365n    and 

P(A) = 1 − 365 × 364 ×···× (365 − n + 1)/365n  

 

The following table exhibits the latter probabilities for various values of n: 

 

n P(A) 

4 0.016 

16 0.284 

23 0.507 

32 0.753 

40 0.891 

56 0.988 
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From the table, we see that if there are only 23 people, the probability of at least 

one match exceeds 0.5. The probabilities in the table are larger than one might 

intuitively guess, showing that the coincidence is not unlikely.  

 

Example: 

How many people must you ask to have a 50 : 50 chance of finding someone who 

shares your birthday?  

 

Suppose that you ask n people; let A denote the event that someone’s birthday is 

the same as yours. Again, working with Ac is easier. The total number of outcomes 

is 365n, and the total number of ways that Ac can happen is 364n.  

Thus, P(Ac) = 364n /365n and P(A) = 1 − 364n /365n  

 

For the latter probability to be 0.5, n should be 253, which may seem counterintuitive.  

 
We now shift our attention from counting permutations to counting combinations. 
Here we are no longer interested in ordered samples, but in the constituents of the 
samples regardless of the order in which they were obtained. In particular, we ask 
the following question: If r objects are taken from a set of n objects without 
replacement and disregarding order, how many different samples are possible? 
From the multiplication principle, the number of ordered samples equals the 
number of unordered samples multiplied by the number of ways to order each 
sample. Since the number of ordered samples is n(n − 1)···(n − r + 1), and since a 
sample of size r can be ordered in r! ways (Corollary), the number of unordered 
samples is n(n − 1)···(n − r + 1)/ r! = n! (n − r)!r!  
 

This number is also denoted as nCr. We have proved the following proposition.  
 

Proposition: 
The number of unordered samples of r objects selected from n objects without 

replacement is nCr. The numbers nCk, called the binomial coefficients, occur in the 

expansion  

(a + b)n = ΣnCka
kbn-k  

In particular,  

2n = ΣnCk  

 

This latter result can be interpreted as the number of subsets of a set of n objects. 

We just add the number of subsets of size 0 (with the usual convention that 0! = 1), 

and the number of subsets of size 1, and the number of subsets of size 2, etc.  
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Example: 
Up until 1991, a player of the California state lottery could win the jackpot prize by 
choosing the 6 numbers from 1 to 49 that were subsequently chosen at random by 
the lottery officials. There are 49C6 = 13,983,816 possible ways to choose 6 numbers 
from 49, and so the probability of winning was about 1 in 14 million. If there were 
no winners, the funds thus accumulated were rolled over (carried over) into the next 
round of play, producing a bigger jackpot. In 1991, the rules were changed so that 
a winner had to correctly select 6 numbers from 1 to 53. Since 53C6  = 22,957,480, 
the probability of winning decreased to about 1 in 23 million. Because of the 
ensuing rollover, the jackpot accumulated to a record of about $120 million. This 
produced a fever of play—people were buying tickets at the rate of between 1 and 
2 million per hour and state revenues burgeoned.  

 

Example: 
In the practice of quality control, only a fraction of the output of a manufacturing 
process is sampled and examined, since it may be too time-consuming and 
expensive to examine each item, or because sometimes the testing is destructive. 
Suppose that n items are in a lot and a sample of size r is taken. There are nCr such 
samples. Now suppose that the lot contains k defective items. What is the 
probability that the sample contains exactly m defectives? Clearly, this question is 
relevant to the efficacy of the sampling scheme, and the most desirable sample size 
can be determined by computing such probabilities for various values of r. Call the 
event in question A. The probability of A is the number of ways A can occur divided 
by the total number of outcomes. To find the number of ways A can occur, we use 
the multiplication principle. There are kCm ways to choose the m defective items in 
the sample from the k defectives in the lot, and there are n−kCr−m ways to choose the 
r − m non defective items in the sample from the n − k non defectives in the lot. 
Therefore, A can occur in    (kCm ) (

n−k Cr−m  ) ways.  
 

Thus, P(A) is the ratio of the number of ways A can occur to the total number of 

outcomes, or P(A) = (kCm ) (
n−k Cr−m )/ nCr 

 

Example: 

Capture/Recapture Method The so-called capture/recapture method is sometimes 

used to estimate the size of a wildlife population. Suppose that 10 animals are 

captured, tagged, and released. On a later occasion, 20 animals are captured, and it 

is found that 4 of them are tagged. How large is the population? We assume that 

there are n animals in the population, of which 10 are tagged. If the 20 animals 

captured later are taken in such a way that all nC20 possible groups are equally likely 

(this is a big assumption), then the probability that 4 of them are tagged is (using 

the technique of the previous example)  

10C4 x
n−10C16  / 

nC20   
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Clearly, n cannot be precisely determined from the information at hand, but it can 

be estimated. One method of estimation, called maximum likelihood, is to choose 

that value of n that makes the observed outcome most probable.  

 

The probability of the observed outcome as a function of n is called the likelihood. 

Figure shows the likelihood as a function of n; the likelihood is maximized at  

n = 35 which is 0.38.  

 

 

 

0.6 

0.5 

0.3 

0.2 

0.1 

n  0   20     30       40       50      60 

To find the maximum likelihood estimate, suppose that, in general, t animals are 

tagged. Then, of a second sample of size m, r tagged animals are recaptured. We 

estimate n by the maximizer of the likelihood (Ln) 

 Ln = (tCr ) (
n−t Cm-r )/

 nCm  

 

To find the value of n that maximizes Ln, consider the ratio of successive terms, 

which after some algebra is found to be  

Ln/ Ln−1 = (n − t)(n − m)/ n(n − t − m + r)  

 

This ratio is greater than 1, i.e., Ln is increasing, if 

 (n − t)(n − m) > n(n − t − m + r)  

n2 − nm − nt + mt > n2 − nt − nm – nr 

 mt > nr   mt/ r > n  

 

Thus, Ln increases for n < mt/r and decreases for n > mt/r; so the value of n that 

maximizes Ln is the greatest integer not exceeding mt/r. Applying this result to the 

data given previously, we see that the maximum likelihood estimate of n is mt/  

r = (20 x 10)/ 4 = 50. This estimate has some intuitive appeal, as it equates the 
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proportion of tagged animals in the second sample to the proportion in the 

population: 4/20 = 10 /n proposition has the following extension. 

 

PROPOSITION: 

The number of ways that n objects can be grouped into r classes with ni in the ith 

class, i = 1,...,r, and Σni = n is  

 nC (n1n2 ··· nr = n!) /n1!n2! ··· nr!  

 

Proof This can be seen by using Proposition and the multiplication principle. (Note 

that Proposition is the special case for which r = 2.) There are  nCn1 ways to choose 

the objects for the first class. Having done that, there are n−n1Cn2  ways of choosing 

the objects for the second class. Continuing in this manner, there are  

𝑛! 

𝑛1! (𝑛−𝑛1)! 
X

(𝑛−𝑛1)! 

(𝑛−𝑛1−𝑛2)! (𝑛2)! 
 …………….

(𝑛−𝑛1−𝑛2−𝑛3−⋯..𝑛𝑟−1)! 

(0)! (𝑛𝑟)! 
 

choices in all. After cancellation, this yields the desired result.  

 

Example:  
A committee of seven members is to be divided into three subcommittees of size 

three, two, and two. This can be done in 7C3,2, 2 = 7! 3!2!2! = 210 ways.  

 

Example: 

In how many ways can the set of nucleotides {A, A, G, G, G, G, C, C, C} be 

arranged in a sequence of nine letters? Proposition can be applied by realizing that 

this problem can be cast as determining the number of ways that the nine positions 

in the sequence can be divided into subgroups of sizes two, four, and three (the 

locations of the letters A, G, and C):  9C 2,4,3 = 9!/ 2!4!3! = 1260  

 

Example: 
In how many ways can n = 2m people be paired and assigned to m courts for the 
first round of a tennis tournament? In this problem, ni = 2,i = 1,..., m, and, according 
to Proposition, there are (2m)!/2m assignments. One has to be careful with problems 
such as this one. Suppose we were asked how many ways 2m people could be 
arranged in pairs without assigning the pairs to courts. Since there are m! ways to 
assign the m pairs to m courts, the preceding result should be divided by m!, giving 
(2m)!/ m!2m pairs in all.  
 

The numbers nC n1n2···nr  are called multinomial coefficients. They occur in the 

expansion  

(x1 + x2 +···+ xr) 
n = Σ nCn1n2 ··· nr x1

n1  x2
n2 ··· xr 

nr  

where the sum is over all nonnegative integers n1, n2,... nr such that n1 + n2+···+ nr = n.  
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9.3  CONDITIONAL PROBABILITY  
 

We introduce the definition and use of conditional probability with an example. 

Digitalis therapy is often beneficial to patients who have suffered congestive heart 

failure, but there is the risk of digitalis intoxication, a serious side effect that is 

difficult to diagnose. To improve the chances of a correct diagnosis, the 

concentration of digitalis in the blood can be measured. Bellar et al. (1971) 

conducted a study of the relation of the concentration of digitalis in the blood to 

digitalis intoxication in 135 patients. Their results are simplified slightly in the 

following table, where this notation is used:  

T+ = high blood concentration (positive test)  

T− = low blood concentration (negative test)  

D+ = toxicity (disease present)  

D− = no toxicity (disease absent)  
 

  D+     D−     Total 

T+    25     14        39 

T−    18     78        96 

Total    43     92       135 

 

Thus, for example, 25 of the 135 patients had a high blood concentration of digitalis 

and suffered toxicity. Assume that the relative frequencies in the study roughly hold 

in some larger population of patients. Converting the frequencies in the preceding 

table to proportions (relative to 135), which we will regard as probabilities, we 

obtain the following table: 

 

  D+     D−     Total  

T+      0.185  0.104  0.289  

T−    0.133 0.578  0.711  

Total    0.318 0.682   1.000  

 

From the table, P(T+) = .289 and P(D+) = .318, for example. Now if a doctor knows 

that the test was positive (that there was a high blood concentration), what is the 

probability of disease (toxicity) given this knowledge? We can restrict our attention 

to the first row of the table, and we see that of the 39 patients who had positive 

tests, 25 suffered from toxicity. We denote the probability that a patient shows 
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toxicity given that the test is positive by P(D+ | T+), which is called the conditional 

probability of D+ given T+. P(D + | T+) = 25/39 = 0.640  

 

Equivalently, we can calculate this probability as P(D+ | T+) = P(D+ ∩ T+)  

P(T+) = 0.185 X 0.289 = 0.640 In summary, we see that the unconditional 

probability of D + is 0.318, whereas the conditional probability D+ given T+ is 0.640. 

Therefore, knowing that the test is positive makes toxicity more than twice as likely. 

What if the test is negative? P(D− | T−) = .0578/0.711 = 0.848 For comparison, 

P(D−) = 0.682. Two other conditional probabilities from this example are of 

interest: The probability of a false positive is P(D− | T+) = 0.360, and the probability 

of a false negative is P(D+ | T−) = 0.187. In general, we have the following 

definition.  

 

DEFINITION: 
Let A and B be two events with P(B) = 0. The conditional probability of A given B 

is defined to be P(A | B) = P(A ∩ B)/ P(B). 

 

The idea behind this definition is that if we are given that event B occurred, the 

relevant sample space becomes B rather than S, and conditional probability is a 

probability measure on B. In the digitalis example, to find P(D+ | T+), we restricted 

our attention to the 39 patients who had positive tests. For this new measure to be 

a probability measure, it must satisfy the axioms, and this can be shown. In some 

situations, P(A | B) and P(B) can be found rather easily, and we can then find  

P(A ∩ B).  

 

MULTIPLICATION LAW: 

Let A and B be events and assume P(B) = 0. Then P(A ∩ B) = P(A | B)P(B)  

 

The multiplication law is often useful in finding the probabilities of intersections, 

as the following examples illustrate.  

 

Example:  
An urn contains three red balls and one blue ball. Two balls are selected without 

replacement. What is the probability that they are both red?  

 

Let R1 and R2 denote the events that a red ball is drawn on the first trial and on the 

second trial, respectively. From the multiplication law, P(R1 ∩ R2) = P(R1)P(R2 | R1)  

 

P(R1) is clearly 3/ 4, and if a red ball has been removed on the first trial, there are 

two red balls and one blue ball left. Therefore, P(R2 | R1) = 2/3.  

Thus, P(R1 ∩ R2) = 1/ 2 .  
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Example: 
B Suppose that if it is cloudy (B), the probability that it is raining (A) is 0.3, and 

that the probability that it is cloudy is P(B) = 0.2 The probability that it is cloudy 

and raining is P(A ∩ B) = P(A | B)P(B) = 0.3 × 0.2 = .06 

 

Another useful tool for computing probabilities is provided by the following law. 

 

LAW OF TOTAL PROBABILITY: 

Let B1, B2,..., Bn be such that UBi = S and Bi ∩ Bj = ∅ for i = j, with P(Bi) > 0 for 

all i. Then, for any event A,  

P(A) = ΣP(A | Bi)P(Bi) 

 

Proof: 

Before going through a formal proof, it is helpful to state the result in words. The 

Bi are mutually disjoint events whose union is Sample Space S. To find the 

probability of an event A, we sum the conditional probabilities of A given Bi, 

weighted by P(Bi). Now, for the proof, we first observe that P(A) = P(A ∩ S) = P 

{A ∩ (U Bi)} = P {U (A ∩ Bi) } Since the events A ∩ Bi are disjoint,  
 

P {U (A ∩ Bi)} = ΣP(A ∩ Bi) = Σ P(A | Bi)P(Bi) 

 

The law of total probability is useful in situations where it is not obvious how to 

calculate P(A) directly but in which P(A | Bi) and P(Bi) are more straightforward, 

such as in the following example. 
 

Example:  

Referring to previous example, what is the probability that a red ball is selected on 

the second draw?  
 

The answer may or may not be intuitively obvious—that depends on your intuition. 

On the one hand, you could argue that it is “clear from symmetry” that  

P(R2) = P(R1) = 3/ 4 . On the other hand, you could say that it is obvious that a red 

ball is likely to be selected on the first draw, leaving fewer red balls for the second 

draw, so that P(R2) < P(R1).  
 

The answer can be derived easily by using the law of total probability: P(R2)= P(R2 

| R1)P(R1) + P(R2 | B1)P(B1) = 2 /3 × 3/ 4 + 1 × 1/ 4 = 3/ 4 where B1 denotes the 

event that a blue ball is drawn on the first trial. 
 

As another example of the use of conditional probability, we consider a model that 

has been used for occupational mobility.  
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Example: 

Suppose that occupations are grouped into upper (U), middle (M), and lower (L) 

levels. U1 will denote the event that a father’s occupation is upper-level; U2 will 

denote the event that a son’s occupation is upper-level, etc. (The subscripts index 

generations.) Glass and Hall (1954) compiled the following statistics on 

occupational mobility in England and Wales: 

 

 U2 M2 L2 

U1 0.45 0.48 0.07 

M1 0.05 0.70 0.25 

L1 0.01 0.50 0.49 

 

Such a table, which is called a matrix of transition probabilities, is to be read in the 

following way: If a father is in U, the probability that his son is in U is 0.45, the 

probability that his son is in M is 0.48, etc. The table thus gives conditional 

probabilities: for example, P(U2 | U1) = 0.45. Examination of the table reveals that 

there is more upward mobility from L into M than from M into U. Suppose that of 

the father’s generation, 10% are in U, 40% in M, and 50% in L. What is the 

probability that a son in the next generation is in U? Applying the law of total 

probability, we have P(U2) = P(U2 | U1)P(U1) + P(U2 | M1)P(M1) + P(U2 | 

L1)P(L1)  

= .45 × .10 + .05 × .40 + .01 × .50 = .07 

 

P(M2) and P(L2) can be worked out similarly.  

 

Continuing with Example, suppose we ask a different question: If a son has 

occupational status U2, what is the probability that his father had occupational 

status U1? Compared to the question asked in Example, this is an “inverse” 

problem; we are given an “effect” and are asked to find the probability of a 

particular “cause.” In situations like this, Bayes’ rule, which we state shortly, is 

useful. Before stating the rule, we will see what it amounts to in this particular case. 

We wish to find P(U1 | U2). By definition, P(U1 | U2) = P(U1 ∩ U2) P(U2) = P(U2 

| U1)P(U1) P(U2 | U1)P(U1) + P(U2 | M1)P(M1) + P(U2 | L1)P(L1) Here we used 

the multiplication law to express the numerator and the law of total probability to 

restate the denominator. The value of the numerator is P(U2 | U1)P(U1) = 0.45 × 

0.10 = 0.045, and we calculated the denominator in Example  to be 0.07, so we find 

that P(U1 | U2) = 0.64. In other words, 64% of the sons who are in upper-level 

occupations have fathers who were in upper-level occupations. We now state 

Bayes’ rule.  

 



213 

 

9.4  BAYE’S RULE  
 

Let A and B1,..., Bn be events where the Bi are disjoint,  

U Bi = S, and P(Bi) > 0 for all i. Then  

 

P(Bj | A) = P(A | Bj)P(Bj)/Σ P(A | Bi)P(Bi) 

 

The proof of Bayes’ rule follows exactly as in the preceding discussion.  

 

Example: 

Diamond and Forrester (1979) applied Bayes’ rule to the diagnosis of coronary 

artery disease. A procedure called cardiac fluoroscopy is used to determine whether 

there is calcification of coronary arteries and thereby to diagnose coronary artery 

disease. From the test, it can be determined if 0, 1, 2, or 3 coronary arteries are 

calcified. Let T0, T1, T2, T3 denote these events. Let D+ or D− denote the event 

that disease is present or absent, respectively. Diamond and Forrester presented the 

following table, based on medical studies:  

 

I P(Ti | D
+) P(Ti | D

−) 

0 0.42 0.96 

1 0.24 0.02 

2 0.20 0.02 

3 0.15 0.00 

 

According to Bayes’ rule, 

 

P(D+ | Ti) = P(Ti | D
+)P(D+) /P(Ti | D

+)P(D+) + P(Ti | D
−)P(D−)  

Thus, if the initial probabilities P(D+) and P(D−) are known, the probability that a 

patient has coronary artery disease can be calculated. Let us consider two specific 

cases. For the first, suppose that a male between the ages of 30 and 39 suffers from 

nonanginal chest pain. For such a patient, it is known from medical statistics that 

P(D+) ≈ .05. Suppose that the test shows that no arteries are calcified. From the 

preceding equation, P(D+ | T0) = (.42 × .05)/ (.42 × .05 + .96 × .95) = .02 It is 

unlikely that the patient has coronary artery disease. On the other hand, suppose 

that the test shows that one artery is calcified. Then  

 

P(D+ | T1) = (.24 × .05)/( .24 × .05 + .02 × .95) = .39 
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Now it is more likely that this patient has coronary artery disease, but by no means 

certain. As a second case, suppose that the patient is a male between ages 50 and 

59 who suffers typical angina. For such a patient, P(D+) = .92. For him, we find that  

P(D+ | T0) = (.42 × .92)/( .42 × .92 + .96 × .08) = .83 

P(D+ | T1) = (.24 × .92)/ (.24 × .92 + .02 × .08) = .99 

 

Comparing the two patients, we see the strong influence of the prior probability, 

P(D+).  

 

Example: 

Polygraph tests (lie-detector tests) are often routinely administered to employees or 

prospective employees in sensitive positions. Let + denote the event that the 

polygraph reading is positive, indicating that the subject is lying; let T denote the 

event that the subject is telling the truth; and let L denote the event that the subject 

is lying. According to studies of polygraph reliability (Gastwirth 1987), 
 

P(+ | L) = .88  

from which it follows that 

 P(− | L) = .12 also  

P(− | T ) = .86   from which it follows that P(+ | T ) = .14.  

 

In words, if a person is lying, the probability that this is detected by the polygraph 

is .88, whereas if he is telling the truth, the polygraph indicates that he is telling the 

truth with probability .86. Now suppose that polygraphs are routinely administered 

to screen employees for security reasons, and that on a particular question the vast 

majority of subjects have no reason to lie so Probability that P(T ) = .99, whereas 

P(L) = .01. A subject produces a positive response on the polygraph. What is the 

probability that the polygraph is incorrect and that she is in fact telling the truth? 

We can evaluate this probability with Bayes’ rule:  

 

P(T | +) = P(+ | T )P(T ) /{P(+ | T )P(T ) + P(+ | L)P(L)} 

 = (.14)(.99)/ {(.14)(.99) + (.88)(.01)} = .94  

 

Thus, in screening this population of largely innocent people, 94% of the positive 

polygraph readings will be in error. Most of those placed under suspicion because 

of the polygraph result will, in fact, be innocent. This example illustrates some of 

the dangers in using screening procedures on large populations.  
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Bayes’ rule is the fundamental mathematical ingredient of a subjective, or 

“Bayesian,” approach to epistemology, theories of evidence, and theories of 

learning. According to this point of view, an individual’s beliefs about the world 

can be coded in probabilities. For example, an individual’s belief that it will hail 

tomorrow can be represented by a probability P(H). This probability varies from 

individual to individual. In principle, each individual’s probability can be 

ascertained, or elicited, by offering him or her a series of bets at different odds. 

According to Bayesian theory, our beliefs are modified as we are confronted with 

evidence. If, initially, my probability for a hypothesis is P(H), after seeing evidence 

E (e.g., a weather forecast), my probability becomes P(H|E). P(E|H) is often easier 

to evaluate than P(H|E). In this case, the application of Bayes’ rule gives  

 

P(H|E) =    
P(E|H)P(H) 

P(E|H)P(H)+P(E|H¯ )P(H¯ ) 
 

 

Where H¯ is the event that H does not hold. This point can be illustrated by the 

preceding polygraph example.  

 

Probability theory in general, and Bayesian learning theory in particular, are part of 

the core of artificial intelligence. Intuitively, we would say that two events, A and 

B, are independent if knowing that one had occurred gave us no information about 

whether the other had occurred; that is, P(A | B) = P(A) and P(B | A) = P(B). Now, 

if P(A) = P(A | B) = P(A ∩ B) P(B) then P(A ∩ B) = P(A)P(B) We will use this last 

relation as the definition of independence. Note that it is symmetric in A and in B, 

and does not require the existence of a conditional probability, that is, P(B) can be 0.  

 

DEFINITION: 

A and B are said to be independent events if P(A ∩ B) = P(A)P(B).  

 

Example: 

A card is selected randomly from a deck. Let A denote the event that it is an ace 

and D the event that it is a diamond. Knowing that the card is an ace gives no 

information about its suit. Checking formally that the events are independent, we 

have P(A) = 4 /52 = 1/13 and P(D) = 1/ 4. Also, A∩ D is the event that the card is 

the ace of diamonds and P(A ∩ D) = 1/52 . Since P(A)P(D) = ( 1/ 4 ) × ( 1/13 ) = 

1/52 , the events are in fact independent.  

 

Example: 

A system is designed so that it fails only if a unit and a backup unit both fail. 

Assuming that these failures are independent and that each unit fails with 

probability p, the system fails with probability p2. If, for example, the probability 
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that any unit fails during a given year is 0.1, then the probability that the system 

fails is 0.01, which represents a considerable improvement in reliability.  

 

Things become more complicated when we consider more than two events. For 

example, suppose we know that events A, B, and C are pairwise independent (any 

two are independent). We would like to be able to say that they are all independent 

based on the assumption that knowing something about two of the events does not 

tell us anything about the third, for example, P(C | A∩ B) = P(C). But as the 

following example shows, pairwise independence does not guarantee mutual 

independence.  

 

Example: 

A fair coin is tossed twice. Let A denote the event of heads on the first toss, B the 

event of heads on the second toss, and C the event that exactly one head is thrown. 

A and B are clearly independent, and P(A) = P(B) = P(C) = .5. To see that A and C 

are independent, we observe that P(C | A) = .5.  

 

But P(A ∩ B ∩ C) = 0 = P(A)P(B)P(C) 

 

To encompass situations such as that in Example, we define a collection of events, 

A1, A2,..., An, to be mutually independent if for any sub collection, Ai1 ,..., Aim, 

P(Ai1 ∩···∩ Aim ) = P(Ai1 )··· P(Aim )  

 

Example: 

Consider a circuit with three relays Let Ai denote the event that the ith relay works, 

and assume that P(Ai) = p and that the relays are mutually independent. If F denotes 

the event that current flows through the circuit, then 

 

F = A3 ∪(A1 ∩ A2) and, from the addition law and the assumption of independence,  

P(F) = P(A3) + P(A1 ∩ A2) − P(A1 ∩ A2 ∩ A3) = p + p2 − p3  

 

      

 

 

 

 

 

  



217 

 

9.5 SELF-ASSESSMENT QUESTIONS 

 
1. The following people are in a room: 5 men aged 21 and over, 4 men under 21, 

6 women aged 21 and over, and 3 women under 21. One person is chosen at 

random. The following events are defined: A = {the person is aged 21 and 

over}; B = {the person is under 21}; C = {the person is male}; D = {the person 

is female}.  

 

 Evaluate the following: 

 (a)   P(B ∪ D)    (b)   P(A’ ∩ C’) 

 

 Express the meaning of these events in words. 

 

2. A card is drawn at random from a deck of 52 playing cards. What is the 

probability that it is an ace or a face card (i.e. K, Q, J)? 

 

3.  In a single throw of two dice, what is the probability that neither a double nor 

a sum of 9 will appear? 

 

4.  A box contains six 10 Ω resistors and ten 30 Ω resistors. The resistors are all 

unmarked and are of the same physical size. 

 (a)  One resistor is picked at random from the box; find the probability that: 

(i)  It is a 10 Ω resistor. 

(ii)  It is a 30 Ω resistor. 

 

 (b)  At the start, two resistors are selected from the box. Find the probability 

that: 

(i)  Both are 10 Ω resistors. 

(ii)  The first is a 10 Ω resistor and the second is a 30 Ω resistor. 

(iii)  Both are 30 Ω resistors. 

 

5. A box contains 4 bad tubes and 6 good tubes. Two are drawn out together. 

One of them is tested and found to be good. What is the probability that the 

other one is also good? 

 

6. A man owns a house in town and a cottage in the country. In any one year the 

probability of the town house being burgled is 0.01 and the probability of the 

country cottage being burgled is 0.05. In any one year what is the probability 

that: 

     (a)  both will be burgled?  

 (b)  one or the other (but not both) will be burgled? 
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7.   In a Baseball Series, teams A and B play until one team has won 4 games. If 

team A has probability 2/3 of winning against B in a single game, what is the 

probability that the Series will end only after 7 games are played? 

 

8.   The probability that a single aircraft engine will fail during flight is q. A multi-

engine plane makes a successful flight if at least half of its engines run. 

Assuming that the engines operate independently, find the values of q for 

which a two-engine plane is to be preferred to a four engine plane. 

 

9.   Current flows through a relay only if it is closed. The probability of any relay 

being closed is 0.95. Calculate the probability that a current will flow through 

a circuit composed of 3 relays in parallel. What assumption must be made? 

 

10.  A central heating installation and maintenance engineer keeps a record of the 

causes of failure of systems he is called out to repair. The causes of failure 

are classified as ‘electrical’, ‘gas’, or in some cases ‘other’. A summary of the 

records kept of failures involving either gas or electrical faults is as follows: 
 

   Electrical 

  Yes     No 

Gas     No 53    11 

 Yes 23    13 

 

 (a)  Find the probability that failure involves gas given that it involves 

electricity. 

 (b)  Find the probability that failure involves electricity given that it involves 

gas. 
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