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FOREWORD 
 
Mathematics plays a vital role in the logical development of any society. That 
is why it serves as an essential subject during the early ages of all students. To 
make the best use of our available resources, we must have a better 
understanding, knowledge and practice of mathematics. This is very vast 
subject and ranges from some abstract ideas to purely applied concepts. 
 
The present book has been written to understand the basic concepts of 
mathematics and its applications in issues related to Business, Economics, 
Commerce and many other Social Sciences. This book with its simple text 
style serves as the first step for students who aim to get an introduction of the 
subject. Keeping in mind the objectives of the book, I am sure it will provide 
an insight into the subject along with enhancing the mathematical abilities of 
the students. Moreover, it is especially written to help students learn the 
applications of relevant mathematical concepts. 
 
In the end I would like to congratulate the course team, chairman, course 
development coordinator, writers, reviewers and editor for developing a very 
useful textbook. 

 
 

Prof. Dr. Zia Ul-Qayyum 
(Vice-Chancellor) 
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MESSAGE FROM THE DEAN 
 

Mathematics is the branch of science which develops a relationship and fills the 
gaps between the natural sciences. Naturally mathematics looks a bit abstract, but 
when we use it in other sciences. Its applications come across to us at once. This 
course is much needed for our students to inculcate the first-level concepts. The 
basic mathematics needed for Business and other social sciences subjects is 
beautifully covered in this book. 
 
I wish to express my sincere thanks, appreciation and congratulations to all those 
persons who have contributed in the development of this book. I am sure this will 
be very beneficial to our students to groom their business ideas mathematically.  
 
 

 
(Prof. Dr. Syed Zafar Ilyas) 
Dean Faculty of Sciences 
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COURSEINTRODUCTION 
 
Basic idea is to develop and inculcate the important concepts needed for the study of 
Business Mathematics in our students at undergraduate level. An effort has been made to 
make these contents self-explanatory and understandable. It is the need of hour to 
understand the applications of Mathematics in studying different subjects of social 
sciences and other fields too.  
 

OBJECTIVES 
 
The course aims to teach students, the basic concepts of Mathematics and also create 
value for their applications and uses in practical situations. 
 
The objectives of the course are: 
• To develop an understanding and desire of Mathematics in students 
• To present the material in a way which is helpful in motivating the students to study 

these subjects at a higher level 
• To develop an approach of application of Maths in business subjects 

 
How the course is organized? 
The text is divided into nine units in one volume. An attempt has been made to present 
the material in an informal way. Only those topics of Mathematics are covered which are 
thought to be useful for everyone. e.g. we started studying Mathematics when we were in 
class one and we continue its studies. In spite of this, most of us do not have full 
command on every day arithmetics. 
 
Unit-1 Unit 1 covers the idea of Rate with Ratio and how they can be expressed in 

percentage form also applied these concepts on business related problems.  
Unit-2 Unit 2 explains the concept of Profit, Revenue, Cost and Depreciation. Two 

different methods to charge depreciation are also discussed in this chapter.  
Unit-3  Unit 3 is concerned with interest rates and their effects on the value of money. 
Unit-4  Unit 4 discusses the concept of annuity and its types. Apply this concept on 

various business related problems. 
Unit-5  In Unit 5, is about the introduction of equations and their uses in the solution of 

different practical problems. Nature of solution of First degree, second degree 
and simultaneous linear equations are also discussed in this unit. 

Unit-6  In this unit the concept of a function is discussed which is the fundamental 
mathematical object which is used to describe relationship between variable 
quantities. Different types of functions and their graphs are also explained in 
this unit. 

Unit-7  Unit 7 explains the term matrix and its different types with and without taking 
change in the matrix. 

Unit-8  This unit explains the different operation on matrices and its application in business. 
Unit-9  Unit 9 This unit explains the binary number system. This is the language that 

most of the electronic devices understand. Arithmetic operation on Binary 
number and relationship between binary and decimal number system are also 
explained in this unit. 
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INTRODUCTION 

The word arithmetic is from the Greek word arithmos it is a branch of mathematics which 
deal with the study of numbers. Mathematics used in marketing, accounting, sales 
forecasting, inventory management and financial analysis. Mathematics typically used in 
commerce includes arithmetic. Arithmetic is not only frequently use in statistics and 
mathematics but also use in various fields such as history, sociology and economics. For 
example, per capita income is the arithmetic mean income of a nation's population. 
In this unit students will be able to learn about. 
1. The concept of ratio and rate 
2. Types of proportions 
3. The concept of percentage and conversion of percentage into fraction and decimal 
4. Applications of percentage 

 
 

OBJECTIVES 
 
After studying this unit, students will be able to: 
1. differentiate between ratio and rate 
2. apply these concepts to solve practical problems related to business mathematics 
3. understand the business applications of percentage 
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1.1  RATIO 

Ratio indicates the relationship how one quantity is of the other. For example if 𝑥𝑥 and 
𝑦𝑦 are two quantities and both are in same unit we need to compare these two quantities 
we can write it as 𝑥𝑥/𝑦𝑦 is known as 𝑥𝑥 ratio 𝑦𝑦. 

Ratio can be defined as the contrast of two or more quantities that have same unit it is 
always a constant number and it is free from unit of measurement. In ratio sum of 
fractional part is always equal to 1. Ratio is basically comparison. It is denoted as : 
symbolically ratio between two quantities can be written as 𝑥𝑥: 𝑦𝑦.  
 
Continued Ratio 
Ratio of three quantities i.e. 𝑎𝑎: 𝑏𝑏: 𝑐𝑐 is known as continued ratio if ratio of 𝑎𝑎: 𝑏𝑏 and 𝑏𝑏: 𝑐𝑐 
is given. 
 
To calculate the continued ratio there must be one similar element in both quantities. If there 
is no similar element in both quantities, then we make it similar by multiplying both 
quantities with different to make some common element in both quantities to get the result. 
 
Example 1: 
Calculate the continued ratio 𝑎𝑎:𝑏𝑏: 𝑐𝑐 when 𝑎𝑎:𝑏𝑏 = 5: 6 and 𝑏𝑏: 𝑐𝑐 = 6: 7 
 
Solution: 
We can see that in the given problem the common quantity is 𝑏𝑏: 

𝑎𝑎  ∶    𝑏𝑏  ∶    𝑐𝑐 

5  ∶    6    

           6  ∶    7 

  5  ∶    6  ∶    7 

Hence 𝑎𝑎: 𝑏𝑏: 𝑐𝑐 = 5: 6: 7 

1.1.1 Rate 
The only difference between the ratio and rate is, rate is not free from unit of 
measurement. If 𝑥𝑥 and 𝑦𝑦 are two uniform information and both have different units then 
the ratio "𝑎𝑎/𝑏𝑏" is known as rate. 

 Representation of Rate and Ratio 

There are three ways to present rate and ratio. 

1. Fraction form: Ratio and rate can be written as in form of fraction i.e. 𝑝𝑝
𝑞𝑞
  where 𝑝𝑝 

and 𝑞𝑞 are real numbers and 𝑞𝑞 ≠ 0. 
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2. Decimal form: In decimal form ratio and rate can be written as: 

𝑅𝑅𝑅𝑅. 1000 ∶  𝑅𝑅𝑅𝑅. 2000 =  
1000
2000

=
1
2

= 0.5 

3. Percentage form: The percentage form of ratio and rate is: 

𝑅𝑅𝑅𝑅. 1000 ∶  𝑅𝑅𝑅𝑅. 2000 =  
1000
2000

=
1
2

× 100 ×
1

100
= 50%              �∵

1
100

= %� 

1.1.2 Use of Ratio 
In financial analysis ratio analysis is the one of the most powerful tool to interpret the 
data. 

The ratio analysis used in supplier of goods on credit, banks, financial institutions, 
investors, shareholders and management as a tool to evaluate the financial position and to 
check the performance of the firm. How the firm granting credit, providing loans or 
making investment in the firm we can check it by calculating the ratio. 

Ratio also use to examine the blood pressure, pulse rate, and the temperature of the 
individual which helps the doctor to make his conclusion regarding the illness. 

Ratio also use to calculate tax and audit requirements, utility to government, utility to 
employees, utility to shareholder and investors and for many other purposes.  

Example 2: 

Convert the given ratio 30: 360 into its simplest form. 

Solution: 

Given ratio is 30: 360 

Fraction form is  

30
360

=
1

12
 

Hence the ratio of 30 and 360 is 1: 12 

Example 3: 

Cash price distributed between two students in the ratio of 4: 5 is Rs. 900. Calculate the 
amount that each student received. 

Solution: 

 Distributed amount is Rs. 900 
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According to the condition of the given question  

Let ratio between two students 𝑋𝑋 and 𝑌𝑌 is 4: 5 

Sum of the given ratio = 4 + 5 = 9 

Fractional part of student 𝑋𝑋 = 4
9
 

Fractional part of student 𝑌𝑌 = 5
9
 

Student 𝑋𝑋 will receive = 900 × 4
9

= 𝑅𝑅𝑅𝑅. 400 

Student 𝑌𝑌 will receive900 × 5
9

= 𝑅𝑅𝑅𝑅. 500 

Check whether the sum of fractional part is equal to 1  

Sum of fractional parts  = 4
9

+ 5
9

= 9
9

= 1 

Example 4: 

Manager of particular firm is earning 𝑅𝑅𝑅𝑅. 200,000 per month as salary and his per month 
spending are Rs. 190,000. One of the assistants of the same manager earning Rs. 40,000 
per month and his per month saving is Rs. 8000. As regard to their income who is saving 
more? 

Solution: 

Manager’s monthly income = 𝑅𝑅𝑅𝑅. 200,000 

His monthly spending’s= 𝑅𝑅𝑅𝑅. 190,000 

His monthly saving = 𝑅𝑅𝑅𝑅. 200,000− 𝑅𝑅𝑅𝑅. 190,000 = 𝑅𝑅𝑅𝑅. 10,000 

Ratio between saving and income = 10,000 ∶  200,000 = 1: 20 = � 1
20

× 100�% = 5% 

Assistant’s monthly income = 𝑅𝑅𝑅𝑅. 40,000 

His monthly saving = 𝑅𝑅𝑅𝑅. 8000 

Ratio between saving and income = 8000 ∶  40,000 = 1: 5 = �1
5

× 100�% = 20% 

Hence we can see that saving-income ratio of manager and subordinate are 5% and 20% 
repectively. 
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Which shows that manager’s subordinate is saving more regarding his income. 

1.2  PROPORTION 

When two ratios are equal we named it as proportion. It is denoted as " ∶∶ " or " = ". 

For example2 ∶ 8 ∷ 8 ∶ 32 this proportion is read as 2 is to 8 is equal to 8 is to 32. 

In every proportion there are always 4 terms the 1st and 4th terms are called extremes and 
their product is called product of extremes while the 2nd and 3rd terms are called means 
and their product is called product of means. 

To find the proportion we use the formula: 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑃𝑃 𝑃𝑃𝑜𝑜 𝑒𝑒𝑥𝑥𝑃𝑃𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒𝑅𝑅 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑃𝑃 𝑃𝑃𝑜𝑜 𝑒𝑒𝑒𝑒𝑎𝑎𝑚𝑚 

1.2.1 Types of Proportion 
There are four types of proportion: 

i. Direct proportion 
ii. Inverse proportion 
iii. Compound proportion 
iv. Continued proportion 

(i) Direct Proportion 
When two quantities are directly related to each other i.e. increase in one quantity 
cause the increase in other quantity and the decrease in one quantity cause the 
decrease in other quantity this is known as direct proportion. 

For example, the amount of electric bill is directly proportional to the number of 
units used. If more electric units are used, then the amount of bill is greater and if 
the less electric units are used then the amount of bill is less.  

Example 5: 
If the cost of 20 dozens of eggs is 𝑅𝑅𝑅𝑅. 200. Find the cost of 4 dozens of eggs. 
 
Solution: 
According to the given condition of the question we have: 
 

𝐸𝐸𝐸𝐸𝐸𝐸𝑅𝑅  (𝑖𝑖𝑚𝑚 𝑃𝑃𝑃𝑃𝑑𝑑𝑒𝑒𝑚𝑚𝑅𝑅)                        ∶                𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃 (𝑖𝑖𝑚𝑚 𝑅𝑅𝑅𝑅. ) 

20                                             ∶                         200 

4                                                ∶                             𝑥𝑥 
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Quantity of eggs and cost are in direct proportion less the quantity lower the cost. Where 
the head of the arrow shows the denominator value and tail shows numerator value. 

20 ∶  4    =    200 ∶  𝑥𝑥 
4

20
  =  

𝑥𝑥
200

 

Applying the cross multiplication 

             𝑥𝑥  =   
4

20
× 200 

𝑥𝑥 = 40 

Hence the cost of 4dozens eggs is 𝑅𝑅𝑅𝑅. 40 

(ii) Inverse Proportion 
If two quantities are related to each other in a way that increase in one quantity 
causes the decrease in other and the decrease in one quantity cause the increase in 
other quantity this relation is known as inverse proportion. 

For example, if a person is traveling and wants to cover the distance in the less time 
faster the speed of car less time is required to cover the distance. 

Example 6: 

If 30 labors are required to construct a building in 90 days. How many labors are 
required to construct the building in 45 days?  

Solution: 

According to the given condition of the question 

𝐿𝐿𝑎𝑎𝑏𝑏𝑃𝑃𝑃𝑃             ∶              𝐷𝐷𝑎𝑎𝑦𝑦𝑅𝑅 

30                 ∶                90 

𝑥𝑥                    ∶                 45 

We can observe that from the above table that smaller the days more labors are required 
to finish the work which shows the inverse proportion. 

30 ∶ 𝑥𝑥     =     90 ∶ 45 
𝑥𝑥

30
   =      

90
45

 

           𝑥𝑥    =     
90
45

× 30 

    𝑥𝑥     =    60     
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(iii)  Compound Proportion 

 In some cases, we need to deal with more than one proportion this mutual relation 
of proportion in such cases is known as compound proportion. 

Example 7: 

With the help of 40 workers a manufacturer decides to produce 200 units. Workers work 
6 hours in a day. If 60 workers can work 4 hours in a day then how many units they can 
produce? 

Solution: 

𝑊𝑊𝑃𝑃𝑃𝑃𝑊𝑊𝑒𝑒𝑃𝑃𝑅𝑅     ∶               𝑊𝑊𝑃𝑃𝑃𝑃𝑊𝑊𝑖𝑖𝑚𝑚𝐸𝐸 ℎ𝑃𝑃𝑃𝑃𝑃𝑃𝑅𝑅   ∶    𝑈𝑈𝑚𝑚𝑖𝑖𝑃𝑃𝑅𝑅 

40                  ∶                       6                        ∶       200 

     60                 ∶                       5                        ∶       𝑦𝑦         

Now we calculate for 𝑦𝑦. 

60
40

    =     
6
5

 × 
𝑦𝑦

200
 

Cross multiplication 

𝑦𝑦
200

  =   
60
40

  ×   
5
6

 

     𝑦𝑦      =    
5
4

× 200 

 𝑦𝑦       =       250 

Hence 250 number of units are produced. 

(iv) Continued Proportion 

Continued proportion is when first term of proportion is related to the second term of 
proportion and second term of proportion is related to third term and so on i.e. there is the 
continuity in the following proportion. In continued proportion denominator should be 
not equal to zero.  

𝑝𝑝
𝑞𝑞

=
𝑞𝑞
𝑥𝑥

=
𝑥𝑥
𝑦𝑦

= ⋯ 
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Example 8: 

Three partners of a company Mr. Asad, Mr. Ali and Mr. Ahmed earned profit of 
𝑅𝑅𝑅𝑅. 24000. In terms of ratio the profit that can be shared is 

𝑋𝑋  ∶    𝑌𝑌 =   4  ∶    5   𝑎𝑎𝑚𝑚𝑃𝑃   𝑌𝑌  ∶    𝑍𝑍 =   10  ∶    6 

Find the profit share of each partner. 

Solution: 

Total amount of profit = 24000 

Ratios: 

𝑋𝑋 ∶    𝑌𝑌  ∶    𝑍𝑍 

4   ∶    5               

                  10  ∶     6       

40  ∶    50  ∶   30 

Dividing by 10 we get 

4   ∶     5   ∶    3 

Sum of the ratio = 4 + 5 + 3 = 12 

Mr. Asad’s share in profit      =  4
12

× 24000 = 8000 

Mr. Ali’s share in profit         =  5
12

× 24000 = 10000 

Mr. Ahmed’s share in profit  =  6
12

× 24000 = 12000 

1.3  PERCENTAGE 

Percentage is defined as a number or ratio written in a fraction of 100 it is denoted as %. 
Percentage is a real number it has no dimension or unit. 

Percentage can be written into either fractional or as a decimal number. 

1.3.1 Conversion of a Percentage into a Fraction 
 

Remove the sign of given percentage and divide it by the 100 and then simplified the 
fraction into its smallest term i.e. 
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20% =  
20

100
=

2
10

=
1
5

 

1.3.2 Conversion of a Percentage into Decimal 
Firstly remove the sign of percentage then divided by 100 and move the decimal point 
two places from left i.e. 

20% =  
20

100
= 0.20 

Example 9: 

Convert  225%  into a fraction and decimal. 

Solution: 

Conversion of percentage into fraction: 

225% =
225
100

=
9
4

 

Conversion of percentage into decimal, move the decimal two digits from left. 

225% =
225
100

= 2.25 

Example 10: 

Calculate 25% of 𝑅𝑅𝑅𝑅. 1500. 

Solution: 

First step is to replace 25% by 25
100

 and here “of” indicates the sign of multiplication (×) 

        𝑥𝑥 =  
25

100
× 1500 

𝑥𝑥 =  𝑅𝑅𝑅𝑅. 375 

1.3.3 Business Applications of Percentage 
Example 11: 

A cricket team won 84% of 150 matches in a season. How many matches is that? 

Solution: 

The mathematical form of the given problem is: 
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What is 84% of 150 

           𝑥𝑥 =  
84

100
× 150 

𝑥𝑥 =  126 

Hence team won 126 matches. 

Example 12: 

Fahad has 𝑅𝑅𝑅𝑅. 500 and he spend 35. What percent of his money is spent? 

Solution: 

Total money  = 𝑅𝑅𝑅𝑅. 500 

He spend       = 𝑅𝑅𝑅𝑅. 35 

Let 𝑥𝑥% of his money is spent 

             35 =    𝑥𝑥% × 500 

             35 =  
𝑥𝑥

100
× 500 

    35 =  𝑥𝑥 × 5 

𝑥𝑥 =  7 

Hence 7% of his money is spent. 

1.6  SELF-ASSESSMENT QUESTIONS 

Q# 1.  Fill in the Blanks 

i. Expressing a quantitative relationship between two quantities is ………….. 

ii. Ratio can reduce the quantity into …………..term. 

iii. The lowest term of ratio 150 ∶ 350 is ………….. 

iv. Proportion can be denoted as ………….. 

v. Two ratios are …………..in proportion 

vi. The external terms proportion is known as …………..and middle term is known 

as………….. 

vii. Two quantities are directly related to each other in …………..proportion. 
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viii. 22% in decimal is ………….. 

ix. Percentage can be converted into …………..and ………….. 

x. 50 in percentage is ………….. 

Q # 2. Choose the Correct Answer 

i. Ratio should be reduced to …………. term 
a) Equal     b)  Lowest     c)    Highest     d)  none 

ii. For the quantities 𝑥𝑥,𝑦𝑦 and 𝑑𝑑 the two ratios 𝑥𝑥:𝑦𝑦 and 𝑦𝑦: 𝑑𝑑 are given then the ratio 
𝑥𝑥:𝑦𝑦: 𝑑𝑑 is called …………. 
a) Continued Ratio    b)  Compound Ratio  c) Proportion   d)  Ratio 

iii. Two ratios that are equal and linked by the sign of  " ∶∶ " or " = " are known as 
a) Ratio b) Proportion  c) both a and b d)  none 

iv. Simplify 20: 120 
a) 2: 10          b) 10: 20        c) 2: 6      d)   1: 6 

v. Product of middle term of proportion is known as…………. 
a) Product of extremes  b) Product of mean      
c)  Product of middle ratio    d) both a and b 

vi. In direct proportion two terms are ………….related to each other 
a) Inversely     b)  Indirectly      c)  Directly      d)  Not 

vii. Meaning of percent is …………. 
a) Hundredths  b)  Thousands     c) Ten Thousands  d) Ten Hundredths 

viii. Percentage is a ………….number 
a) Complex     b)  Real    c)  It can be both a and b     d)  none 

ix. In continued proportion denominator should not be equal to …………. 
a) Numerator    b)  One      c)  Zero    d)  All 

x. 280 is what percent of 20000? 
a) 1.7%    b)  1.6%      c) 1.5%       d)  1.4% 

 
Q # 3. True/ False 
 
i. In ratio the total of fractional part is always equal to 1.         T/F 
ii. Ratio is denoted as ∷ and proportion is denoted as : T/F 
iii. Ratio between 240: 360 is 2: 3.  T/F 
iv. Rate is free from unit of measurement. T/F 
v. There are three ways of presenting rate and ratio. T/F  
vi. Proportion have five types. T/F 
vii. 2: 6 ∷ 𝑦𝑦: 36 where 𝑦𝑦 = 12.  T/F 
viii. 45% of 455000 is 204750. T/F 
ix. In inverse proportion if one quantity is increasing then other is also increasing. T/F 
x. In compound proportion we only deal with one proportion. T/F 
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Q # 4. Solve the Following Questions 
 
i. Divide Rs. 80000 in the ratio 2: 6 
ii. Write 1

20
: 200 in the simplest form 

iii. Rs. 5,00,000  profit is earned from business by four partners. This profit is to be 
allocated to the four partners in the ratio 5: 8: 9: 3.  Determine the amount of profit 
of each. 

iv. Express 58.5% to a common fraction. 
v. Solve for 𝑥𝑥 in each case  4 ∶   8  ∷   𝑥𝑥 ∶   50  and  2 ∶   40  ∷   10 ∶   𝑥𝑥 
vi. The height of a building A is 30 feet and its shadow is36 feet. If the height of a 

building B is 40feet then how long a shadow would be? 
vii. If 𝑅𝑅𝑅𝑅. 3000 is the price of three suits of five meters in the amount of 𝑅𝑅𝑅𝑅. 8000 how 

many suits, can be purchased? Also find the price of cloth per meter. 
viii. A car runs 60 km in 5 liters of petrol. If tank is full of 20 liters, how far will it 

cover the distance? 
ix. Convert 77.87% and 24 1

5
% into decimal and common fraction. 

x. A person spend80% of his/her income and saves 𝑅𝑅𝑅𝑅. 600. What is his/her total 
income? 
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INTRODUCTION 
 
Arithmetic is the branch of mathematics that deals with numbers. Mainly the properties 
of the traditional operations on them multiplication, addition, division, exponentiation, 
subtraction and extraction of roots. Arithmetic is not only frequently use in statistics and 
mathematics, but also use in various fields such as history, sociology and economics. For 
example, per capita income is the arithmetic mean income of a nation's population. 
 
In this unit students will be able to learn about: 
1. The concept of discount and mathematical formula for discount. 
2. Commission and breakage. 
3. The concept of profit and loss. 
4. The percentage ratio of profit and cost and percentage of loss and cost. 
5. The definition of depreciation and method to charge depreciation. 

 
 

OBJECTIVES 
 
After studying this unit, students will be able to: 
1. differentiate between absolute term and relative terms. 
2. find profit and loss based on selling price. 
3. learn about discounted price, successive discount and quantity discount. 
4. learn about the method to charge depreciation. 
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2.1  DISCOUNT 
 

Discount is defined as the reduction in the price of an item or in a bill. It is a business 
tactics used to attract customers or to increase sale.  We can explain discount in absolute 
and relative term such as. 

2.1.1 Absolute Term 
In absolute term discount is known as amount of discount which is defined as the amount 
that is deducted from the selling price. Amount of discount denoted as “AD”. 

2.1.2 Relative Term 
In relative term it is known as discount rate which is defined as how much part of stated 
price is reduced. Discount rate is denoted as “DR” 

2.1.3 Mathematical Formula for Discount 
Formula of discount rate is: 

𝐷𝐷𝑅𝑅 =
𝐴𝐴𝑒𝑒𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 𝑃𝑃𝑜𝑜 𝐷𝐷𝑖𝑖𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 (𝐴𝐴𝐷𝐷)

𝑆𝑆𝑃𝑃𝑎𝑎𝑃𝑃𝑒𝑒𝑃𝑃 𝑃𝑃𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 (𝑆𝑆𝑃𝑃)
 

𝐷𝐷𝑅𝑅 = �
𝐴𝐴𝐷𝐷
𝑆𝑆𝑃𝑃

× 100�% 

Discount price is defined as: 
𝐷𝐷𝑃𝑃 = 𝑆𝑆𝑃𝑃 − 𝐴𝐴𝐷𝐷 

Or  
𝐷𝐷𝑃𝑃 = 𝑆𝑆𝑃𝑃(1 −𝐷𝐷𝑅𝑅) 

In our daily life when we talk about discount or when we are dealing with discount we 
use terms related to discount such as stated price and discounted price. These terms can 
be defined as 

2.1.4 Stated Price 
Stated price is known as selling price. The price of an item without having any discount 
which present for sale to the purchaser. It is denoted as “SP”. 

2.1.5 Discounted Price 
It is denoted by “DP”. This is the price at which buyer buy an item at the discounted price 
which is less than the original price of the item. 

Example 1: 

Price of a T.V set is 𝑅𝑅𝑅𝑅. 20000 is available for sale at discount of 𝑅𝑅𝑅𝑅. 800. Find the 
discount rate and purchaser price.  
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Solution:  

Given that 

                     𝑆𝑆𝑃𝑃𝑎𝑎𝑃𝑃𝑒𝑒𝑃𝑃 𝑃𝑃𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 = 𝑆𝑆𝑃𝑃 = 𝑅𝑅𝑅𝑅. 20000 

𝐴𝐴𝑒𝑒𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 𝑃𝑃𝑜𝑜 𝐷𝐷𝑖𝑖𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 = 𝐴𝐴𝐷𝐷 = 𝑅𝑅𝑅𝑅. 800 

𝐷𝐷𝑖𝑖𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃𝑒𝑒𝑃𝑃 𝑃𝑃𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 = 𝐷𝐷𝑃𝑃 = 𝑆𝑆𝑃𝑃 − 𝐴𝐴𝐷𝐷 

                       𝐷𝐷𝑃𝑃 = 20000 − 800 

         𝐷𝐷𝑃𝑃 = 19200 

𝐷𝐷𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃𝑒𝑒𝑃𝑃 𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 = 𝐷𝐷𝑅𝑅 = �
𝐴𝐴𝐷𝐷
𝑆𝑆𝑃𝑃

× 100�% 

                                                    𝐷𝐷𝑅𝑅 = �
800

20000
× 100�% = 4% 

Hence the discount rate is 4% and the discounted price is 𝑅𝑅𝑅𝑅. 19200. 

Example 2: 

A person buy a book rack of 𝑅𝑅𝑅𝑅. 18000, on the discount of 12%. What was the original 
price of book rack? 

Solution: 

Given that  
Discount Rate = 𝐷𝐷𝑅𝑅 = 12% 
Discounted Price = 𝐷𝐷𝑃𝑃 = 𝑅𝑅𝑅𝑅. 18000 
Stated Price  = 𝑆𝑆𝑃𝑃 =? 

            𝐷𝐷𝑃𝑃 = 𝑆𝑆𝑃𝑃(1 − 𝐷𝐷𝑅𝑅) 

         18000 = 𝑆𝑆𝑃𝑃(1 − 12%) 

18000 = 𝑆𝑆𝑃𝑃(0.88) 

          𝑆𝑆𝑃𝑃 = 𝑅𝑅𝑅𝑅. 20455 

Hence the price of book rack was 𝑅𝑅𝑅𝑅. 20455 

2.1.6 Successive Discount 
In a business deal if a person is ready to give more than one discount such discount is 
known as successive discount i.e. 𝐷𝐷𝑅𝑅1,𝐷𝐷𝑅𝑅2,𝐷𝐷𝑅𝑅3, … ,𝐷𝐷𝑅𝑅𝑛𝑛. 

Successive discount can be formulated as final discounted price i.e. 

𝐹𝐹.𝐷𝐷.𝑃𝑃 = 𝑆𝑆𝑃𝑃(1 − 𝐷𝐷𝑅𝑅1)(1 − 𝐷𝐷𝑅𝑅2)(1− 𝐷𝐷𝑅𝑅3) … (1 − 𝐷𝐷𝑅𝑅𝑛𝑛) 



20 
 

Example 3: 

25 packets of papers purchased by a photo copier. Market price of each packet is 𝑅𝑅𝑅𝑅. 300 
and he got a discount of 18% and an additional discount @ 5% on the cash payment. 
Find the value of the deal.  

Solution: 

Given that  

Market price of each packet = 𝑅𝑅𝑅𝑅. 300 

Market price for 25 packets = 𝑆𝑆𝑃𝑃 =  25 × 300 = 𝑅𝑅𝑅𝑅. 7500 

1st discount rate = 𝐷𝐷𝑅𝑅1 =  18% = 0.18 

2nd  discount rate =  𝐷𝐷𝑅𝑅2 = 5% = 0.05 

Final discounted price = 𝐹𝐹.𝐷𝐷.𝑃𝑃 =? 

       𝐹𝐹.𝐷𝐷.𝑃𝑃 = 𝑆𝑆𝑃𝑃(1 − 𝐷𝐷𝑅𝑅1)(1− 𝐷𝐷𝑅𝑅2) 

             𝐹𝐹.𝐷𝐷.𝑃𝑃 = 7500(1− 0.18)(1− 0.05) 

𝐹𝐹.𝐷𝐷.𝑃𝑃 = 7500 × 0.82 × 0.95 

 𝐹𝐹.𝐷𝐷.𝑃𝑃 =  𝑅𝑅𝑅𝑅. 5843 

The value of the deal is 𝑅𝑅𝑅𝑅. 5843. 

2.1.7 Quantity Discount 
Quantity discount is another way of offering discount. The company or brand give such 
offers in which on specific amount more quantity can be purchased than the actual 
quantity. 

For examples offers like buy one get one free, one bag free on the shopping of five 
thousand rupees. These types of discount are known as quantity discount. 

We can convert the quantity discount into equivalent discount rate using the formula. 

𝐷𝐷𝑖𝑖𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 =  �
𝐷𝐷𝑖𝑖𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 𝑞𝑞𝑃𝑃𝑎𝑎𝑚𝑚𝑃𝑃𝑖𝑖𝑃𝑃𝑦𝑦 − 𝐴𝐴𝑐𝑐𝑃𝑃𝑃𝑃𝑎𝑎𝐴𝐴 𝑞𝑞𝑃𝑃𝑎𝑎𝑚𝑚𝑃𝑃𝑖𝑖𝑃𝑃𝑦𝑦

𝐷𝐷𝑖𝑖𝑅𝑅𝑐𝑐𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃𝑒𝑒𝑃𝑃 𝑞𝑞𝑃𝑃𝑎𝑎𝑚𝑚𝑃𝑃𝑖𝑖𝑃𝑃𝑦𝑦
× 100�% 

𝐷𝐷𝑅𝑅 = �
𝐷𝐷𝐷𝐷 − 𝐴𝐴𝐷𝐷

𝐷𝐷𝐷𝐷
× 100�% 

Example 4: 

A company offers buy three pens and get four. Convert this offer of quantity discount 
into equivalent discount rate. 
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Solution: 
Given that: 
Discounted quantity = 4 
Actual quantity = 3 
Using the formula: 

              𝐷𝐷𝑅𝑅 = �
𝐷𝐷𝐷𝐷 − 𝐴𝐴𝐷𝐷

𝐷𝐷𝐷𝐷
× 100�% 

       𝐷𝐷𝑅𝑅 = �
4 − 3

4
× 100�% 

𝐷𝐷𝑅𝑅 = �
1
4

× 100�% 

𝐷𝐷𝑅𝑅 = 25% 

Hence the actual discount rate is 25% 

2.2  COMMISSION OR BROKERAGE 
 
Commission or brokerage is the fixed percentage of the deal amount which is paid to a 
worker as the reward of his service. It is based on the value of goods sold and bought. 
The percentage involved in brokerage is called rate of commission.  
 
Example 5: 
A property dealer sold a shop in Lahore for 65 lakh and commission that he received is 
3%. Find the commission of the property dealer. 

Solution: 
𝐷𝐷𝑒𝑒𝑎𝑎𝐴𝐴𝑒𝑒𝑃𝑃′𝑅𝑅 𝑐𝑐𝑃𝑃𝑒𝑒𝑒𝑒𝑖𝑖𝑅𝑅𝑅𝑅𝑖𝑖𝑃𝑃𝑚𝑚 = 3% 𝑃𝑃𝑜𝑜 65,00,000 
                                          = 0.03 × 65,00,000 

                               =  𝑅𝑅𝑅𝑅. 195000 
The dealer’s commission is 𝑅𝑅𝑅𝑅. 195000. 

2.3  PROFIT AND LOSS 

The positive difference of selling and purchasing price of an item is known as profit and 
the negative difference of selling and purchasing price of an item is known as loss. 
Mathematically it can be expressed as. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 = (𝑆𝑆𝑒𝑒𝐴𝐴𝐴𝐴𝑖𝑖𝑚𝑚𝐸𝐸 𝑝𝑝𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 − 𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃) > 0 
𝑃𝑃 = (𝑆𝑆 − 𝐶𝐶) > 0                     

     𝐿𝐿𝑃𝑃𝑅𝑅𝑅𝑅 = (𝑆𝑆𝑒𝑒𝐴𝐴𝐴𝐴𝑖𝑖𝑚𝑚𝐸𝐸 𝑝𝑝𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 − 𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃) < 0 
    𝐿𝐿 = (𝑆𝑆 − 𝐶𝐶) < 0       

Or 
      𝐿𝐿 = (𝐶𝐶 − 𝑆𝑆) > 0           
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2.3.1 Percentage Ratio of Profit and Cost 
We can define profit and loss in relative terms of percentage. 

In relative term profit is known as rate of profit or markup and expressed as the 
percentage ratio of profit and cost i.e. 

  𝑀𝑀𝑎𝑎𝑃𝑃𝑊𝑊𝑃𝑃𝑝𝑝 = 𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 𝑃𝑃𝑜𝑜 𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 = 𝑅𝑅 = �
𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃
𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃

× 100�% 

= �
𝑃𝑃
𝐶𝐶

× 100�% 

          = �
𝑆𝑆 − 𝐶𝐶
𝐶𝐶

× 100�%   

2.3.2 Percentage Ratio of Loss and Cost 
Similarly, in relative term loss is known as markdown and described as the percentage 
ratio of loss and cost i.e. 

𝑀𝑀𝑎𝑎𝑃𝑃𝑊𝑊𝑃𝑃𝑃𝑃𝑀𝑀𝑚𝑚 = 𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 𝑃𝑃𝑜𝑜 𝐴𝐴𝑃𝑃𝑅𝑅𝑅𝑅 = 𝑅𝑅′ = �
𝐿𝐿𝑃𝑃𝑅𝑅𝑅𝑅
𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃

× 100�% 

= �
𝐿𝐿
𝐶𝐶

× 100�% 

          = �
𝐶𝐶 − 𝑆𝑆
𝐶𝐶

× 100�%   

Example 6: 

A man bought a second hand scooter for 𝑅𝑅𝑅𝑅. 1,65,000 and he sold it for 𝑅𝑅𝑅𝑅. 1,70,000. 
Calculate the amount of profit or loss that he made by selling his second hand scotty. 

Solution: 

Given that  
Selling Price = 𝑆𝑆 = 𝑅𝑅𝑅𝑅. 1,70,000 
Cost Price     = 𝐶𝐶 = 𝑅𝑅𝑅𝑅. 1,65,000 
As selling price is greater than cost price this implies that he gets profit, now we have to 
find profit 

𝑃𝑃 = 𝑆𝑆 − 𝐶𝐶 

𝑃𝑃 = 1,70,000− 1,65,000 

𝑃𝑃 = 𝑅𝑅𝑅𝑅. 5000 

Hence the profit is 𝑅𝑅𝑅𝑅. 5000 
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Example 7: 

A person bought a T.V set at cost of 𝑅𝑅𝑅𝑅. 5000 and sold it at a profit of 25%. Find the 
profit and selling price of T.V. 

Solution: 

Given  

Cost = 𝐶𝐶 = 𝑅𝑅𝑅𝑅. 5000 

Profit rate =  𝑅𝑅 =  25% 

Profit = 𝑃𝑃 = ? 

Selling Price = 𝑆𝑆 = ? 

𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 = 𝑅𝑅 = �
𝑆𝑆 − 𝐶𝐶
𝐶𝐶

× 100�% 

                 25% =  �
𝑆𝑆 − 5000

5000
× 100�% 

25 =
(𝑆𝑆 − 5000)

50
 

25 × 50 = 𝑆𝑆 − 5000              

1250 = 𝑆𝑆 − 5000 

        𝑆𝑆 =  𝑅𝑅𝑅𝑅. 6250 

Selling price is 𝑅𝑅𝑅𝑅. 6,250 

𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 = 𝑃𝑃 = 𝑆𝑆 − 𝐶𝐶 

      𝑃𝑃 = 6250 − 5000 

𝑃𝑃 = 𝑅𝑅𝑅𝑅. 1,250 

Hence the profit is 𝑅𝑅𝑅𝑅. 1,250 

2.3.3 Profit and Loss Based on Selling Price 
In accounting system, instead of cost price, profit and loss depends on the selling price. 
Due to commission, brokerage and other selling expenses are calculated as percentage of 
selling price. To compute percentage profit or loss the only change is that we replace cost 
by selling price. The profit in terms of selling price in accounting is known as margin. 
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2.4  DEPRECIATION 

Continual loss appeared in the value of fixed properties like patents, machinery and 
buildings etc. until the value of property becomes negligible such kind of loss condition 
is known as depreciation. 

2.4.1 Method to Charge Depreciation 
There are two major methods to charge depreciation 

i. Fixed installment or straight line or original cost method 
ii. Diminishing balance or reducing balance method 

2.4.1.1 Fixed Installment or Straight Line or Original Cost Method 
Ratio of the difference of the cost of the assets and its scrap value by the expected life of 
the asset is known as fixed installment for depreciation. 

𝐴𝐴𝑚𝑚𝑚𝑚𝑃𝑃𝑎𝑎𝐴𝐴 𝐼𝐼𝑚𝑚𝑅𝑅𝑃𝑃𝑎𝑎𝐴𝐴𝐴𝐴𝑒𝑒𝑒𝑒𝑚𝑚𝑃𝑃 = 𝐷𝐷 =
𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃 − 𝑆𝑆𝑐𝑐𝑃𝑃𝑎𝑎𝑝𝑝 𝑣𝑣𝑎𝑎𝐴𝐴𝑃𝑃𝑒𝑒
𝐸𝐸𝑥𝑥𝑝𝑝𝑒𝑒𝑐𝑐𝑃𝑃𝑒𝑒𝑃𝑃 𝐴𝐴𝑖𝑖𝑜𝑜𝑒𝑒 𝑖𝑖𝑚𝑚 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃

 

               𝐷𝐷 =
𝐶𝐶 − 𝑆𝑆𝑆𝑆
𝐿𝐿

 

Where C is cost of the asset,  𝑆𝑆.𝑆𝑆 is scrap value, 𝐿𝐿 is expected life span of the asset and 𝐷𝐷 
is the amount of annual depreciation.  

Amount of asset after 𝑚𝑚 years 𝐶𝐶 − 𝑚𝑚.𝐷𝐷 

𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 𝐷𝐷𝑒𝑒𝑝𝑝𝑃𝑃𝑒𝑒𝑐𝑐𝑖𝑖𝑎𝑎𝑃𝑃𝑖𝑖𝑃𝑃𝑚𝑚 =
𝐷𝐷

𝐶𝐶 − 𝑆𝑆𝑆𝑆
 

2.4.1.2 Diminishing Balance or Reducing Balance Method 

It is calculated by using fixed percentage on the decreasing value of the asset every year.  

Following example will help us to understand this method more easily. 

Consider a person have to depreciate a machinery of cost 𝑅𝑅𝑅𝑅. 85,000, @ 5% p.a. apply 
the diminishing balance method: 

Cost of the machinery = 𝑅𝑅𝑅𝑅. 85,000 

Depreciation in the first year @5% p.a. = 85,000 × 0.05 = 𝑅𝑅𝑅𝑅. 4,250 

Depreciation value of the machinery at the beginning of 2nd year = 𝑅𝑅𝑅𝑅. 85,000−
𝑅𝑅𝑅𝑅. 4,250 = 𝑅𝑅𝑅𝑅. 80,750 

Depreciation in the 2nd year @5% p.a. = 80,750 × 0.05 = 4,038 
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Similarly, we can calculate the depreciation value of the machinery in the beginning or 
3rd year and so on. 

We can also find the depreciation value of the asset at the end of the year using the 
formula 

𝐷𝐷𝑒𝑒𝑝𝑝𝑃𝑃𝑒𝑒𝑐𝑐𝑖𝑖𝑎𝑎𝑃𝑃𝑖𝑖𝑃𝑃𝑚𝑚 𝑣𝑣𝑎𝑎𝐴𝐴𝑃𝑃𝑒𝑒 𝑃𝑃𝑜𝑜 𝑃𝑃ℎ𝑒𝑒 𝑎𝑎𝑅𝑅𝑅𝑅𝑒𝑒𝑃𝑃 𝑎𝑎𝑃𝑃 𝑃𝑃ℎ𝑒𝑒 𝑒𝑒𝑚𝑚𝑃𝑃 𝑃𝑃𝑜𝑜 𝑃𝑃ℎ𝑒𝑒 𝑚𝑚𝑡𝑡ℎ 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃 = 𝐶𝐶(1 − 𝑃𝑃)𝑛𝑛 

Where C is the cost of asset, 𝑃𝑃 is the rate of depreciation usually given in percentage and 
𝑚𝑚 is the number of years passed. 

Example 8: 

Calculate the annual installment of the depreciation for a machine of having price 
𝑅𝑅𝑅𝑅. 5,00,000 at the end of 30 years its scrap value is 𝑅𝑅𝑅𝑅. 60,000. Also find the rate of 
depreciation and value of the asset after 20 years. 

Solution: 

Expected life of the machine = 𝐿𝐿 = 30 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃𝑅𝑅 

Machine’s cost = 𝐶𝐶 = 𝑅𝑅𝑅𝑅. 5,00,000 

Scrap Value = 𝑆𝑆𝑆𝑆 = 𝑅𝑅𝑅𝑅. 60,000 

𝐴𝐴𝑚𝑚𝑚𝑚𝑃𝑃𝑎𝑎𝐴𝐴 𝐼𝐼𝑚𝑚𝑅𝑅𝑃𝑃𝑎𝑎𝐴𝐴𝐴𝐴𝑒𝑒𝑒𝑒𝑚𝑚𝑃𝑃 𝑃𝑃𝑜𝑜 𝑃𝑃𝑒𝑒𝑝𝑝𝑃𝑃𝑒𝑒𝑐𝑐𝑖𝑖𝑎𝑎𝑃𝑃𝑖𝑖𝑃𝑃𝑚𝑚 = 𝐷𝐷 =
𝐶𝐶 − 𝑆𝑆𝑆𝑆
𝐿𝐿

 

𝐷𝐷 =
(5,00,000− 60,000)

30
 

𝐷𝐷 =
440,000

30
= 𝑅𝑅𝑅𝑅. 14667 

𝑅𝑅𝑎𝑎𝑃𝑃𝑒𝑒 𝐷𝐷𝑒𝑒𝑝𝑝𝑃𝑃𝑒𝑒𝑐𝑐𝑖𝑖𝑎𝑎𝑃𝑃𝑖𝑖𝑃𝑃𝑚𝑚 =
𝐷𝐷

𝐶𝐶 − 𝑆𝑆𝑆𝑆
 

                                                                    =
14667

5,00,000− 60,000
= 0.033 

= 3.3% 𝑝𝑝𝑒𝑒𝑃𝑃 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃 

𝑆𝑆𝑎𝑎𝐴𝐴𝑃𝑃𝑒𝑒 𝑃𝑃𝑜𝑜 𝑃𝑃ℎ𝑒𝑒 𝑎𝑎𝑅𝑅𝑅𝑅𝑒𝑒𝑃𝑃 𝑎𝑎𝑜𝑜𝑃𝑃𝑒𝑒𝑃𝑃 𝑚𝑚 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃𝑅𝑅 = 𝐶𝐶 − 𝑚𝑚.𝐷𝐷 

𝑣𝑣𝑎𝑎𝐴𝐴𝑃𝑃𝑒𝑒 𝑃𝑃𝑜𝑜 𝑃𝑃ℎ𝑒𝑒 𝑎𝑎𝑅𝑅𝑅𝑅𝑒𝑒𝑃𝑃 𝑎𝑎𝑜𝑜𝑃𝑃𝑒𝑒𝑃𝑃 10 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃𝑅𝑅 = 𝑅𝑅𝑅𝑅. 5,00,000− 10 × 𝑅𝑅𝑅𝑅. 14667 

                                                             = 𝑅𝑅𝑅𝑅. 5,00,000− 𝑅𝑅𝑅𝑅. 146,670 

                                = 𝑅𝑅𝑅𝑅. 353,330 
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2.5 SELF-ASSESSMENT QUESTIONS 
 
Q # 1. Fill in the Blanks 
 
i. ………….is a business tactics used to attract customers. 

ii. Amount of discount is the amount that is deducted from the …………. 

iii. Stated price is known as …………. 

iv. Discount on -------- is quantity discount. 

v. The amount of payment paid to person on his good service is known as ………… 

vi. ………….is based on value of goods bought and sold.  

vii. ………….is known as percentage ratio of loss and cost. 

viii. Calculation of profit and loss depends on ………….rather than on …………. 

ix. Depreciation is ………….loss appeared in the value of fixed properties. 

x. Method to charge depreciation is ………….and …………. 

Q # 2 Choose the Correct Answer 

i. Discount is defined as the ………….in the price of an item. 
 a) Reduction    b) Addition    c)   Accession    d) none 

ii. DR is known as …………. 
a) Deduction Rate   b) Discount Rate   c) Decreasing Rate   d) All 
 

iii. More than one discount given to the customer is known as ………….discount    
a) Inconsecutive   b) Inconsequent    c) nonconsecutive d)   Successive  
 

iv. Buy one get one free is an example of …………. 
a) Quantity Discount  b) Quality Discount  c) both a and b   d)  None 
b)  

v. …………. is a person who gives his services for others. 
a) Manager      b) Agent     c) Dealer   d) None 
 

vi. The positive difference of selling an item is …………. 
a) Profit    b) Loss     c) Profit and loss     d) Nothing 
 

vii. In relative term profit is known as …………. 
a) Mark Down b) Mark In    c) Markup    d) Markup-down 
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viii. The profit in terms of selling price in accounting is known as …………. 
a) Complex    b) Margin c) Interior    d) none 
 

ix. Mark down is opposite to the …………. 
a) Profit   b) Loss     c) Markup   d) All 
 

x. Diminishing balance is calculated by using fixed percentage on the ………….value 
of the asset every year. 
a) Increasing  b) Decreasing    c) Profit     d) Loss 

 

Q # 3 Mark these True/False 

i. Discount is the increase in the price of an item. T/F 

ii. In discount stated price is reduced. T/F 

iii. Stated price is the price of an item without having any discount.  T/F 

iv. Discounted price greater than the original price of quantity.  T/F 

v. The percentage involved in breakage is called rate of commission.  T/F  

vi. Profit and loss cannot be defined in relative terms of percentage.  T/F 

vii. There are two major methods to charge depreciation.  T/F 

viii. 𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 = (𝑆𝑆𝑒𝑒𝐴𝐴𝐴𝐴𝑖𝑖𝑚𝑚𝐸𝐸 𝑝𝑝𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 − 𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃) > 0                        T/F 

ix. 𝐿𝐿𝑃𝑃𝑅𝑅𝑅𝑅 = (𝑆𝑆𝑒𝑒𝐴𝐴𝐴𝐴𝑖𝑖𝑚𝑚𝐸𝐸 𝑝𝑝𝑃𝑃𝑖𝑖𝑐𝑐𝑒𝑒 − 𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃) > 0 T/F 

x. Fixed Installment is the ratio of the difference of the cost of the assets and its scrap 
value by the expected life of the asset    T/F 

Q # 4 Numerical Questions 

i. Price of one kg oranges is 𝑅𝑅𝑅𝑅. 50. Find the selling price if they all are sold at the 
profit of 14%. 

ii. A person sold house at 𝑅𝑅𝑅𝑅. 3,00,000. On the profit of 20% calculate the cost of the 
house. 

iii. A ring was sold for 𝑅𝑅𝑅𝑅. 980 on 2% loss. Find the cost price of the ring. 
iv. Cost of a car is 𝑅𝑅𝑅𝑅. 350,000. Find the value of the car at the end of 2 years. If 

depreciation rate is 7% p.a.  
v. To convert a fixed asset of cost 𝑅𝑅𝑅𝑅. 25,000 to 𝑅𝑅𝑅𝑅. 18,250 in 5 years calculate the 

annual rate of depreciation. 
vi. Price of a toy is 𝑅𝑅𝑅𝑅. 250 discount offers on this toy@ 20%. Find the amount of 

discount and discounted price. 
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vii. Ali is a distributor of a calculator company he booked an order of 25 
calculators@ 𝑅𝑅𝑅𝑅. 650 per calculator and agree to allow 12% trade discount. 
Calculate the value of the invoice. 

viii. Define depreciation and methods to calculate depreciation. 
ix. A trader purchased 5 jeans @𝑅𝑅𝑅𝑅. 150 each trade discount is 25%. Further he will 

get cash discount of 2.5% if he paid the total amount within a week of delivery 
then calculate the amount which he has to pay 
a) Within a week 
b) After the week 

x. 35% commission is offered to an agent by a manufacturer to sale his old stock. The 
commission that agent received is of 𝑅𝑅𝑅𝑅. 28,000. Calculate the amount received by 
the manufacturer. 
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INTRODUCTION 

Financial mathematics and quantitative mathematics is also known as mathematical 
finance. It is a field of applied mathematics which deals with the financial market. French 
mathematician Louis Bachelier is considered the author of the first scholarly work on 
mathematical finance, published in 1900. But mathematical finance emerged as a 
discipline in the 1970s, following the work of Fischer Black, Myron Scholes and Robert 
Merton on option pricing theory. 
 
In this unit students will be able to learn about: 
1. Interest 
2. Simple interest and its computation 
3. Compound interest and its computation 
4. Compound amount 
 
 

OBJECTIVES 
 
After studying this unit, students will be able to: 
1. learn about interest 
2. compute simple interest and compound interest 
3. compound amount 
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3.1 INTEREST 
 
A rent that is paid regularly at a particular rate for the use of money lent is known as 
interest. Generally, one pays interest in portions to the principal and the time period over 
which money is used.  

3.1.1 Principal 
Principal is the amount of money which is borrowed. 

3.1.2 Time 
Time period for which principal is borrowed. It could be of days, months and years. 

3.1.3 Interest Rate 
Rate at which interest collects is known as the interest rate. It is specified as a percentage 
of the principal per period of time. 

For example, 3% per month. 

3.2  SIMPLE INTEREST AND ITS COMPUTATION 
 
Simple interest is the interest which is charged to the fixed principal for every time of 
the deal. 
• Simple interest is very short term in nature their time period is less than one year. 
• Simple interest is associated with investments or loans. 

We can compute the simple interest using the formula  

𝑆𝑆𝑖𝑖𝑒𝑒𝑝𝑝𝐴𝐴𝑒𝑒 𝐼𝐼𝑚𝑚𝑃𝑃𝑒𝑒𝑃𝑃𝑒𝑒𝑅𝑅𝑃𝑃
= 𝑃𝑃𝑃𝑃𝑖𝑖𝑚𝑚𝑐𝑐𝑖𝑖𝑝𝑝𝑎𝑎𝐴𝐴 × 𝐼𝐼𝑚𝑚𝑃𝑃𝑒𝑒𝑃𝑃𝑒𝑒𝑅𝑅𝑃𝑃 𝑃𝑃𝑎𝑎𝑃𝑃𝑒𝑒 𝑝𝑝𝑒𝑒𝑃𝑃 𝑃𝑃𝑖𝑖𝑒𝑒𝑒𝑒 𝑝𝑝𝑒𝑒𝑃𝑃𝑖𝑖𝑃𝑃𝑃𝑃
× 𝑁𝑁𝑃𝑃𝑒𝑒𝑏𝑏𝑒𝑒𝑃𝑃 𝑃𝑃𝑜𝑜 𝑃𝑃𝑖𝑖𝑒𝑒𝑒𝑒 𝑝𝑝𝑒𝑒𝑃𝑃𝑖𝑖𝑃𝑃𝑃𝑃 

𝑆𝑆𝐼𝐼 = 𝑃𝑃𝐼𝐼𝑁𝑁 

Where 𝑆𝑆𝐼𝐼 is simple interest, 𝑃𝑃 is principal in rupees, 𝐼𝐼 is interest rate per time period in 
percentage, and 𝑁𝑁 is number of time period. 

It is necessary that the time period for 𝑁𝑁 and 𝐼𝐼 should be compatible with each other. If 
𝐼𝐼is described as a percentage per year then 𝑁𝑁 must be expressed in number of years.  

Likewise, if 𝐼𝐼 expressed as percentage per month then N should be stated in number of 
months. 

Sometimes we want to calculate maturity amount or accumulated amount i.e. 𝑨𝑨, it is the 
amount that includes simple interest with principal. 
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We can calculate accumulated amount using the formula 

𝐴𝐴 = 𝑃𝑃 + 𝑆𝑆𝐼𝐼 

Here we can replace 𝑆𝑆𝐼𝐼 by 𝑃𝑃𝐼𝐼𝑁𝑁 i.e. 

𝐴𝐴 = 𝑃𝑃 + 𝑃𝑃𝐼𝐼𝑁𝑁 

 𝐴𝐴 = 𝑃𝑃(1 + 𝐼𝐼𝑁𝑁) 

Example 1: 

3 years loan of 𝑅𝑅𝑅𝑅. 60,000 issued by a bank. It charges simple interest at the rate of12 
percent per year. At the end of the 3𝑟𝑟𝑟𝑟 year principal plus interest is to be repaid. 
Calculate the interest for the 3 year period and what amount will be repaid at the end of 
the 3𝑟𝑟𝑟𝑟 year?  

Solution: 

Given that: 

𝑃𝑃 = 𝑅𝑅𝑅𝑅. 60,000 

𝐼𝐼 = 12% per year 

𝑁𝑁 = 3 years 

𝑆𝑆𝐼𝐼 = 𝑃𝑃𝐼𝐼𝑁𝑁 

𝑆𝑆𝐼𝐼 = (60,000) × (0.12) × (3) 

𝑆𝑆𝐼𝐼 = 𝑅𝑅𝑅𝑅. 21,600/− 

Amount to be repaid is the principal plus the accumulated interest. 

Hence  

𝐴𝐴 = 𝑃𝑃 + 𝑆𝑆𝐼𝐼 

𝐴𝐴 = 𝑅𝑅𝑅𝑅. 60,000 + 𝑅𝑅𝑅𝑅. 21,600 

𝐴𝐴 = 𝑅𝑅𝑅𝑅.  81,600 

So simple interest is 𝑅𝑅𝑅𝑅. 21,600 and amount to be repaid is 𝑅𝑅𝑅𝑅. 81,600 

3.3  COMPOUND INTEREST AND ITS COMPUTATION 
 

Simple interest is usually used in short term borrowings whereas compound interest is 
used in long term borrowing. 

The interest chargeable to changing principal on every period of deal is known as 
compound interest. 



34 
 

• Interest can be computed by compounding interest, compounding means interest is 
added to the principal periodically for the intention of computing interest for the 
next period.  

• Compound interest is applied to both loans and deposit accounts. 

Example 2: 

Suppose a person deposited 𝑅𝑅𝑅𝑅. 9,000 in a bank, which pays interest of 9 percent per 
year-compounded quarterly. He wants to determine the amount of money he will have on 
deposit at the end of the year if all interest amounts are retained in the account as 
reinvestment.   

Solution: 

Given that: 

𝑃𝑃 = 𝑅𝑅𝑅𝑅. 9,000 

𝐼𝐼 = 0.09 

At the end of the first quarter interests is computed as, 

𝑆𝑆𝐼𝐼 = 𝑃𝑃𝐼𝐼𝑁𝑁 

𝑆𝑆𝐼𝐼 = (𝑅𝑅𝑅𝑅. 9,000)(0.09) �
1
4
� 

𝑆𝑆𝐼𝐼 = 𝑅𝑅𝑅𝑅.  202.5 

The interest of 𝑅𝑅𝑅𝑅. 202.5 is retained in the account. 

The principal on which interest is earned in the second quarter is the original principal 
plus the interest earned during the first quarter i.e. 

𝑃𝑃2 = 𝑃𝑃1 + 𝑆𝑆. 𝐼𝐼1 

𝑃𝑃2 = 𝑅𝑅𝑅𝑅. 9,000 + 𝑅𝑅𝑅𝑅. 202.5 

𝑃𝑃2 = 𝑅𝑅𝑅𝑅. 9,202.5 

Interest earned during the second quarter is, 

𝑆𝑆𝐼𝐼2 = (𝑅𝑅𝑅𝑅. 9,202.5)(0.09) �
1
4
� 

𝑆𝑆𝐼𝐼2 = 𝑅𝑅𝑅𝑅. 207.05 
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The principal on which interest is earned in the third quarter is, 

𝑃𝑃3 =  𝑃𝑃2 + 𝑆𝑆𝐼𝐼2 

𝑃𝑃3 = 𝑅𝑅𝑅𝑅. 9,202.5 + 𝑅𝑅𝑅𝑅. 207.05 

𝑃𝑃3 = 𝑅𝑅𝑅𝑅. 9,409.5 

Interest earned during the third quarter is 

𝑆𝑆𝐼𝐼3 = (𝑅𝑅𝑅𝑅. 9,409.5)(0.09) �
1
4
� 

𝑆𝑆𝐼𝐼3 = 𝑅𝑅𝑅𝑅. 211.71 

The principal on which interest is earned in the fourth quarter is, 

𝑃𝑃4 = 𝑃𝑃3 + 𝑆𝑆𝐼𝐼3 

𝑃𝑃4 = 𝑅𝑅𝑅𝑅. 9,409.5 + 𝑅𝑅𝑅𝑅. 211.7 

𝑃𝑃4 = 𝑅𝑅𝑅𝑅. 9,621.2 

Interest earned during the fourth quarter is, 

𝑆𝑆𝐼𝐼4 = (𝑅𝑅𝑅𝑅. 9,621.2)(0.09) �
1
4
� 

𝑆𝑆𝐼𝐼4 = 𝑅𝑅𝑅𝑅. 216.47 

Computation for the four quarter summarizes in the following table: 

Quarter Principal (𝑃𝑃) Interest (𝐼𝐼) 𝑃𝑃 + 𝐼𝐼 = 𝐶𝐶𝑃𝑃𝑒𝑒𝑝𝑝𝑃𝑃𝑃𝑃𝑚𝑚 𝑎𝑎𝑒𝑒𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃 

1st 9,000 202.5 9,000 + 202.5 = 9,202.5 

2nd 9,202.5 207.05 9,202.5 + 207.05 = 9,409.5 

3rd 9,409.5 211.71 9,409.5 + 211.7 = 9,621.2 

4th 9,621.2 216.47 9,621.2 + 216.4 = 9,837.6 

Total  𝑅𝑅𝑅𝑅. 837.73  

 
Simple interest for the year would be 

𝑆𝑆𝐼𝐼 = (𝑅𝑅𝑅𝑅. 9,000)(0.09)(1) 

𝑆𝑆𝐼𝐼 = 𝑅𝑅𝑅𝑅. 810 
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We can calculate the difference between the simple interest and the compound interest 
i.e.  837.73− 810 = 27.73 

Hence compound interest exceeds simple interest by almost 𝑅𝑅𝑅𝑅. 28 over the one year. 

3.4  COMPOUND AMOUNT 
 
If 𝑃𝑃 is an amount of money earns interest compounded at 𝑖𝑖 percent per period, after 
𝑚𝑚 periods it will grow to the compound amount 𝐴𝐴, given as follows 

𝐴𝐴 = 𝑃𝑃(1 + 𝑖𝑖)𝑛𝑛 

Consider the previous example where: 

𝑃𝑃 = 𝑅𝑅𝑅𝑅. 9,000 

𝑖𝑖 = 9% per year compounded quarterly: 

𝑖𝑖 =
9%
4

=  0.0225 

𝑚𝑚 = 4 𝑞𝑞𝑃𝑃𝑎𝑎𝑃𝑃𝑃𝑃𝑒𝑒𝑃𝑃𝑅𝑅 

     𝐴𝐴 = 𝑅𝑅𝑅𝑅. 9,000(1 + 0.0225)4 

𝐴𝐴 = 𝑅𝑅𝑅𝑅. 9,000 × 1.09308 

𝐴𝐴 = 𝑅𝑅𝑅𝑅. 9,837.74 

Hence Compound Interest is, 

𝐶𝐶. 𝐼𝐼 = 𝐴𝐴 − 𝑃𝑃 

𝐶𝐶. 𝐼𝐼 = 𝑅𝑅𝑅𝑅. 9,837.74− 𝑅𝑅𝑅𝑅. 9,000 

𝐶𝐶. 𝐼𝐼 = 𝑅𝑅𝑅𝑅. 837 

3.5 SELF-ASSESSMENT QUESTIONS 

Q # 1 Fill in the Blanks 

i. ………….. is a known rental charge for lent money. 

ii. ………….. is the amount of money which is ………….. 

iii. Simple interest is typically associated with ………….. 

iv. Interest is paid only on the ………….. 
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v. Simple interest is different from ………….. 

vi. In compound interest the interest earned is considered to be ………….. 

vii. Time is the period for which ………….. is borrowed.  

viii. In ………….. principal is constant for the calculation of interest for every time. 

ix. Interest ………….. and ………….. interest rate remain fixed for each period. 

x. In ………….. amount of interest varies from time to time. 

Q # 2 Choose the Correct Answer 

i. Interest is money which paid for the ………….. of money. 
a) Useless     b)  Worthless     
c)   Use     d)  None 

ii. In interest there is a borrower and a ………….. 
a) Lender    b)  Advance    
c)  Loan    d)  Taxpayer 

iii. The sum of principal and interest is known as ………….. 
a) Amount    b)  Simple Interest      
c)  Compound Interest    d) Both b and c                    

iv. Interest paid only on the ………….. is known as simple interest 
a) Time    b)  Compound Interest    
c)   Both a and b     d)  Principal Borrowed 

v. ………….. is interest. 
a) Salary       b)  Wage   
c)   Rent    d)  Charge 

vi. ………….. is the way to express interest. 
a) Rate     b)  Ratio      
c) Proportion      d)  Nothing 

vii. Method to calculate interest are ………….. and ………….. 
a) Simple Interest  b)  Compound Interest     
c)  Both a and b     d)   None 

viii. Short term deals are charged in ………….. 
a) Compound Interest     b)  Compound Amount  
c)  Simple Interest     d)   None 

ix. 𝑆𝑆𝐼𝐼 = 𝑃𝑃𝐼𝐼𝑁𝑁 is the formula to calculate …………..?  
a)  Simple Interest          b)  Compound Amount     
c)  Ratio        d)  Rate  

x. Interest can be find in ………….. ways. 
a) Four    b)  Three     
c)  Two      d)  One 
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Q # 3 True/ False 

i. A rent that is paid irregularly at a particular rate is known as interest. T/F 
ii. Principal is the amount of money which is borrowed. T/F 
iii. Rate at which interest collects is known as the interest rate.         T/F  
iv. Simple interest is very long term in nature.             T/F 
v. Simple interest is associated with investments.                  T/F  
vi. Compound interest is applied to loans only.  T/F 
vii. Compound interest is chargeable to changing principal on specific period of deal. T/F 
viii. In compound amount 𝑃𝑃 is an amount of money earns interest compound. T/F 
ix. 𝐴𝐴 = 𝑃𝑃(1 + 𝑖𝑖)𝑛𝑛 is the formula to calculate compound amount.   T/F 
x. Formula to calculate rate is 𝑆𝑆𝐼𝐼 = 𝑃𝑃𝐼𝐼𝑁𝑁.  T/F 

Q # 4 Numerical Questions 

i. Find the interest on 𝑅𝑅𝑅𝑅. 2180 for one year at simple interest 4%? 
ii. For a loan of 𝑅𝑅𝑅𝑅. 8,75,000 how much interest will be charged by the bank for 2 

months if the rate is 4.75% per year? 
iii. Rs. 5 lac invested for 6 years and 3 months @5% per year. Calculate the simple 

interest. 
iv. Calculate the simple interest Rs. 8000 which become double itself in 8 years. 
v. Find the principal amount which is required for the simple interest that will be Rs. 

60 if it is invested at 4% per years for 6 years. 
vi. For how many years Mr. Ali should keep 𝑅𝑅𝑅𝑅. 45000so as to gather the amount of 

𝑅𝑅𝑅𝑅. 62305@ 15% compounded annually? 
vii. Ahmed borrowed 𝑅𝑅𝑅𝑅. 2 lakh at 5% simple interest and invested the same amount at 

5% compounded quarterly. Calculate what he gains after 6 years?  
viii. Ali take loan from bank of Rs. 2500 for 4 years at 8% per annum. Calculate the 

compound interest in such case. 
ix. Calculate the principal that collects to Rs. 1500 in 3 years at tha rate 12% annualy.  
x. Calculate the difference between compound interest and simple interest both are 

charged on Rs. 3500 at the rate 25% annually for 6 years. 

 

 

 

 

 

 



39 
 

Unit–4 
 

 

 

 

 

 

 

 

 

MATHEMATICSOF FINANCE – II 
 

 

 

 

 

 

 

 

 

Written By: Mubashara Hafeez 
Reviewed By: Ms Fouzia Rehman 

  



40 
 

CONTENTS 
Page# 

Introduction ..................................................................................................................... 41 

Objectives  ....................................................................................................................... 41 

4.1 Annuity ................................................................................................................... 42 

4.2 Types of Annuity ................................................................................................... 42 

4.2.1 Ordinary Annuity ........................................................................................... 42 

4.2.2 Annuity Due ................................................................................................... 42 

4.2.3 Perpetuity ....................................................................................................... 43 

4.3  Basic Calculation with Respect to Annuity ......................................................... 43 

4.3.1 Calculation of Sum/Amount of Annuity ........................................................ 43 

4.3.2 Calculation of Present Value of Annuity ....................................................... 46 

4.4  Applications of Annuity in Business .................................................................... 47 

4.5 Self-Assessment Questions.................................................................................... 47 

 

 

 

 

 

 

 

 

 

 

 



41 
 

INTRODUCTION 

In our routine life we see lots of money transactions. In most of the transactions payment 
is made in single transaction or in equal installments over a certain interval of time. The 
amounts of these installments are found in such a manner that they compensate for their 
waiting time. In many cases, a consistent saving may be done to meet future planned 
expenses, i.e., for consistent time period, a specific amount may be kept aside, on which 
the person gains interest. In such cases we use the idea of annuity. 

In this unit students will be able to learn about: 

1. Annuity  
2. Applications of annuity  
3. Ordinary annuity 
4. Annuity due 
5. Perpetuity  
6. Basic calculation with respect to annuity 

 

OBJECTIVES 

After studying this unit, students will be able to: 

1. understand the concept of annuity 
2. apply the concept of annuity to business related problems. 
3. model the present and future value of annuity. 
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4.1 ANNUITY 
 
In our daily life most of the people want to have big amount in future but few of them 
wants to save some amount at present for the future. However, many people save small 
amounts at regular bases or interval to complete the future requirements. This is the fact 
on which annuity based.  

Annuity is defining as the series of payment made at equal interval with the charging of 
compound interest. The time period between the consecutive payments of an annuity is 
known as payment interval. 

An example of annuity is the depositing of 12000 in a saving account every 4 months for 
a year. 

 Characteristics of Annuity 

There are some important characteristics of annuity. 

i. The sequence of payments may continue for short or long time period i.e. there 
must be regularity in payments. 

ii. Throughout the given interval, the amount of payment is fixed.  
iii. There is constant time of interval between two consecutive payments of annuity it 

could be weekly, monthly, quarterly or annually etc. 
iv. Money growth rate remains constant during the interval of annuity and charged 

compounded. 
v. Usually the time period of the rate of interest is annually but it could be 

compounded monthly or quarterly.  

4.2 TYPES OF ANNUITY 
 
4.2.1 Ordinary Annuity 
If each payment rewarded at the end of every payment period or at the end of the time 
period and continues for the next fixed period, this is known as ordinary annuity or this 
annuity is also called ending mode annuity because the payment is made at the end of the 
period. For example, monthly saving from the income. 

4.2.2 Annuity Due 
If each payment done at the start of every payment period and continues for the next 
fixed period, this is known as annuity due. As in this annuity payment is made at advance 
so it is called beginning mode annuity. For example, if a person is living in rental house 
he/she has to pay rent of the house in advance at the start of the month.  
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4.2.3 Perpetuity 
If each payment paid at the end of every time period and continues for unlimited time 
period, this is known as perpetuity. For example, the scholarship awarded to a student 
continually from the grant.   
Ordinary annuity, annuity due and perpetuity are the types of annuity.  

4.3  BASIC CALCULATION WITH RESPECT TO ANNUITY 
 
There are two basic calculations with respect to annuity. 
i. Calculation of sum/amount of annuity 
ii. Calculation of present value of annuity 

4.3.1 Calculation of Sum/Amount of Annuity 
If payments are made in an account like ordinary annuity or annuity due which enabled to 
receive an amount at the end of the annuity. The sum/amount of annuity is defined as the 
lump-sum amount to be received at the end of the annuity. Amount of annuity is the 
amount that is the sum of payments and all interest earned. 

Sum of ordinary annuity and annuity due can be calculate using the following formulae: 
i. For ordinary annuity 

𝑆𝑆 = 𝑅𝑅 �
(𝑖𝑖 + 1)𝑛𝑛 − 1

𝑖𝑖
� 

ii. For annuity due 

          𝑆𝑆 = 𝑅𝑅 �
(𝑖𝑖 + 1)𝑛𝑛+1 − 1

𝑖𝑖
� − 𝑅𝑅 

Where 𝑆𝑆 is sum or amount of annuity, 𝑅𝑅 indicates per period regular fixed periodic 
payment, 𝑚𝑚 shows number of periods during the term of annuity and 𝑖𝑖 shows the 
compound interest rate per period. 

Example 1 

Calculate the amount of an annuity of 𝑅𝑅𝑅𝑅. 1500 payable at the end of every year for 12 
years at the rate of 6% compounded annually. 

Solution: 

Given that, 

𝑅𝑅 = 𝑅𝑅𝑅𝑅. 1500 i.e. Ordinary annuity 

𝑚𝑚 = 12 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃𝑅𝑅 = 12 𝑝𝑝𝑒𝑒𝑃𝑃𝑖𝑖𝑃𝑃𝑃𝑃𝑅𝑅 

𝑖𝑖 = 6% 𝑝𝑝.𝑎𝑎. =
6

100
= 0.06 
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To calculate the amount of annuity we know that the formula of sum of an ordinary 
annuity 𝑆𝑆, 

𝑆𝑆 = 𝑅𝑅 �
(𝑖𝑖 + 1)𝑛𝑛 − 1

𝑖𝑖
� 

                           𝑆𝑆 = 1500 �
(0.06 + 1)12 − 1

0.06
� 

            𝑆𝑆 = 1500 × 16.8699 

       𝑆𝑆 = 𝑅𝑅𝑅𝑅. 25,304.91 

Example 2 

Calculate the number of annual payments of 𝑅𝑅𝑅𝑅. 2000 each made in the form of an 
ordinary annuity to 𝑅𝑅𝑅𝑅. 15160@ 8% p.a 

Solution: 
Given that, 
𝑅𝑅 = 𝑅𝑅𝑅𝑅. 2000 

𝑆𝑆 = 𝑅𝑅𝑅𝑅. 15160 

𝑖𝑖 = 8% 𝑝𝑝.𝑎𝑎. = 0.08 

 

We need to calculate 𝑚𝑚 = 𝑚𝑚𝑃𝑃𝑒𝑒𝑏𝑏𝑒𝑒𝑃𝑃 𝑃𝑃𝑜𝑜 𝑎𝑎𝑚𝑚𝑚𝑚𝑃𝑃𝑎𝑎𝐴𝐴 𝑝𝑝𝑎𝑎𝑦𝑦𝑒𝑒𝑒𝑒𝑚𝑚𝑃𝑃𝑅𝑅: 

We know that, 

𝑆𝑆 = 𝑅𝑅 �
(𝑖𝑖 + 1)𝑛𝑛 − 1

𝑖𝑖
� 

   15160 = 2000 �
(0.08 + 1)𝑛𝑛 − 1

0.08
� 

7.580 = �
(0.08 + 1)𝑛𝑛 − 1

0.08
� 

7.580 × 0.08 = (1.08)𝑛𝑛 − 1 

         0.60640 = (1.08)𝑛𝑛 − 1 

0.60640 + 1 = (1.08)𝑛𝑛 

           1.6064 = (1.08)𝑛𝑛 
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Taking log on both sides to find 𝑚𝑚: 

𝐴𝐴𝑃𝑃𝐸𝐸1.6064 = log(1.08)𝑛𝑛 

𝐴𝐴𝑃𝑃𝐸𝐸1.6064 = 𝑚𝑚 log(1.08) 

       0.2058 = 𝑚𝑚 (0.0334) 

             𝑚𝑚 = 6.16 ≈ 6 

Example 3 

Find the amount of an annuity of 𝑅𝑅𝑅𝑅. 1500 payable at the start of each year for 16 years 

@ 7% compounded annually.  

Solution: 

Given that, 

𝑅𝑅 = 𝑅𝑅𝑅𝑅. 1500 

𝑚𝑚 = 16 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃𝑅𝑅 

𝑖𝑖 = 7% = 0.07 

Calculate the sum of annuity i.e.  

  𝑆𝑆 = 𝑅𝑅 �
(𝑖𝑖 + 1)𝑛𝑛+1 − 1

𝑖𝑖
� − 𝑅𝑅 

                      𝑆𝑆 = 1500 �
(0.07 + 1)16+1 − 1

0.07
� − 1500 

                   𝑆𝑆 = 1500(30.8402)− 1500 

        𝑆𝑆 = 46260.32− 1500 

𝑆𝑆 = 𝑅𝑅𝑅𝑅. 44,760.32 
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4.3.2 Calculation of Present Value of Annuity 
The purpose of present value of annuity is to reverse of sum/amount of annuity. The lump 
sum amount which has been taken at the start of the annuity and return in future is the 
present value of annuity, the actual amount and its attention on outstanding balance in the 
form of an annuity.  

Present value of annuity can be calculate using the following formulae: 

i. For ordinary annuity: 
 

𝑃𝑃 = 𝑅𝑅 �
1 − (𝑖𝑖 + 1)−𝑛𝑛

𝑖𝑖
� 

ii. For annuity due: 
 

           𝑃𝑃 = 𝑅𝑅 �
1 − (𝑖𝑖 + 1)−(𝑛𝑛−1)

𝑖𝑖
�+ 𝑅𝑅 

Example 4 

Mr. Ali wanted to deposit an amount now to meet yearly tuition fee and other educational 
expenses of his daughter. He is intended to draw 6 yearly installments of 𝑅𝑅𝑅𝑅. 18000 each, 
the first installment stating 12 months after the account has been established. How much 
he should deposit now if interest rate is 5% compounded annually?  

Solution: 

Given that, 

𝑅𝑅 = 𝑅𝑅𝑅𝑅. 18000 

𝑚𝑚 = 6 

𝑖𝑖 = 5% = 0.05 

We need to find present value i.e. 𝑃𝑃 

We know that, 

𝑃𝑃 = 𝑅𝑅 �
1 − (𝑖𝑖 + 1)−𝑛𝑛

𝑖𝑖
� 

                              𝑃𝑃 = 18000 �
1 − (0.05 + 1)−6

0.05
� 

           𝑃𝑃 = 18000 × 5.0756 

      𝑃𝑃 = 𝑅𝑅𝑅𝑅. 91,362.45 
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Example 5 

Mr. Ahmed purchased a color T.V. on installments each installment of 𝑅𝑅𝑅𝑅. 850 𝑝𝑝.𝑒𝑒. he 
paid first installment at the time of purchase. If 36% 𝑝𝑝.𝑎𝑎. is interest charged compounded 
monthly. Calculate the cash price of the T.V. if deal has to be completed in one year. 

Solution: 

Given that, 

𝑅𝑅 = 850 𝑝𝑝.𝑒𝑒. 

𝑖𝑖 = 36% 𝑝𝑝.𝑎𝑎. 𝑐𝑐𝑃𝑃𝑒𝑒𝑝𝑝𝑃𝑃𝑃𝑃𝑚𝑚𝑃𝑃𝑒𝑒𝑃𝑃 𝑒𝑒𝑃𝑃𝑚𝑚𝑃𝑃ℎ𝐴𝐴𝑦𝑦 =
36%
12

= 3% = 0.03 

𝑚𝑚 = 1 𝑦𝑦𝑒𝑒𝑎𝑎𝑃𝑃 = 12 𝑒𝑒𝑃𝑃𝑚𝑚𝑃𝑃ℎ𝐴𝐴𝑦𝑦 𝑖𝑖𝑚𝑚𝑅𝑅𝑃𝑃𝑎𝑎𝐴𝐴𝐴𝐴𝑒𝑒𝑒𝑒𝑚𝑚𝑃𝑃𝑅𝑅 

To calculate cash price, we know that, 

𝑃𝑃 = 𝑅𝑅 �
1 − (𝑖𝑖 + 1)−(𝑛𝑛−1)

𝑖𝑖
�+ 𝑅𝑅 

               𝑃𝑃 = 850 �
1 − (0.03 + 1)−(12−1)

0.03
� + 850 

 
                     𝑃𝑃 = 850(9.252624) + 850 

𝑃𝑃 = 𝑅𝑅𝑅𝑅. 8714.73 

Hence cash price of the T.V. is 𝑅𝑅𝑅𝑅. 8714.73 if deal has to be completed in one year. 

4.4  APPLICATIONS OF ANNUITY IN BUSINESS 
 
There are several businesses which depend on the concept of an annuity. Some of them 
are business of insurance companies, rental companies, goods sold on installments, house 
building finance corporations, bonds or debentures and remuneration of debt etc.  

4.5 SELF-ASSESSMENT QUESTIONS 

Q # 1. Fill in the Blanks 
 

i. ………….is the series of payment made at equal interval having the charging of 

compound interest. 

ii. The sequence of ………….may continue for short or long time period  

iii. In ………….payments are made at the start of each period.  
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iv. In ………….payments are made at the end of the period. 

v. Interest that charged on annuity payments is ………….interest.  

vi. Time period of ………….is infinite.  

vii. There are ………….types of annuity.  

viii. ………….and ………….is the lump-sum amount that is collected at the end of 

annuity. 

ix. ………….is the amount that is collected at the start of the annuity period. 

x. ………….of annuity is always gives future value. 

Q # 2. Choose the Correct Answer 

i. Annuity is the…………. amount of money that is paid. 
a)   Fixed    b) Not fixed   c)   Variable d)  Fluctuate 
 

ii. Time period between the consecutive payments of an annuity is …………. 
a) Payment Continuation    b) Payment Continuity    
c)  Payment Interval    d)  None 
 

iii. There is ………….time of interval between two consecutive payments of annuity. 
a) Not Fixed    b)  Constant     
c)  Irregular    d)  Unusual      
                

iv. In ordinary annuity payments are made at the ………….of the time period. 
a) Start    b)  Middle    
c)  End     d)  None 
 

v. In annuity due payments are made at the ………….of the time period. 
a) Start    b)  Middle    
c)  End    d)  Never 
 

vi. ………….is the sum of payments plus all interest earned. 
a) Perpetuity      b)  Sum of Annuity      
c)  Annuity Due      d)  Amount of Annuity 
 

vii. Throughout the term of annuity and charged compound growth rate of money 
remains …………. 
a) Constant  b)  Changed     
c)  Unstable    d)  Fluctuate 
 

viii. The purpose of present value of annuity is to ………….of sum/amount of annuity. 
a) Face     b)  Reverse  
c)  Both a and b     d)  None 
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ix. It is not possible to calculate future value in …………. 

a) Annuity Due      b)  Ordinary Annuity   
c)  Amount of Annuity     d)  Perpetuity  
 

x. There are ………….basic calculations with respect to annuity. 
a) Four    b)  Three     
c)  Two      d)  One 
 

 
Q # 3. True/ False 
 
i. The time period of the rate of interest is annually but it could be monthly or 

quarterly.     T/F 
 

ii. Throughout the term of annuity, the amount of payment may fluctuate.  T/F 
 

iii. In annuity due payment is made at advance.  T/F 
 

iv. There are four types of annuity. T/F 
 

v. Present value of annuity includes discount factor. T/F  
 

vi. Time period between two consecutive payments may fluctuate.  T/F 
 

vii. Time period and interest must be identical.  T/F 
 

viii. Amount of annuity is always a future value. T/F 
 

ix. Annuity is irregular time period payment.   T/F 
 

x. The amount of annuity is the lump-sum amount received at the end of the annuity. T/F  
 

Q # 4. Solve the Following Questions 
 
i. Calculate the amount of annuity of 𝑅𝑅𝑅𝑅. 15,000 which paid at the end of each year 

for 6 years @ 8% compounded yearly. 
 

ii. Calculate the amount of annuity due of 𝑅𝑅𝑅𝑅. 3,200 per month for 2 years if the 
money grow@ 14% per annum compounded monthly.  
 

iii. Calculate the accumulated value of 𝑅𝑅𝑅𝑅. 25,000 invested at the end of each quarter 
continue for 5 years at the rate 15% compounded quarterly. 
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iv. Calculate the amount of an ordinary annuity of 𝑅𝑅𝑅𝑅. 4000 per quarter which 
continues for 6 years at the rate of 18% per annum compounded quarterly. 
 

v. Mr. Ammar purchase a refrigerator on installment the amount of monthly 
installment is 𝑅𝑅𝑅𝑅. 980 and continues for a year. If the interest charged is 15% 
compounded monthly then find the cash price of the refrigerator.  
 

vi. Find the amount which is deposited now and will pay 𝑅𝑅𝑅𝑅. 8000 at the end of each 
half-year for 18 years if interest is 15% compounded six monthly 
 

vii. Define the types of annuity and differentiate them. 
 

viii. Write down the characteristics of annuity. 
 

ix. If the value of money is 16% per annum compounded annually, then find the 
present value of Pakistan and Co. share which is expected to produce 𝑅𝑅𝑅𝑅. 6every 
year? 
 

x. Calculate the present value of perpetuity of 𝑅𝑅𝑅𝑅. 4500 payable at the end of every 5 
months if the rate of interest is 9% per annum compounded semi-annually.   

 

 

 

 

 

 

 

 

 

 

 

 

 



51 
 

Unit–5 
 

 

 

 

 

 
LINEAR, QUADRATIC & 

SIMULTANEOUS EQUATIONS 
 

 

 

 

 

 

 

Written By: Mubashara Hafeez 
Reviewed By: Ms Fouzia Rehman 

  



52 
 

CONTENTS 
Page# 

Introduction ..................................................................................................................... 53 

Objectives  ....................................................................................................................... 53 

5.1  Equations ............................................................................................................... 54 

5.1.1 Linear Equation .............................................................................................. 54 

5.1.2 Solution Set and Root of Linear Equations in Single Variable ...................... 54 

5.2  Quadratic Equations ............................................................................................. 56 

5.2.1 Method of Factorization ................................................................................. 56 

5.2.2 Method of Completing Square ....................................................................... 58 

5.2.3 Using Quadratic Formula ............................................................................... 59 

5.3  Equations Convertible to Quadratic Form ......................................................... 60 

5.4  Set of Simultaneous Linear Equations ................................................................ 61 

5.5  Self-Assessment Questions.................................................................................... 64 

 

 

 

 

 

 

 

 

 

 

 



53 
 

INTRODUCTION 
 
In our business when we make some calculations, when we deliver different types of 
goods, when we pay our workers etc., we have been using equations. Equations are 
actually all the mathematical statements where we see the symbol =. Equations are of 
many types but in this chapter, we will explore only linear and quadratic equations. These 
equations involve one or more variables and solution of an equation or equations means 
that we have to find the exact values of these variables. Equations play an important role 
to solve the different problems of Business, Economics, Banking, Stock Market and 
Agriculture etc. 
 
In this unit students will be able to learn about: 

1. Equations  
2. Difference between linear equations and quadratic equations 
3. Equations convertible to quadratic form 
4. Set of simultaneous linear equation 

 
OBJECTIVES 

 
After studying this unit, students will be able to: 
1. understand the concept of linear and quadratic equations 
2. understand the nature of systems of equations and their graphical representation. 
3. solve quadratic equations by using method of factoring, completing square and 

quadratic formula. 
4. apply linear and quadratic equations to business related problems. 
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5.1 EQUATIONS 
 
A statement of equality of two algebraic expressions which involves one or more 
variables and constants is called Equation. Following are the examples of equations. 

i. 𝑥𝑥 = 5 

ii. 𝑥𝑥 + 2𝑦𝑦2 = 10 

Standard form of linear equation in one variable is, 

𝑎𝑎𝑥𝑥 + 𝑏𝑏 = 0      𝑎𝑎 ≠ 0 

Where 𝑎𝑎 and 𝑏𝑏 are constants and 𝑥𝑥 is variable whose values vary. 

5.1.1 Linear Equation 
Standard Form of linear equation with two variables is, 

𝑎𝑎𝑥𝑥 +  𝑏𝑏𝑦𝑦 =  𝑐𝑐 

where a, b, and c are constants, x and y are variables also 𝑎𝑎and 𝑏𝑏 cannot be equal to zero. 

Linear equation is an equation between two variables that gives a straight line when 
plotted on a graph. Linear equations are first degree equations i.e. power of the variables 
involved is exactly one. 

5.1.2 Solution Set and Root of Linear Equations in Single Variable 
The values of the unknown for which the equation is true is known as the solution set of 
an equation. Roots of the linear equation are each element of the solution set of an 
equation. 

To find the solution set of an equation firstly we simplify the given equation into simplest 
form until we get the value of the variable. During the simplification we must keep in 
mind the rule of algebra to balance the equation if we apply any algebraic operation at 
one side of the equation, we must apply that algebraic operation on other side as well.  

Let say if we are adding some quantity at the right side of the equation, we must add it on 
the left side of the equation. Same in case of subtraction, multiplication and division.  

Example 1: 

Solve the given equation to find the value of 𝑥𝑥, 

5𝑥𝑥 − 10 = 3𝑥𝑥 + 6 

Solution: 

At first we add 10 on both sides of the given equation: 
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5𝑥𝑥 − 10 + 10 = 3𝑥𝑥 + 6 + 10 
5𝑥𝑥 = 3𝑥𝑥 + 16 

Now subtract 3𝑥𝑥 on both sides of the above equation 

5𝑥𝑥 − 3𝑥𝑥 = 3𝑥𝑥 − 3𝑥𝑥 + 16 
2𝑥𝑥 = 16 

To find the value of 𝑥𝑥 dividing both sides of the above equation by 2, 

2𝑥𝑥
2

=
16
2

 
  𝑥𝑥 = 8 

Solution Set = {8} 

Example 2: 

Find two consecutive odd integers whose sum are 40. 

Solution: 

Let the first odd integer is = 2𝑦𝑦 + 1 

Second odd integer is = 2𝑦𝑦 + 3 

According to the given condition of the question 

Sum of two consecutive integer is 40 

(2𝑦𝑦 + 1) + (2𝑦𝑦 + 3) = 40 
2𝑦𝑦 + 1 + 2𝑦𝑦 + 3 = 40 
4𝑦𝑦 + 4 = 40 
4𝑦𝑦 = 40 − 4 
4𝑦𝑦 = 36 

𝑦𝑦 =
36
4

 
𝑦𝑦 = 9 

Hence the first odd integer is = 2𝑦𝑦 + 1 = 2(9) + 1 = 19 

Second odd integer is = 2𝑦𝑦 + 3 = 2(9) + 3 = 21 

Example 3: 

Length of a rectangle is 3 feets less than 2 times of its width and its parameter is 60 feets. 
Calculate the width and length of the rectangle. 
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Solution: 

Let the width of the rectangle is 𝑥𝑥 feets 

According to the given condition of the question  

Length of the rectangle is 2𝑥𝑥 − 3 

Parameter of the rectangle = Sum of all sides of the rectangle: 

60 = 𝑥𝑥 + (2𝑥𝑥 − 3) + 𝑥𝑥 + (2𝑥𝑥 − 3) 
60 = 𝑥𝑥 + 2𝑥𝑥 − 3 + 𝑥𝑥 + 2𝑥𝑥 − 3 
60 = 2𝑥𝑥 + 4𝑥𝑥 − 6 
60 = 6𝑥𝑥 − 6 
60 = 6(𝑥𝑥 − 1) 
60
6

= 𝑥𝑥 − 1 
10 = 𝑥𝑥 − 1 
  𝑥𝑥 = 10 + 1 
  𝑥𝑥 = 11 

Width of the rectangle = 𝑥𝑥 = 11 feets 

Length of the rectangle = 2𝑥𝑥 − 3 = 2(11) − 3 = 19 feets 

5.2  QUADRATIC EQUATIONS 
 
An equation of the second degree which contains exactly one variable that is squared is 
called the Quadratic equation. Standard form of quadratic equation is 

𝑎𝑎𝑥𝑥2 +  𝑏𝑏𝑥𝑥 +  𝑐𝑐 =  0 

Usually quadratic equation has two roots. There are three methods to solve quadratic 
equation. 

i. Factorization Method 
ii. Completing Square 
iii. Quadratic Formula  
 

5.2.1 Method of Factorization 
To solve the quadratic equations, we need to follow the procedure step by step. Firstly, 
arrange the quadratic equation in a standard form. Then multiply first and third term to 
get the product i.e. 𝑎𝑎𝑐𝑐𝑥𝑥2 after that find two factors of that product in a way that if we 
multiply them it should be equal to 𝑎𝑎𝑐𝑐𝑥𝑥2 and when we add them they should be equal to 
𝑏𝑏𝑥𝑥. Further substitute the two factor at the place of 𝑏𝑏𝑥𝑥 and convert the equation as the 
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product of two linear factors. Moreover, find the values of the variable by setting each 
linear factor equal to zero.  

We can check our solution by substituting the values of variable in the original equation.  

Example 4: 

Solve the given equation using factorization method: 

𝑥𝑥2 + 2𝑥𝑥 − 3 = 0 

Solution: 

Firstly, multiply the first and last term of the given equation and then factorize it i.e. 

𝑥𝑥2 × (−3) = −3𝑥𝑥2 
       3𝑥𝑥 − 𝑥𝑥 = 2𝑥𝑥  

 𝑥𝑥2 + 3𝑥𝑥 − 𝑥𝑥 = 0 

𝑥𝑥(𝑥𝑥 + 3) − 1(𝑥𝑥 + 3) = 0 

          (𝑥𝑥 + 3)(𝑥𝑥 − 1) = 0  

(𝑥𝑥 + 3) = 0  𝑃𝑃𝑃𝑃  (𝑥𝑥 − 1) = 0 

𝑥𝑥 + 3 = 0  𝑃𝑃𝑃𝑃  𝑥𝑥 − 1 = 0 

𝑥𝑥 = −3  𝑃𝑃𝑃𝑃  𝑥𝑥 = 1 

Solution Set= {1,−3} 

We can see another example of quadratic equation in which given equation is not in 
standard form. 

Example 5: 

Solve the given equation using factorization method 

𝑦𝑦2 + 6𝑦𝑦 = −9 

Solution: 

Set the given equation into standard form i.e. 

𝑦𝑦2 + 6𝑦𝑦 + 9 = 0 

Multiply the first and last term of the given equation and then factorize it i.e. 
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𝑦𝑦2 × 9 = 9𝑦𝑦2 
3𝑦𝑦 + 3𝑦𝑦 = 6𝑦𝑦 
𝑦𝑦2 + 6𝑦𝑦 + 9 = 0 
𝑦𝑦2 + 3𝑦𝑦 + 3𝑦𝑦 + 9 = 0 
𝑦𝑦(𝑦𝑦 + 3) + 3(𝑦𝑦 + 3) = 0 
𝑦𝑦 + 3 = 0  𝑃𝑃𝑃𝑃  𝑦𝑦 + 3 = 0 
𝑦𝑦 = −3  𝑃𝑃𝑃𝑃  𝑦𝑦 = −3 

Solution Set= {−3,−3} 

5.2.2 Method of Completing Square 
Another method to solve the quadratic equation is method of completing square in this 
method take the variables i.e. 𝑥𝑥2 and 𝑥𝑥 on one side of the equation and constants on other 
side of the equation. Then divide the whole equation by coefficient of 𝑥𝑥2 by this 

coefficient of 𝑥𝑥2 will become 1. In next step add the term �1
2

×  coefficient of 𝑥𝑥�
2
 on 

both sides of the equation. Moreover, write the equation as complete square on left side of the 
equation and simplify both sides of the equation. Lastly to solve for 𝑥𝑥 take the square root on 
both sides of the equation using both positive and negative signs on left hand side. 

Example 6: 

Solve the given equation using completing square method: 

𝑥𝑥2 + 2𝑥𝑥 − 3 = 0 

Solution: 

Firstly, make the given equation in the form of completing square by adding s (1)2 in the 
given equation i.e. 

𝑥𝑥2 + 2(𝑥𝑥)(1) + (1)2 = (1)2 + 3 

𝑥𝑥2 + 2𝑥𝑥 + 1 = 1 + 3 

(𝑥𝑥 + 1)2 = 4 

Taking square root on both sides we get: 

𝑥𝑥 + 1 = ±2 

 𝑥𝑥 + 1 = 2  𝑃𝑃𝑃𝑃  𝑥𝑥 + 1 = −2 

𝑥𝑥 = 2 − 1  𝑃𝑃𝑃𝑃  𝑥𝑥 = −2 − 1 

𝑥𝑥 = 1  𝑃𝑃𝑃𝑃  𝑥𝑥 = −3 

Solution Set= {1,−3} 
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5.2.3 Using Quadratic Formula 
We can solve the quadratic equation using the quadratic formula i.e. 

𝑥𝑥 =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑐𝑐

2𝑎𝑎
 

Where 𝑎𝑎 is the coefficient of 𝑥𝑥2, 𝑏𝑏 is the coefficient of 𝑥𝑥 and 𝑐𝑐 is constant. The term 𝑏𝑏2 −
4𝑎𝑎𝑐𝑐 is in the quadratic formula is known as discriminant. 

The roots of the quadratic equation will be defined as.  

If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 > 0 then two distinct and real roots 

If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 = 0 then two equal and real roots 

If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 < 0 then no real root 

To solve the quadratic equation using quadratic formula firstly find 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 from the 
given quadratic equation and substitute them into the quadratic formula. Then simplify 
them to get the roots of the quadratic equation. 

Example 7: 

Solve the given equation using quadratic formula: 

𝑥𝑥2 + 2𝑥𝑥 − 3 = 0 

Solution: 

Using the quadratic formula i.e. 

𝑥𝑥 =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑐𝑐

2𝑎𝑎
 

Here 𝑎𝑎 = 1, 𝑏𝑏 = 2 and 𝑐𝑐 = −3 substitute these values in quadratic formula we get. 

𝑥𝑥 =
−2 ± �22 − 4(1)(−3)

2(1)
 

𝑥𝑥 =
−2 ± √4 + 12

2
 

     𝑥𝑥 =
−2 ± √16

2
 

𝑥𝑥 =
−2 ± 4

2
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𝑥𝑥 =
−2 + 4

2
  𝑃𝑃𝑃𝑃  𝑥𝑥 =

−2 − 4
2

 

     𝑥𝑥 =
2
2

= 1      𝑃𝑃𝑃𝑃  𝑥𝑥 =
−6
2

= −3 

Solution Set= {1,−3} 

5.3  EQUATIONS CONVERTIBLE TO QUADRATIC FORM 
 

There are various kind of equations which are not look like a quadratic equation but they 
can be converted to quadratic equation by applying a suitable transformation. We get new 
roots after applying suitable transformation they are known as extraneous roots and these 
roots do not satisfy the original equation. 

Example 8: 

Solve the following equation: 

3
𝑥𝑥 + 3

+
4

𝑥𝑥 + 4
=

2
𝑥𝑥 + 2

 

Solution: 

Simplify the given equation by taking L.C.M of left hand side of the given equation: 

(𝑥𝑥 + 4)3 + (𝑥𝑥 + 3)4
(𝑥𝑥 + 3)(𝑥𝑥 + 4) =

2
𝑥𝑥 + 2

 
3𝑥𝑥 + 12 + 4𝑥𝑥 + 12

(𝑥𝑥 + 3)(𝑥𝑥 + 4) =
2

𝑥𝑥 + 2
 

(7𝑥𝑥 + 24)(𝑥𝑥 + 2) = 2(𝑥𝑥 + 3)(𝑥𝑥 + 4) 
7𝑥𝑥2 + 14𝑥𝑥 + 24𝑥𝑥 + 48 = 2𝑥𝑥2 + 8𝑥𝑥 + 6𝑥𝑥 + 24 
5𝑥𝑥2 + 24𝑥𝑥 + 24 = 0 

By using the quadratic formula, we can solve the above quadratic equation: 

𝑥𝑥 =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑐𝑐

2𝑎𝑎
 

Here 𝑎𝑎 = 5, 𝑏𝑏 = 24 and 𝑐𝑐 = 24 substitute these values in quadratic formula we get. 

𝑥𝑥 =
−24 ± �242 − 4(5)(24)

2(5)
 

𝑥𝑥 =
−24 ± √576 + 480

10
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     𝑥𝑥 =
−24 ± √96

10
 

     𝑥𝑥 =
−24 ± √4 × 24

10
 

𝑥𝑥 =
−24 + 2√24

10
   𝑃𝑃𝑃𝑃  𝑥𝑥 =

−24 − 2√24
10

 

𝑥𝑥 =
−12 + √24

5
   𝑃𝑃𝑃𝑃  𝑥𝑥 =

−12 − √24
5

 

Solution Set �−12+√24
5

   𝑃𝑃𝑃𝑃  𝑥𝑥 = −12−√24
5

� 

5.4  SET OF SIMULTANEOUS LINEAR EQUATIONS 
 
A set of simultaneous equations or system of equations is a set of at-least two equations 
developed in a problem that involves same unknowns. 

We solve the simultaneous equations using the following steps: 

Firstly, remove or eliminate any one of the unknown. This can be done by either one of 
the methods: 

i. Addition or Subtraction 
ii. Substitution 
iii. Comparison 
 
Secondly solve for the other unknown and then find the value of the unknown eliminated 
in the first step. 

Example 9: 

Solve 3𝑥𝑥 − 6𝑦𝑦 = 5 and 𝑥𝑥 + 2𝑦𝑦 = 2. 

Solution: 

Given set of equations: 

3𝑥𝑥 − 6𝑦𝑦 = 5             … . (1) 

𝑥𝑥 + 2𝑦𝑦 = 2                … . (2) 

We eliminate y by multiplying equation (2) by 3 and adding it in equation (1). 
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We solve for x and find that 𝑥𝑥 = 11
6

.Now substitute the value of 𝑥𝑥 in anyone of the above 
equation: 

�
11
6
� + 2𝑦𝑦 = 2 

2𝑦𝑦 = 2 −
11
6

 

𝑦𝑦 =
1

12
 

Solution set:�𝑥𝑥 = 11
6

,𝑦𝑦 = 1
12
�. 

Example 10: 

Find x and y from the following equations: 

𝑥𝑥 + 2𝑦𝑦 = 6   𝑎𝑎𝑚𝑚𝑃𝑃   3𝑥𝑥 − 6𝑦𝑦 = 10 

Solution: 

The two set of equations are: 

𝑥𝑥 + 2𝑦𝑦 = 6               … (1) 

3𝑥𝑥 − 6𝑦𝑦 = 10          … (2) 

We eliminate the value of 𝑥𝑥 from equation (2) by substituting the value of 𝑥𝑥 from 
equation (1). 

𝑥𝑥 + 2𝑦𝑦 = 6            … (1) 

𝑥𝑥 = 6 − 2𝑦𝑦            … (3) 

Substituting the value of 𝑥𝑥 in (2) 

3(6 − 2𝑦𝑦) − 6𝑦𝑦 = 10 

18 − 6𝑦𝑦 − 6𝑦𝑦 = 10 
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18 − 10 = 12𝑦𝑦 

8 = 12𝑦𝑦 

Hence 𝑦𝑦 = 2
3
. Now we substitute the value of 𝑦𝑦 in (3) and get the value of 𝑥𝑥: 

𝑥𝑥 = 6 − 2𝑦𝑦 

𝑥𝑥 = 6 − 2 �
2
3
� 

𝑥𝑥 =
18 − 4

3
=

14
3

 

Solution set:�14
3

. 2
3
� 

Example 11: 

Solve 𝑥𝑥 + 3𝑦𝑦 = 9   𝑎𝑎𝑚𝑚𝑃𝑃   2𝑥𝑥 + 5𝑦𝑦 = 7 for x and y. 

Solution: 

Given two equations are: 

𝑥𝑥 + 3𝑦𝑦 = 9            … (1) 

2𝑥𝑥 + 5𝑦𝑦 = 7         … (2) 

We will find the values of 𝑥𝑥 and 𝑦𝑦 in this example by the method of Comparison: 

𝑥𝑥 = 9 − 3𝑦𝑦             … (3) 

𝑥𝑥 =
7 − 5𝑦𝑦

2
            … (4) 

Equating the above two equations we get the value of 𝑦𝑦: 

9 − 3𝑦𝑦 =
7 − 5𝑦𝑦

2
 

7 − 5𝑦𝑦 = 18 − 6𝑦𝑦 

18 − 7 = 6𝑦𝑦 − 5𝑦𝑦 

𝑦𝑦 = 11 
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Now we substitute the value of 𝑦𝑦 in (3) or (4) to get 𝑥𝑥: 

𝑥𝑥 = 9 − 3𝑦𝑦 = 9 − 3(11) = 9 − 33 = −24 

Solution set:(𝑥𝑥 = −24,𝑦𝑦 = 11). 

5.5  SELF-ASSESSMENT QUESTIONS 
 

Q # 1 Fill in the Blanks 

 
i. Two algebraic expressions which involves variables and constants is called 

………… 

ii. Graph of linear equation gives ………… 

iii. …………equations are first degree equations.  

iv. …………equations are second degree equations.  

v. There are …………methods to solve quadratic equation.  

vi. If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 > 0 then roots of quadratic equations are ………… 

vii. If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 < 0 then roots of quadratic equations have ………… 

viii. If …………then roots of quadratic equations are equal and real roots. 

ix. …………are those roots that do not satisfy the original equation. 

x. …………is a set of more than two equations. 
 

Q # 2 Choose the Correct Answer 
 

i. …………sign must hold in equation. 
a)    =    b)   ≠    c)  ≤    d) ≥ 

ii. The values of the …………for which the equation is true is known as the solution 
set of an equation 
a) Known   b) Unknown   c) Familiar   d) None 

iii. Linear equation has …………root. 
a) Three   b) Two    c) One   d) No                     

iv. The …………is true for root and value of solution set. 
a) Equation   b) Variable   c) Constant    d) None 
 

v. Root is the technical term to represent elements of the ………… 
a) Variable   b) Equation   c) Solution Set   d) None 

vi. Method to solve quadratic equation are ………… 
a) Factorization Method     b) Quadratic Formula      
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c)  Completing Square    d) All of them 
vii. In equation 5𝑥𝑥 + 3 = 𝑦𝑦, 𝑥𝑥 and 𝑦𝑦are  ………… 

a) Constant b) Variables    c) Numbers   d) None 
viii. 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑥𝑥 + 𝑐𝑐 = 0 is the standard form of ------ equation. 

a) Quadratic    b) Linear  c) Both a and b    d) None 
ix. 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 is the ------- in quadratic formula. 

a) Roots     b) Solution Set   c) Discriminant    d) None  
x. If discriminant is zero then quadratic equation has ----- root. 

a) Fourth   b) Triple    c) Double     d) Single 
 

Q # 3 True/ False 

i. In linear equation degree of variable is more than 1.   T/F 

ii. Quadratic equation has two roots.  T/F 

iii. There are four methods to solve quadratic equation.  T/F  

iv. It is not possible to calculate solution set of linear equation in single variable. T/F 

v. To find the solution set of any equation it is necessary to simplify the equation into 
its simplest form.  T/F 
 

vi. If we apply any algebraic operation at one side of the equation, then we must apply 
that algebraic operation on other side as well.  T/F 
 

vii. Completing square is one of the method to solve linear equation.  T/F 

viii. In quadratic equation degree of variable is > 2.  T/F 

ix. 𝑎𝑎𝑑𝑑2 + 𝑏𝑏𝑑𝑑 + 𝑐𝑐 = 0 is the quadratic equation in 𝑑𝑑.  T/F 

x. If discriminant is negative then roots are complex. T/F 

Q # 4 Solve the Following Questions 

i. Solve the following equations: 

a. 2𝑥𝑥 − 6 = 4𝑥𝑥 + 8 

b. 6𝑦𝑦
11
− 11𝑦𝑦

6
= −15 

ii. Solve: 

a. 7(𝑦𝑦 − 9) − 2𝑦𝑦 = 1 − 5[(6𝑦𝑦 + 9) − 2(𝑦𝑦 − 5)] 
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iii. Find the two consecutive odd integers whose sum is 56. 

iv. The age of Rida will be 6 times after 24 years. What is the present age of Rida? 

v. Solve the below given equations.  

a. By the method of factorization  𝑥𝑥2 − 2𝑥𝑥 − 15 = 0 

b. By completing square 𝑥𝑥2 + 4𝑥𝑥 = −1 

c. By quadratic formula 3
𝑥𝑥+3

+ 2
𝑥𝑥+2

+= 6
𝑥𝑥+6

 

vi. Find three consecutive numbers the sum of whose square is 302. 
vii. Find two numbers with sum equal to 8 and product is 32. 
viii. Solve the following pairs of simultaneous equations: 

a. 3𝑥𝑥 + 4𝑦𝑦 = 24         and           2𝑥𝑥 − 3𝑦𝑦 = 15 
b. 2𝑥𝑥 + 𝑦𝑦 = 5              and          3𝑥𝑥 + 5𝑦𝑦 = 11 

ix. Six years ago the age of a mother was 3 times the age of her daughter. It will be 
twice after 9 years. Find their present ages.  

x. Find two numbers whose sum and product are 20 and45 respectively. 
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INTRODUCTION 
 

Functions are a relation between a set of inputs and a set of outputs with the property that 
each input maps to exactly one output. Typically, functions are named with a single letter 
such as 𝑜𝑜. Functions can be thought of as a machine in a box that is open on two ends. 
We put something into one end of the box, it somehow gets changed inside of the box, 
and then the result pops out the other end. All functions are relations, but not all relations 
are functions. 

In this unit students will be able to learn about: 

1. Relations 
2. Functions and its representation 
3. Graphs of functions 
4. Natural domain and range of the function 
5. Even and odd function 
6. Vertical line test 
7. Polynomials  
8. Rectangular coordinate system 
9. Linear function and their graphs 
10. 𝑥𝑥 and 𝑦𝑦 intercept of linear function 
11. Break-even point 

OBJECTIVES 
 
After studying this unit, students will be able to understand: 
1. the concept of relation and function 
2. graph of functions and its types 
3. range and domain of the function 
4. quadrants 
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To understand the basic concept of functions, we have to start from the relation. This 
relation can be between two things or objects of the same nature or different natures. One 
type of such relation we see in ratio and proportion. But in this unit, we define and 
explain the relation term which is completely different from the previous concept. 

Consider the example of a salesman’s monthly pay. He draws a basic pay of 
𝑅𝑅𝑅𝑅. 15,000and also gets a commission of 𝑅𝑅𝑅𝑅. 200 for every unit of good he sells during 
the month. So, we can say that his monthly pay involves two variables. The first variable 
will be the monthly pay he gets and second variable is the number of goods he has sold in 
a particular month.  

If we denote the first variable by 𝑦𝑦 and the second variable by 𝑥𝑥 then we can write the 
given information in the following mathematical form  

𝑦𝑦 = 15,000 + 200𝑥𝑥 

First, we define the term relation 

6.1  RELATION 
 
The elements or members of a set 𝑆𝑆 which can be related with each other in any form is 
called a relation. If we have two sets 𝑃𝑃 and 𝐷𝐷 then we can also relate the members of first 
set 𝑃𝑃 to the members of the other set 𝐷𝐷 in any form. This is also called a relation. 

Example 1: 

We can define a relation 𝑆𝑆 on the set 𝐵𝐵 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑃𝑃} in the following way: 

𝑆𝑆 = {(𝑎𝑎, 𝑏𝑏), (𝑎𝑎, 𝑐𝑐), (𝑏𝑏, 𝑏𝑏), (𝑃𝑃, 𝑐𝑐)} 

This is a relation 𝑆𝑆 which has four members for example the first one is (𝑎𝑎, 𝑏𝑏) and so on. 

Example 2: 

We define a relation 𝑅𝑅 between two sets 𝑃𝑃 and 𝐷𝐷 where, 

𝑃𝑃 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑃𝑃} and 𝐷𝐷 = {1,2,3} 

The relation 𝑅𝑅 is given by 𝑅𝑅 = {(𝑎𝑎, 1), (𝑏𝑏, 2), (𝑏𝑏, 3), (𝑃𝑃, 1), (𝑃𝑃, 3)} 

We can also write this relation 𝑅𝑅 in the form: 

𝑎𝑎𝑅𝑅1,𝑏𝑏𝑅𝑅2,𝑏𝑏𝑅𝑅3,𝑃𝑃𝑅𝑅1,𝑃𝑃𝑅𝑅3 

Where 𝑎𝑎𝑅𝑅1: means 𝑎𝑎 is related to 1 

and 𝑏𝑏𝑅𝑅2: means 𝑏𝑏 is related to 2 and so on. 
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Example 3: 

Let the set 𝐴𝐴 = {2,3,4,5,6,7,8} we define a relation 𝑇𝑇 on the set 𝐴𝐴 as follows: 

For all the members 𝑥𝑥 and 𝑦𝑦 belonging to the set 𝐴𝐴 we say that 𝑥𝑥 is related to 𝑦𝑦 only if 
their sum is divisible by 3. We write it mathematically in the form  

∀ 𝑥𝑥,𝑦𝑦 ∈ 𝐴𝐴:    𝑥𝑥𝑇𝑇𝑦𝑦 ⟺ 3 𝑃𝑃𝑖𝑖𝑣𝑣𝑖𝑖𝑃𝑃𝑒𝑒𝑅𝑅 𝑥𝑥 + 𝑦𝑦 

Now 2𝑇𝑇3 is not possible because 2𝑇𝑇3 means 2 is related to 3 i.e. 2 + 3 = 5 is divisible 
by 3 which is not true so 2 3T  

The next 2𝑇𝑇4 is true because 2𝑇𝑇4 means 2 is related 4 which is true because 2 + 4 = 6 
which is divisible by 3. Similarly4𝑇𝑇2 is a relation here since 4 + 2 = 6 is divisible by 3. 
Moving the same way, we see that we will have the following members in this relation. 

2𝑇𝑇4, 4𝑇𝑇2, 2𝑇𝑇7, 7𝑇𝑇2, 3𝑇𝑇6, 6𝑇𝑇3, 4𝑇𝑇5, 5𝑇𝑇4, 4𝑇𝑇8, 8𝑇𝑇4, 5𝑇𝑇7, 7𝑇𝑇5, 7𝑇𝑇8, 8𝑇𝑇7, 3𝑇𝑇3, 6𝑇𝑇6 

Note that 3𝑇𝑇3 means that 3 + 3 = 6 is divisible by 3. 

From the study of relation we see that there is no restrictions that how the first member is 
related to the second member as we have seen in examples 1 and 2. And in example 3, 
the relation 𝑇𝑇 is defined which puts some restrictions when we want to relate two 
elements of the set 𝐴𝐴. But one member can be related to many members of the same set 
or the other set. For example 

𝟐𝟐𝟐𝟐𝟐𝟐: 2 is related to 4 also 𝟐𝟐𝟐𝟐𝟐𝟐: 2 is related to 7. Now to put this type of restrictions also 
we define and explain functions. 

6.2 FUNCTIONS 
 
If we call the first term or member of the relation as the domain or input and the second 
term or member of the relation as the range or output, then a relation becomes a function 
if we put the following restrictions on it.  

“Every input produces only one output.” 

A function is like a machine  
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A function is usually represented as 𝑜𝑜. As we can see in the above diagram when 𝑜𝑜 acts 
on input 𝑥𝑥 we get 𝑦𝑦 as output so very often we write 𝑦𝑦 = 𝑜𝑜(𝑥𝑥) to represent a function. 

We can also use arrow diagram to represent a function. Let we have two sets 𝑋𝑋 and 𝑌𝑌 
then 𝑜𝑜 is called a function from the set 𝑋𝑋 to the set 𝑌𝑌 i.e. 𝑜𝑜:𝑋𝑋 → 𝑌𝑌 if: 

“Every element of 𝑋𝑋 has one arrow coming out of it.” 

Example 4: 

𝑋𝑋 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐},𝑌𝑌 = {1,2,3,4} 

Arrow diagram of a function 𝑜𝑜 from 𝑋𝑋 to 𝑌𝑌 is given by  

 

In this example we can write Domain, Range and Codomain of the function 𝑜𝑜. 

Domain     = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐} = 𝑋𝑋 

Range        = {1,2,3} 

Codomain = {1,2,3,4} = 𝑌𝑌 

Example 5: 

We have already constructed the function 𝑦𝑦 = 15000 + 200𝑥𝑥 since we usually call 𝑦𝑦 =
𝑜𝑜(𝑥𝑥), so the function is given by: 

𝑦𝑦 = 𝑜𝑜(𝑥𝑥) = 15000 + 200𝑥𝑥 

In this example 𝑥𝑥 represents number of units of good sold by the sale’s man and 𝑦𝑦 
represents his monthly pay. Since the monthly pay (𝑦𝑦) depends upon the no. of goods 
sold (𝑥𝑥), so 𝑦𝑦 is a dependent variable and 𝑥𝑥 is an independent variable. 
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If the salesman sells no goods in a month then he only gets the basic salary of 𝑅𝑅𝑅𝑅. 15000 
i.e.   

𝑜𝑜(0) = 15000 + 200(0) 
𝑜𝑜(0) = 15000 

If the salesman sells 5 units of good, then his monthly pay will be: 

𝑜𝑜(5) = 15000 + 200(5) 
𝑜𝑜(5) = 16000 

Similarly, if he sells 10 units, his pay will be given by: 

𝑜𝑜(10) = 15000 + 200(10) 
𝑜𝑜(10) = 17000 

Note that 𝑥𝑥 is the input variable and 𝑜𝑜(𝑥𝑥) or 𝑦𝑦 is output variable. 

Now we represent this information by drawing the graph of the given function 𝑜𝑜(𝑥𝑥). To 
draw the graph of the function 𝑜𝑜(𝑥𝑥). 

We take 𝑥𝑥 (input) no. of units sold on the 𝑥𝑥 −axis and the monthly pay 𝑦𝑦 (output) on the 
𝑦𝑦 −axis. 
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6.2.1 Representation of Functions: 

The functions are usually represented in the following forms: 

1. Functions are written in the form of algebraic equations. 
2. Functions are generally represented by drawing the graphs. 
3. Functions are represented by the numerical values of the variables involved. 

6.3 GRAPHS OF FUNCTIONS 
 
The graph of a function 𝑜𝑜(𝑥𝑥) is domain in the 𝑥𝑥𝑦𝑦 −plane. It is actually the graph given by 
the equation 𝑦𝑦 = 𝑜𝑜(𝑥𝑥) i.e. for different values of input 𝑥𝑥, we calculate the output value 
𝑜𝑜(𝑥𝑥) or 𝑦𝑦 and then drawing these values we get the graph of the given function. 

6.3.1 Constant Functions: 

The functions of the form 𝑦𝑦 = 𝑜𝑜(𝑥𝑥) = 𝑐𝑐 where 𝑐𝑐 is some constant are called constant 
functions the graph of constant function is a horizontal line. For example the graph of 
function 𝑦𝑦 = 𝑜𝑜(𝑥𝑥) = 3 is drawn by the following table. 

𝒙𝒙 −2 −1 0 1 2 

𝒀𝒀 = 𝒇𝒇(𝒙𝒙) 3 3 3 3 3 

 

 

6.3.2Linear Functions: 

A linear function is of the form 𝑜𝑜(𝑥𝑥) = 𝑎𝑎𝑥𝑥 + 𝑏𝑏 where 𝑎𝑎 and 𝑏𝑏 are constants and it is 
necessary that 𝑎𝑎 ≠ 0. The graph of a linear function is also a straight line but it is not 
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horizontal rather than it is called inclined line that is this line has a slope along the 
horizontal axis or 𝑥𝑥 −axis. 

Example 6: 

The graph of the function 𝑜𝑜(𝑥𝑥) = 2𝑥𝑥 + 1 is given with the help of constructing the 
following table first. 

𝒙𝒙 −1 0 1 2 

𝒇𝒇(𝒙𝒙) −1 1 3 5 

 
i.e.  

𝑜𝑜(−1) = 2(−1) + 1 = −2 + 1 = −1 ⟹ (−1,−1) 
𝑜𝑜(0)    = 2(0) + 1    = 0 + 1    = 1   ⟹ (0, 1) 
𝑜𝑜(1)    = 2(1) + 1    = 2 + 1    = 3   ⟹ (1, 3) 
𝑜𝑜(2)    = 2(2) + 1    = 4 + 1    = 5   ⟹ (2, 5) 

and so on. 
Now we draw these values given in the following table. 

 

The graph of a linear function is a linear equation (straight line) the point where this cuts/ 
crosses 𝑥𝑥 −axis is called 𝑥𝑥 −intercept and the point where it cut/crosses 𝑦𝑦 −axis is called 
𝑦𝑦 −intercepts. From the graph of linear function 𝑜𝑜(𝑥𝑥) = 2𝑥𝑥 + 1 we can see that it crosses 
𝑦𝑦 −axis at 𝑦𝑦 = 1 and it crosses 𝑥𝑥 −axis at: 

𝑥𝑥 = −1
2�  
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The 𝑦𝑦 −intercept can be calculated by setting 𝑥𝑥 = 0 in the function 𝑜𝑜(𝑥𝑥). i.e. for 𝑦𝑦 =
𝑜𝑜(𝑥𝑥) = 2𝑥𝑥 + 1, we have 𝑦𝑦 = 𝑜𝑜(0) = 2(0) + 1 = 0 + 1 = 1. So (0,1) is 𝑦𝑦 −intercept. 

Similarly, the 𝑥𝑥 −intercept is determined by setting 𝑦𝑦 = 0 in the function 𝑦𝑦 = 𝑜𝑜(𝑥𝑥). i.e. 
for 𝑦𝑦 = 𝑜𝑜(𝑥𝑥) = 2𝑥𝑥 + 1, we have: 

0 = 𝑦𝑦 = 2𝑥𝑥 + 1 ⟹ 2𝑥𝑥 = −1 ⟹ 𝑥𝑥 = −1
2�  

So �−1
2

, 0� is 𝑥𝑥 −intercept. 

Example 7: 

The demand function for a firm’s product is given by: 

𝑞𝑞 = 50,000− 75𝑝𝑝 

Where 𝑞𝑞 represents the number of units demanded and 𝑝𝑝 represents the price of a unit in 
Pakistani Rupee. 

 

6.3.3Quadratic Functions: 

A quadratic function is of the form 𝑜𝑜(𝑥𝑥) = 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑥𝑥 + 𝑐𝑐 where 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 are constants 
and it is necessary that 𝑎𝑎 ≠ 0. The graph of quadratic function will be a parabola type 
curve. For example𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 − 1, the corresponding table is given by 
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𝒙𝒙 −2 −1 0 1 2 

𝒇𝒇(𝒙𝒙) 3 0 −1 0 3 
 

𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 − 1 

𝑜𝑜(−2) = (−2)2 − 1 = 4 − 1 = 3   ⟹ (−2,3) 

𝑜𝑜(−1) = (−1)2 − 1 = 1 − 1 = 0   ⟹ (−1,0) 

𝑜𝑜(0)    = (0)2 − 1   = 0 − 1 = −1 ⟹ (0,−1) 

𝑜𝑜(1)    = (1)2 − 1   = 1 − 1 = 0   ⟹ (1, 0) 

𝑜𝑜(2)    = (2)2 − 1   = 4 − 1 = 3   ⟹ (2,3) 

 

6.3.4Absolute Value Function: 

The absolute value function is defined by: 

        0
( ) | |

     <0
x if x

f x x
x if x

≥
= = −
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The graph of an absolute value function is given by the two straight lines. The numerical 

values table for the above function is given by: 

𝒙𝒙 −2 −1 0 1 2 

|𝒙𝒙| 2 1 0 1 2 

 

 

6.4  NATURAL DOMAIN AND RANGE OF THE FUNCTIONS 

All the input values which can be given to a function is called its natural domain and the 
corresponding answers or output values called the range of a function.   

Example 8: 

𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 

Here we can give any input value 𝑥𝑥 for the given function so domain is set of all real 
numbers. Also since 𝑥𝑥2 is always greater than or equal to zero. So range of the 
function 𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 is set of all positive real numbers and zero. 
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Example 9: 

𝑜𝑜(𝑥𝑥) =
1

𝑥𝑥 − 5
 

We see that this function is not defined if we take the input of 𝑥𝑥 = 5. So natural domain 
of this function is set of all the real numbers except 5. Which can be written as Domain=
𝑅𝑅 − {5}. 

Example 10: 

𝑜𝑜(𝑥𝑥) = √𝑥𝑥 − 3 

Since we cannot take the square root of a negative real number so 𝑥𝑥 − 3 must be greater 

than or equal to zero. That is 𝑥𝑥 − 3 ≥ 0 ⟹ 𝑥𝑥 ≥ 3, so natural domain is the set of all 

positive real numbers greater than or equal to three. And the range is set of all positive 

real numbers and zero. 

6.5 EVEN AND ODD FUNCTIONS 

 If in a function𝑜𝑜(𝑥𝑥) we change 𝑥𝑥 by – 𝑥𝑥 and the function does not change then it is 

called an even function i.e. 𝑜𝑜(−𝑥𝑥) = 𝑜𝑜(𝑥𝑥) 

For example if 𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 − 4 then we see that  𝑜𝑜(−𝑥𝑥) = (−𝑥𝑥)2 − 4 = 𝑥𝑥2 − 4 = 𝑜𝑜(𝑥𝑥) 

So it is an even function. 

6.6 VERTICAL LINE TEST 

𝑜𝑜(𝑥𝑥) is called a function if any vertical line cuts the graph of 𝑜𝑜(𝑥𝑥) on the 𝑥𝑥𝑦𝑦 −plane only 

once. It means that if the vertical line cuts the graph of 𝑜𝑜(𝑥𝑥) two times or more than two 

times then 𝑜𝑜(𝑥𝑥) is not a function. 

Example 11: 

Considering the previous quadratic function 𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 − 1 we know that its graph is, 
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We see from the graph that the vertical lines 𝑥𝑥 = 1 and 𝑥𝑥 = −1 cut the graph of the 
function 𝑜𝑜(𝑥𝑥) only once at the points (1,0) and (−1,0) respectively so it is a function. 

Similarly, if we take any other vertical line it will cut the graph of 𝑜𝑜(𝑥𝑥) only one time. 

Example 12: 

Consider the circle of radius 2 drawn at the origin of the 𝑥𝑥𝑦𝑦 −plane. Equation of this 
circle is  

𝑥𝑥2 + 𝑦𝑦2 = 4 
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Graph of this circle is given by: 

 

From the graph it is clear that the vertical lines 𝑥𝑥 = 1 cuts the graph of circle at two 
points. Therefore, it is not a function. 

6.7  POLYNOMIALS 

The polynomials are functions of the sums of many terms of the form 𝑎𝑎𝑥𝑥𝑛𝑛 where 𝑎𝑎 is a 
constant and 𝑚𝑚 is an integer which is greater than or equal to zero. For example, 𝑥𝑥2 + 1,
2𝑥𝑥3 − 4, 𝑥𝑥 + √2,−5𝑥𝑥7 + 100 are polynomial functions. 

6.8  RECTANGULAR COORDINATE SYSTEM 

In this system, each point is uniquely determined by a pair of coordinates (two 
coordinates). We take a plane which is usually called 𝑥𝑥𝑦𝑦 −plane. This is called Cartesian 
Plane and it consists of two perpendicular lines one is horizontal line called 𝑥𝑥 −axis and 
the other one is vertical line called 𝑦𝑦 −axis. Now any point in this plane is represented by 
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a pair (𝑥𝑥,𝑦𝑦) where 𝑥𝑥 measures the distance along 𝑥𝑥 −axis and 𝑦𝑦 measures the distance 
along 𝑦𝑦 −axis respectively. This system of coordinates is called rectangular coordinate 
system or Cartesian coordinate system. 

6.8.1Quadrants: 

When we draw these two perpendicular lines, we are actually dividing the whole plane into 
four similar parts. These four parts are called quadrants (mean one forth part) of the plane. 

 

These four quadrants decide the signs of the Cartesian coordinates. For example, in the 1st 
quadrant signs of both 𝑥𝑥 and 𝑦𝑦 coordinates are positive, in 2nd quadrant signs of 𝑥𝑥 
coordinate is negative and sign of 𝑦𝑦 coordinate is positive. Similarly, in 3rd quadrant signs 
of both 𝑥𝑥 and 𝑦𝑦 coordinates are negative and finally in 4th quadrant signs of 𝑥𝑥 coordinate 
is positive and sign of 𝑦𝑦 coordinate is negative. 

Example 13: 

Represent the following points on the Cartesian plane. 

i. 𝐴𝐴(2,3)        ii. 𝐵𝐵(−3,3)        iii. 𝐶𝐶(−3,−4)           iv. 𝐷𝐷(3,−2) 
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6.9 LINEAR FUNCTIONS 

When we study relations between different quantities, we come across usually linear 
functions. For example, relation between income and expenditure, input and output of a 
certain factory, profit and loss etc. 

6.9.1 Graph of a Linear Functions 

The graph of a linear functions are straight lines. That is when two quantities are related 
to each other by a linear function, then their graphical representations straight lines.  

Example 14:   

The fixed cost of a water bottles manufacturing company is 𝑅𝑅𝑅𝑅. 1000,000. The product 
manufactured has a revenue 𝑅𝑅𝑅𝑅. 25 per bottle and variable cost of 𝑅𝑅𝑅𝑅. 10 per unit bottle. 
Then this information can be converted into the following linear function if we converted 
into the following linear function if we set 𝑥𝑥 as number of bottles produced in a year then  

Total cost of company        = 1200,000 + 10𝑥𝑥 

Total revenue of company = 25𝑥𝑥 

Let cost function is represented by 𝐶𝐶 

Then     

𝐶𝐶(𝑥𝑥) = 1200,000 + 10𝑥𝑥 
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It is a linear function and its graphical representation is, 

 

Similarly let us represent by 𝑅𝑅(𝑥𝑥) as the revenue function of the company then we have: 

𝑅𝑅(𝑥𝑥) = 25𝑥𝑥 

Which is also a linear function and its graph is given by 
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6.10  𝒙𝒙 AND 𝒚𝒚 −INTERCEPT OF LINEAR FUNCTIONS 

A point where graph of a linear function crosses 𝑥𝑥 −axis is called 𝑥𝑥 −intercept of that 
function. Similarly, a point where the graph of the function crosses 𝑦𝑦 −axis is called 
𝑦𝑦 −intercept of that function. For example, for the linear function.  

𝑦𝑦 = 𝑜𝑜(𝑥𝑥) = 𝑥𝑥 + 2 

we have the graph 

 

We can see that graph of this function crosses 𝑥𝑥 −axis at 𝑥𝑥 = −2 so 𝑥𝑥 −intercept is −2 
and graph of this function also crosses 𝑦𝑦 −axis at 𝑦𝑦 = 2 so 𝑦𝑦 −intercept of this function 
is 2. But if we look from business point of view since there cannot be a negative 
production that is minimum value of 𝑥𝑥 is zero then we have only𝑦𝑦 − intercept and no 𝑥𝑥 − 
intercept and this 𝑦𝑦 − intercept represent minimum cost.    

6.11 BREAK EVEN POINT 

Break-even point is the most important concept in economics, business and especially in 
cost accounting subjects. It is defined as the point at which the total cost of a company 
becomes equal to its total revenue generated. 

In other words, it means that there is no profit or loss in general. 
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For example, if we represent the products manufactures by a company on 𝑥𝑥 − axis and 
revenue on 𝑦𝑦 −axis then the break-even point (𝑥𝑥0) differentiates between the loss and 
profit of the company. 

 

So break-even point represents the minimum sale amount in terms of units or products or 
any other form of a company which is required to cover all the costs which include both 
the fixed and variable cost of the company. Hence the profit at this point must be zero. So 
it is the minimum requirement for a company cross. The break-even point and it is 
possible only when sale price of the goods is kept higher than that of the variable cost of 
that product at unit level. And it is quite sure that if a company crosses the break-point 
then it starts making profit. 

Example 15: 

Considering the previous example again where we discussed a water bottles 
manufacturing company. Whose fixed and variable costs are given by: 

𝐶𝐶(𝑥𝑥) = 1200,000 + 10𝑥𝑥 

and total revenue is given by: 

𝑅𝑅(𝑥𝑥) = 25𝑥𝑥 
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Now let 𝑥𝑥0 be the Break-Even point then we must have: 

𝐶𝐶(𝑥𝑥0) = 𝑅𝑅(𝑥𝑥0) 
1200,000 + 10𝑥𝑥0 = 25𝑥𝑥0 
15𝑥𝑥0 = 1200,000 
𝑥𝑥0 = 80,000 

It means that company must manufacture 80,000 bottles to get the break-even point. 

Now if the company produces 100,000 bottles then its profit is given by: 

𝑃𝑃 = 𝑅𝑅(𝑥𝑥) − 𝐶𝐶(𝑥𝑥) 
𝑃𝑃 = 25𝑥𝑥 − 10𝑥𝑥 − 1200,000 
𝑃𝑃 = 15𝑥𝑥 − 1200,000 

At the level of 1 lakh: 

𝑃𝑃 = 75(100,000)− 1200,000 
𝑃𝑃 = 300,000 

Example 16: 

CocaCola company prepares regular its bottle at a variable cost of 𝑅𝑅𝑅𝑅. 15 and some fixed 
costs. The market price of cocacola regular is 𝑅𝑅𝑅𝑅. 25. 

a. If 10 million bottles are sold per year with a profit of 4000,0000 what are the 
fixed costs of the company. 

b. After some years the company modifies the design of the bottle which increases the 
variable cost by 10% and fixed cost also by 12% and the sale incomes to 20% 
then what should be the break-even point. 

c. If the company decides to increase the market price to 𝑅𝑅𝑅𝑅. 30 what will be their 
annual profit. 

Solution: 

a. Let us denote the fixed cost by 𝐹𝐹 then from the given information we have: 

𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 = 𝑅𝑅𝑒𝑒𝑣𝑣𝑒𝑒𝑚𝑚𝑃𝑃𝑒𝑒 − 𝐶𝐶𝑃𝑃𝑅𝑅𝑃𝑃 

4000,0000 = (1000,0000)(25)− (𝐹𝐹 + 1000,0000)(15) 

𝐹𝐹 = 6000,0000 

So fixed cost of the company is 𝑅𝑅𝑅𝑅. 6000,0000. 
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b. For modified designs: 

𝑁𝑁𝑒𝑒𝑀𝑀 𝑣𝑣𝑎𝑎𝑃𝑃𝑖𝑖𝑎𝑎𝑏𝑏𝐴𝐴𝑒𝑒 𝑐𝑐𝑃𝑃𝑅𝑅𝑃𝑃 = 10%(15) + 15 = 16.5 
𝑁𝑁𝑒𝑒𝑀𝑀 𝑜𝑜𝑖𝑖𝑥𝑥𝑒𝑒𝑃𝑃 𝑐𝑐𝑃𝑃𝑅𝑅𝑃𝑃      = 12%(6000,0000) + 6000,0000) 
                                      = 72000,00 + 6,000,0000 
                                      = 6720,0000 
𝑁𝑁𝑒𝑒𝑀𝑀 𝑅𝑅𝑎𝑎𝐴𝐴𝑒𝑒𝑅𝑅 = 20%(1000,0000 + 1000,0000 
                      = 200,0000 + 1000,0000 
                      = 1200,0000) 

Therefore, for break-even point: 
𝑅𝑅(𝑥𝑥) = 𝐹𝐹𝑖𝑖𝑥𝑥𝑒𝑒𝑃𝑃 𝑐𝑐𝑃𝑃𝑅𝑅𝑃𝑃 + 𝑆𝑆𝑎𝑎𝑃𝑃𝑖𝑖𝑎𝑎𝑏𝑏𝐴𝐴𝑒𝑒 𝑐𝑐𝑃𝑃𝑅𝑅𝑃𝑃 
1200,0000𝑥𝑥 = 6720,0000 + 16.5(1200,0000) 

𝑥𝑥 =
2652,00,000
1200,0000

= 22.1 

Hence if company fixes the new market price as 𝑅𝑅𝑅𝑅. 22.1 then it has no profit or 
loss. 

c. Finally if the company decides to increase the price to 𝑅𝑅𝑅𝑅. 30 then its annual profit 
is given by  

𝑃𝑃𝑃𝑃𝑃𝑃𝑜𝑜𝑖𝑖𝑃𝑃 = 1200,0000(30)− �6720,0000 + 1200,0000(16.5)� 
= 600,0000− 2652,00000 
= 948,00000 

Hence annual profit of the company by manufacturing the modified design bottle 
will increase from 𝑅𝑅𝑅𝑅. 4000,0000 to 𝑅𝑅𝑅𝑅. 948,00000 

6.12 SELF-ASSESSMENT QUESTIONS 
Q # 1. Fill in the Blank 

i. Relation can be between two things or objects of the ………… nature. 

ii. The elements set which can be related with each other in any form is called a 
………… 

iii. Every …………produces only one output. 

iv. …………are written in the form of algebraic equations. 

v. Functions are graphically represented by drawing the ………… 

vi. The graph of function is drawn in the …………plane. 

vii. Constant function is of the form ………… 

viii. 𝑜𝑜(𝑥𝑥) = 𝑎𝑎𝑥𝑥 + 𝑏𝑏 is a …………function. 

ix. The graph of an absolute value function is given by the two …………lines. 

x. All input values which can be given to a function is known as its ………… 
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Q # 2. Choose the Correct Answer 

i. In linear function 𝑜𝑜(𝑥𝑥) = 𝑎𝑎𝑥𝑥 + 𝑏𝑏 it is necessary that ………… 
 a) 𝑎𝑎 ≠ 0           b)  𝑎𝑎 = 0          
 c) 𝑎𝑎 > 0           d)  𝑎𝑎 < 0 

ii. The point where the line crosses 𝑥𝑥 − axis is known as ………… 
 a) 𝑦𝑦 −intercept         b)  Origin           
 c)  𝑥𝑥 − intercept     d)  both (a) and (c) 

iii. In quadratic equation highest power of variable is 
 a) 3        b)  2        
 c)  1         d)  0 

iv. …………is function in which 𝑥𝑥 can be replace by −𝑥𝑥 and it does not make any 
changes in the function. 

 a) Odd function    b)  Even function    
 c)  Linear function     d)  Non-linear function 

v. In vertical line test line cuts the graph of 𝑜𝑜(𝑥𝑥) on the 𝑥𝑥𝑦𝑦 −plane ………… 
 a) Thrice       b)  Twice    
 c)  Once   d)  Never 

vi. 𝑥𝑥2 + 2, 𝑥𝑥3 − 2 and 𝑥𝑥 + √3 are ………… 
 a) Constant function    b)  Linear functions      
 c)  Quadratic functions     d)  Polynomial functions 

vii. 4𝑥𝑥2 + 12𝑥𝑥 + 9 is …………function. 
 a)    Quadratic function    b)  Linear function      
 c)  Constant function     d)  Polynomial function 

viii. In the third quadrant the sign of 𝑥𝑥 and 𝑦𝑦 coordinates are ………… 
 a) (+, +)       b)  (−,−)     

 c)  (+,−)        d)  (−, +) 

ix. The graph of …………function gives a straight line. 
 a)  Constant function    b)  Linear functions      
 c)  Quadratic functions     d)  Polynomial functions 

x. Break-even point is a point at which the total cost of a company becomes 
………… to its total revenue generated. 
a) Equal               b)  Less than           
c)  Greater than          d)  Not equal    
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Q # 3. True /False 

i. Function is a value that assigns to each input value exactly one output value.  T/F 

ii. Range is a set of all output values.  T/F 

iii. The function is equally expressed by difference rule.  T/F  

iv. 𝐸𝐸(𝑥𝑥) = 50 is a constant function.  T/F 

v. A point 𝐶𝐶(−2,3) lies in fourth quadrant.   T/F 

vi. The polynomial function of degree two is linear equation.  T/F  

vii. The function 𝑜𝑜(𝑥𝑥) = |𝑥𝑥|is known as absolute function. T/F 

viii. If 𝑜𝑜(𝑥𝑥) = −𝑜𝑜(𝑥𝑥) then it is even function.  T/F  

ix. The elements or member of a set which can be relate with each other in any form is 

known as relation. T/F 

x. 𝑜𝑜(𝑥𝑥) = 2√𝑥𝑥 is a linear equation. T/F 

Q # 4. Numerical Questions 

i. Define any two relation on the set 𝐸𝐸 = {2,4,6,8,10} 

ii. Define the terms function, domain and range. 

iii. Define a relation 𝑅𝑅 from the set 𝐴𝐴 = {𝑎𝑎, 𝑒𝑒, 𝑖𝑖, 𝑃𝑃,𝑃𝑃} to the set 𝐵𝐵 = {𝑥𝑥,𝑦𝑦, 𝑑𝑑} 

iv. Let the set 𝑀𝑀 be given by 𝑀𝑀 = {1,2,3,4,5} a relation 𝑆𝑆 on the set 𝑀𝑀 is defined by 

∀ 𝑎𝑎, 𝑏𝑏 𝜖𝜖 𝑀𝑀  𝑎𝑎 𝑆𝑆 𝑏𝑏 if their sum 𝑎𝑎 + 𝑏𝑏 is even number. Then find all the elements 

which satisfy this relation. 

v. Which of the following arrow diagrams represent a function?  



91 
 

 

vi. Separate the constant, linear, quadratic and absolute functions. 

a. 𝑜𝑜(𝑥𝑥) = 𝑥𝑥 

b. 𝑜𝑜(𝑥𝑥) = 5 

c. 𝑜𝑜(𝑥𝑥) = 2𝑥𝑥2 + 2𝑥𝑥 + 3 

d. 𝑜𝑜(𝑥𝑥) = −5𝑥𝑥 + 7 

e. 𝑜𝑜(𝑥𝑥) = |𝑥𝑥 − 1| 

f. 𝑜𝑜(𝑥𝑥) = 0 

g. 𝑜𝑜(𝑥𝑥) = (𝑥𝑥 − 1)(𝑥𝑥 + 1) 

vii. Draw the graphs of the following functions 

a. 𝑜𝑜(𝑥𝑥) = 𝑥𝑥 + 1 

b. 𝑜𝑜(𝑥𝑥) = 2 

c. 𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 

d. 𝑜𝑜(𝑥𝑥) = |𝑥𝑥 − 2| 

e. 𝑜𝑜(𝑥𝑥) = (𝑥𝑥 − 1)2 
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viii. Find the natural domain and range of the following functions 

 a. 𝑜𝑜(𝑥𝑥) = 2𝑥𝑥 

 b. 𝑜𝑜(𝑥𝑥) = 𝑥𝑥2 

 c. 𝑜𝑜(𝑥𝑥) = √𝑥𝑥 − 1 

 d. 𝑜𝑜(𝑥𝑥) = 5
𝑥𝑥−4

 

 e. 𝑜𝑜(𝑥𝑥) = 1
𝑥𝑥2−4

 

 f. 𝑜𝑜(𝑥𝑥) = √𝑥𝑥 + 3 

viii. A factory is buying two machines. First machine prepares a unit at 𝑅𝑅𝑅𝑅. 60 variable 
cost and 𝑅𝑅𝑅𝑅. 40000 fixed cost. Second produces 200 units per month at variable 
cost 𝑅𝑅𝑅𝑅. 2000. If the break-even point of these machines starts at the production 
level of 2000 units annually then what should be the fixed cost of machine 𝐵𝐵. 
 

ix. A company prepares shirts with its cost function 𝐶𝐶(𝑥𝑥) = 100000− 50𝑥𝑥 where 𝑥𝑥 
represents the number of shirts. During a sale the company announces the sale price 
of 𝑅𝑅𝑅𝑅.  1000 per shirt. Then what is break-even point for this sale complain.   
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INTRODUCTION 

The idea of Matrices was first presented in nineteenth century by Arthur Cayley, a 
famous Mathematician, who first gave Theory of Matrices in 1857 and applied them in 
linear transformations. Matrices and Determinants are largely applied in the field of 
Mathematics, Physics, Statistics, Electronics and several other disciplines. 
 
In this unit students will be able to learn about; 

1. Matrices and its types 
2. Types of matrices without taking any changes in given matrix 
3. Types of matrices by taking any changes in given matrix 
4. Singular and non-singular matrices 
5. Matrix of cofactors 
6. Adjoint and inverse of a matrix 

 
OBJECTIVES 

 

After studying this unit, students will be able to: 

1. understand the concept of a matrix. 
2. explain the special types of matrices. 
3. compute determinant of different order of matrices. 
4. compute inverse of a matrix. 
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7.1  MATRIX 

Matrix is an ordinary method to manipulate and organize the data to resolve problems. In 
most of the scientific fields we use applications of matrices. It is suitable for the storage, 
display, and manipulation of data. Matrices are used in graphic software to process linear 
transformations to reduce images.  

It is a collection of numbers arranged into a fixed number of rows and columns. In 
general, a matrix is a rectangular array of elements.  

For example, we have some real numbers and we arrange them into rectangular array 
having number of rows 𝑒𝑒 and number of columns 𝑚𝑚 then we can get matrix of order 𝑒𝑒 ×
𝑚𝑚. 

Mathematically it can be represented as; 

𝐴𝐴 = �
𝑎𝑎11 ⋯ 𝑎𝑎1𝑛𝑛
⋮ ⋱ ⋮

𝑎𝑎𝑚𝑚1 ⋯ 𝑎𝑎𝑚𝑚𝑛𝑛
� 

In the above matrix 𝐴𝐴 the numbers 𝑎𝑎11 …𝑎𝑎𝑚𝑚𝑛𝑛 are known as elements of the matrix. The 
vertical lines of the matrix 𝐴𝐴 is called columns whereas the horizontal line of the matrix 𝐴𝐴 
is called rows. Generally, elements can be written as 𝑎𝑎𝑖𝑖𝑖𝑖 where 𝑖𝑖 always represents the 
position of element in row and 𝑗𝑗 represents the position of element in column. 

7.1.1 Matrix Representation 
Matrices are representing according to their order following are the matrices of different 
order. 

Matrix of order 4 × 4, 

𝐴𝐴 = �
10 7  3      1
4 8  10    5
4 7  8      3

� 

Matrix of order 3 × 3, 

𝐵𝐵 =  �
1 5 8
2 6 9
3 7 0

� 

Matrix of order 2 × 2, 

𝐶𝐶 = �1 0
0 1� 

Matrix of order 1 × 3, 

  𝐷𝐷 = (1 3 5) 
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Matrix of order 2 × 3, 

     𝐸𝐸 = �1 0 −2
0 3 −1� 

7.2  TYPES OF MATRICES 
 
There are two ways to consider the types of matrices 
i. Types of matrices without taking any changes in given matrix 
ii. Types of matrices by taking change in given matrix 

 
7.2.1 Types of Matrices without Taking any Changes in Given Matrix 
 
Following are the types of matrices without taking any changes in given matrix. 
i. Square Matrix 
ii. Row Matrix 
iii. Column Matrix 
iv. Diagonal Matrix 
v. Scalar Matrix 
vi. Identity or Unit Matrix 
vii. Triangular Matrix 
viii. Null or Zero Matrix 

7.2.1.1 Square Matrix 
Square matrix is a matrix in which number of columns and rows are equal. For example, 

𝐴𝐴 = �
𝑎𝑎11 𝑎𝑎12 𝑎𝑎13
𝑎𝑎21 𝑎𝑎22 𝑎𝑎23
𝑎𝑎31 𝑎𝑎32 𝑎𝑎33

� 

The above matrix 𝐴𝐴 is a square matrix of order (3 × 3). In the matrix 𝐴𝐴 number of rows 
are 3 and number of columns are also 3. As number of rows and number or columns are 
same in matrix 𝐴𝐴 so matrix 𝐴𝐴 is a square matrix. 

7.2.1.2Row Matrix 
Row matrix is a matrix having only one row and several columns. A row matrix R having n 

elements 𝑃𝑃𝑖𝑖𝑖𝑖 has dimension (1 × 𝑚𝑚) and the general form is, 

𝑅𝑅 = (𝑃𝑃11𝑃𝑃12 … 𝑃𝑃1𝑛𝑛) 

7.2.1.3 Column Matrix 
Column matrix is a matrix having only one column and several rows. A column matrix C 
having m elements 𝑐𝑐𝑖𝑖𝑖𝑖 has dimension (𝑒𝑒 × 1) and the general form is. 

𝐶𝐶 = �

𝑐𝑐11
𝑐𝑐21
⋮

𝑐𝑐𝑚𝑚1

� 
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7.2.1.4 Diagonal Matrix 

A diagonal matrix is a matrix in which all the elements are zero except the elements in 
the principal diagonal. For example, 

𝐵𝐵 = �
𝑎𝑎11 0 0
0 𝑎𝑎22 0
0 0 𝑎𝑎33

� 

The above matrix 𝐵𝐵 is a diagonal matrix.  

7.2.1.5 Scalar Matrix 

 A scalar matrix is a matrix in which all the elements of the matrix are zero except the 
element of the principal diagonal. The element of the principal diagonal is scalar quantity 
except 1. For example   

𝐶𝐶 = �
𝑎𝑎 0 0
0 𝑎𝑎 0
0 0 𝑎𝑎

� 

The above matrix 𝐶𝐶 is a scalar matrix in which we can notice that the elements in the 
diagonal is scalar quantity and elements other than principal diagonal are zero.  

7.2.1.6 Identity or Unit Matrix 

Identity matrix is a matrix in which all the elements of the matrix are zero except the 
element of the principal diagonal. The element of the principal diagonal must be equal to 
1. Unit matrix is denoted as 𝐼𝐼𝑛𝑛, where 𝑚𝑚 represents the order of matrix. For example: 

𝐼𝐼2 =
1 0
0 1
 
 
 

𝐼𝐼3 = �
1 0 0
0 1 0
0 0 1

� 

𝐼𝐼2 is the unit matrix of order 2 and 𝐼𝐼3 is the unit matrix of order 3. 

7.2.1.7 Triangular Matrix 

Triangular matrix is kind of a square matrix. It is classified as, 

i. Upper triangular matrix  
ii.  Lower triangular matrix.  

Upper Triangular Matrix 

Upper triangular matrix is a square matrix in which all elements below the principal 
diagonal are zero. For example,  
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11 12 1

22 20

0 0

n

n

nn

a a a
a a

a

 
 
 
 
 
 





   



 

Lower Triangular Matrix 

Lower triangular matrix is a square matrix in which all elements above the principal 
diagonal are zero. For example,  

11 12 1

22 20

0 0

n

n

nn

a a a
a a

a

 
 
 
 
 
 





   



 

7.2.1.8 Null or Zero Matrix 

Null matrix is a matrix in which every element of a matrix is zero. Null matrix is denoted 
as 𝑂𝑂 and it is also known as zero matrix. Null matrix may be a square or non-square 
matrix. For example 

       𝑂𝑂 =
0 0
0 0
 
 
 

𝑂𝑂 =
0
0
0

 
 
 
 
 

 

7.2.2 Types of Matrices by Taking Change in Given Matrix 
Following are the types of matrices taking any changes in given matrix. 

i. Transpose Matrix 

ii. Symmetric Matrix 

iii. Determinant  

iv. Singular and Non-Singular Matrices  

v. Matrix of Cofactors 

vi. Adjoint Matrix 

vii. Inverse of a Matrix 
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7.2.2.1 Transpose Matrix 

Transpose of the is matrix obtained by exchanging the columns and the rows of the 
original matrix. Let 𝐴𝐴 = [𝑎𝑎[𝑖𝑖𝑖𝑖] be an 𝑒𝑒 × 𝑚𝑚 matrix. The transpose of matrix 𝐴𝐴 denoted as 
𝐴𝐴𝑡𝑡 is defined as to be the matrix �𝑎𝑎[𝑖𝑖𝑖𝑖]�𝑚𝑚×𝑛𝑛

. 

Thus, the transpose 𝐴𝐴𝑡𝑡 of 𝐴𝐴 is obtained by interchanging columns and rows of matrix 𝐴𝐴. 
For example  

If  

1 2
3 4
5 6

A
 
 =  
  

 

Then, 

1 3 5
2 4 6

tA  
=  
 

 

7.2.2.2 Symmetric Matrix 

Symmetric matrix is a square matrix. A matrix is said to be symmetric if the transpose of 
a given matrix is equal to the matrix itself that is 𝐴𝐴𝑡𝑡 = 𝐴𝐴. 

For example 

Suppose the given matrix is 𝐴𝐴 

1 3
3 1

A
− 

=  − 
 

Transpose of the given matrix is 𝐴𝐴𝑡𝑡 

1 3
3 1

tA
− 

=  − 
 

From the above example we can observe that transpose of a matrix 𝐴𝐴 is equal to the 
matrix itself so this is known as symmetric matrix. 
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7.2.2.3 Determinants 
A number which can be calculated from a square matrix is known as determinant of a 
matrix. The determinant of a matrix A is denoted as |𝐴𝐴|or det A. Every square matrix can 
be placed as a determinant by changing square brackets by two parallel lines that is ||. 
Determinant can be evaluated however no other matrix can be evaluated.  

The Determinant of a (𝟏𝟏 × 𝟏𝟏) Matrix 

Determinant of a matrix (1 × 1) is the number itself in the matrix. 

For Example 

We have a matrix 𝐴𝐴 = [7] the determinant of a matrix A will be, |𝐴𝐴| = 7 i.e. number 
given in matrix itself.  

The determinant of matrix (2×2)  

The determinant of matrix (2 × 2) is found by subtracting the products of its diagonals 
i.e. 

𝐴𝐴 = �
𝑎𝑎11 𝑎𝑎12
𝑎𝑎21 𝑎𝑎22� 

|𝐴𝐴| = 𝑎𝑎11𝑎𝑎22 − 𝑎𝑎12𝑎𝑎21 

Example 1: 

Find the determinant of a matrix 𝐴𝐴 = �3 2
1 5� 

Solution 

The determinant of the given matrix is, 

|𝐴𝐴| = �3 2
1 5� 

|𝐴𝐴| = (3)(5) − (2)(1) 

|𝐴𝐴| = 15 − 2 

|𝐴𝐴| = 13 
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The Determinant of a (𝟑𝟑 × 𝟑𝟑) Matrix 

The determinant of a matrix 
11 12 13

21 22 23

31 32 33

| |
a a a

A a a a
a a a

 
 =  
  

can be found by the following 

procedure.  

i. Write the first two columns of the matrix to the right of the original matrix. 

ii. Multiply the down diagonals and add them together. 

iii. Multiply the up diagonals and add them together. 

iv. The determinant equals to the sum of the products of down diagonals minus the 
sum of the products of up diagonals. 

Algebraically the determinant is computed as. 

11 12 13

21 22 23

31 32 33

| |
a a a

A a a a
a a a

 
 =  
  

 

11 12 13 11 12

21 22 23 21 22

31 32 33 31 32

| |
a a a a a

A a a a a a
a a a a a

=  

|𝐴𝐴| = (𝑎𝑎11𝑎𝑎22𝑎𝑎33 + 𝑎𝑎12𝑎𝑎23𝑎𝑎31 + 𝑎𝑎13𝑎𝑎21𝑎𝑎32) − (𝑎𝑎13𝑎𝑎22𝑎𝑎31 + 𝑎𝑎!1𝑎𝑎23𝑎𝑎32 + 𝑎𝑎12𝑎𝑎21𝑎𝑎33) 

Example 2: 

Find the determinant of the matrix 
4 3 1

| | 2 0 5
1 3 0

A
− 

 =  
  

 

Solution 

To find the determinant of the matrix A firstly we will write the first two columns of the 
matrix A at the right side of the matrix i.e. 
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4 3 1 4 3
| | 2 0 5 2 0

1 3 0 1 3
A

− −
=  

4 3 1 4 3
| | 2 0 5   2 0

1 3 0 1 3
A

− −
=  

Now the determinant is computed as, 

|𝐴𝐴| = [(4)(0)(0) + (−3)(5)(1) + (1)(2)(3)]
− [(1)(0)(1) + (4)(5)(3) + (−3)(2)(0)] 

|𝐴𝐴| = (−15 + 6) − (60) 
|𝐴𝐴| = −69 

Properties of Determinants 

i. If all elements of any row or column equal to zero, then determinant of that matrix 
is equal to zero. 

ii. If any two rows or columns are interchanged, then the sign of the determinant 
changes. 

iii. If the matrix 𝐵𝐵 is obtained from the matrix 𝐴𝐴 by multiplying every element of 
matrix 𝐴𝐴 by scalar k then |𝐴𝐴| =  𝑊𝑊 |𝐵𝐵|. 

iv. If any multiple of one row/column is added to another row/column, the value of the 
determinant in unchanged.  

v. If two rows/columns are identical then the determinant is zero. 
 

7.2.2.4 Singular and Non-Singular Matrices 

Singular matrix is a square matrix. A matrix is said to be singular matrix if determinant of 
matrix 𝐴𝐴 is zero that is |𝐴𝐴| = 0 and a matrix is said to be non-singular if determinant of 
matrix 𝐴𝐴 is not equal to zero that is |𝐴𝐴| ≠ 0. Where |𝐴𝐴| is the determinant correspond to 
matrix |𝐴𝐴|. 

Example 3: 

Determine the following matrices are singular or non-singular. 

i. 
2 6
1 8

A  
=  
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ii. 
6 12
2 4

B  
=  
 

 

Solution 

i. 
2 6
1 8

A  
=  
 

 

 

 

 

As we can see that |𝐴𝐴| = 10 ≠ 0 so the matrix 𝐴𝐴 is non-singular matrix. 

ii. 
6 12
2 4

B  
=  
 

 

6 12
2 4

6 12
| |

2 4

B

B

 
=  
 

=

 

| | (6)(4) (12)(2)B = −  

| | 24 24
| | 0
B
B
= −
=

 

As we can see that |𝐵𝐵| = 0 so the matrix 𝐵𝐵 is singular matrix. 

  

2 6
1 8

2 6
| |

1 8
| | (2)(8) (6)(1)
| | 16 6
| | 10

A

A

A
A
A

 
=  
 

=

= −
= −
=
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Example 4: 

If 
5 2

8
A

y
 

=  
 

,find the value of 𝑦𝑦. Where 𝐴𝐴 is a singular matrix. 

Solution:   

First we will calculate determinant of 𝐴𝐴. 

5 2
8

5 2
| |

8
| | (5)(8) (2)( )
| | 40 2

A
y

A
y

A y
A y

 
=  
 

=

= −
= −

 

As 𝐴𝐴 is a singular matrix, so |𝐴𝐴| = 0. 

| | 0
40 2 0

2 40
40
2

20

A
y

y

y

y

=
− =

− = −
−

=
−

=

 

7.2.2.5 Matrix of Cofactors 
The method of cofactors is the more generalized computational procedure which can be 
applied for all square matrices. 

Following are the steps to find the cofactors. 

i. Firstly, we must cross off row 𝒊𝒊 and column𝒋𝒋 in the original matrix. 

ii. Focus on the remaining terms of the matrix. The remaining terms of the matrix 
form a submatrix of the original matrix. 

iii. Find the determinant of the remaining matrix known as minor of the element 𝑎𝑎𝑖𝑖𝑖𝑖. 
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iv. The factor 𝑎𝑎𝑖𝑖𝑖𝑖′  is found by multiplication the minor by either +1 or  −1 depending 
on the position of the element 𝑎𝑎𝑖𝑖𝑖𝑖.  

Formula for computing cofactors is, 

𝑎𝑎𝑖𝑖𝑖𝑖′ = (−1)𝑖𝑖+𝑖𝑖(𝑃𝑃ℎ𝑒𝑒 𝑒𝑒𝑖𝑖𝑚𝑚𝑃𝑃𝑃𝑃) 

Method of Cofactors Expansion 

a) Select any row or column of the matrix. 
b) Multiply each element in the row (column) by its corresponding cofactor and sum 

these products to yield the determinants. 

The determinant of (𝑒𝑒 × 𝑒𝑒) matrix A can be calculated using the method of cofactor 

expansion i.e. 

|𝐴𝐴| = 𝑎𝑎𝑖𝑖1𝑎𝑎𝑖𝑖1′ + 𝑎𝑎𝑖𝑖2𝑎𝑎𝑖𝑖2′ + ⋯+ 𝑎𝑎𝑖𝑖𝑚𝑚𝑎𝑎𝑖𝑖𝑚𝑚′  

Example 5: 

Find the cofactors of matrix 
8 3 1
5 1 2
4 7 6

A
 
 = − 
  

. 

Solution: 

The determinant of a given matrix can be found by the method of cofactor expansion i.e. 

|𝐴𝐴| = 𝑎𝑎𝑖𝑖1𝑎𝑎𝑖𝑖1′ + 𝑎𝑎𝑖𝑖2𝑎𝑎𝑖𝑖2′ + ⋯+ 𝑎𝑎𝑖𝑖𝑚𝑚𝑎𝑎𝑖𝑖𝑚𝑚′  

8 3 1
5 1 2
4 7 6

A
 
 = − 
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By the formula the cofactor is computed as, 

𝑎𝑎11ʹ = (−1)1+1 �−1 2
7 6� 

𝑎𝑎11ʹ = (1)[(−1)(6)− (2)(7)] 

𝑎𝑎11ʹ = −20 

𝐴𝐴 = �
8 3 1
5 −1 2
4 7 6

� 

𝑎𝑎21ʹ = (−1)2+1 �5 2
4 6� 

𝑎𝑎21ʹ = (−1)[(5)(6)− (2)(4)] 

𝑎𝑎21ʹ = (−1)(22) 

𝑎𝑎21ʹ = −22 

𝐴𝐴 = �
8 3 1
5 −1 2
4 7 6

� 

𝑎𝑎31ʹ = (−1)3+1 �5 −1
4 7 � 

𝑎𝑎31ʹ = (1)[(5)(7) − (−1)(4)] 

𝑎𝑎31ʹ = 39 

Now we will substitute these cofactors into the cofactors expansion i.e. 

| | 8( 20) 3(22) 1(39)
| | 160 66 39
| | 187

A
A
A

= − − +
= − − +
= −

 

7.2.2.6 Adjoint Matrix 

The adjoint of a matrix 𝐴𝐴 is equal to the transpose of the cofactor matrix of 𝐴𝐴. It is 

denoted by 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴) or 𝐴𝐴𝑖𝑖. Let 𝐴𝐴 be a square matrix and its cofactor matrix is represented 

as 𝐴𝐴𝑐𝑐 and adjoint of matrix 𝐴𝐴 is 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴), then 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴) = (𝐴𝐴𝑐𝑐𝑡𝑡 ). 
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Example 6:  

Find the adjoint matrix of the given matrix 
7 3
4 1

A  
=  
 

. 

Solution 

First we will find out the cofactor matrix that is 𝐴𝐴𝑐𝑐 . 

𝐴𝐴 = �7 3
4 1� 

𝑎𝑎11ʹ = (−1)1+1(1) = 1 

𝐴𝐴 = �7 3
4 1� 

𝑎𝑎12ʹ = (−1)2+1(4) = −4 

𝐴𝐴 = �7 3
4 1� 

𝑎𝑎21ʹ = (−1)2+1(3) = −3 

1 1
22

7 3
4 1

( 1) (7) 7

A

a +

 
=  
 

′ = − =

 

Cofactor matrix of a given matrix 𝐴𝐴 is  

1 4
3 7cA

− 
=  − 

 

Thus, 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴) = 𝐴𝐴𝑐𝑐𝑡𝑡  

1 4
3 7

1 4 1 3
( )

3 7 4 7

c

t
t

c

A

A Adj A

− 
=  − 

− −   
= = =   − −   
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7.2.2.7 Inverse of a Matrix 

The inverse of any matrix 𝐴𝐴 is denoted as 𝐴𝐴−1 with the property that is, where 𝐼𝐼 is the 

identity matrix. Note that here 𝐴𝐴−1 does not mean that 1
𝐴𝐴
. 

𝐴𝐴𝐴𝐴−1 = 𝐴𝐴−1𝐴𝐴 = 𝐼𝐼 

Important Points Regarding the Inverse 

i. For a matrix 𝐴𝐴 to have an inverse it must be a square matrix. 
ii. Inverse of matrix 𝐴𝐴 will also be square and of the same dimension as 𝐴𝐴. 
iii. Not every square matrix has an inverse. 

 
7.2.2.7.1 Determining the Inverse 

There are several methods for determining the inverse of a matrix. One of them is 

Gaussian elimination procedure. 

(i) Gaussian Reduction Procedure 

 To determine the inverse of an (𝑒𝑒 × 𝑒𝑒) matrix 𝐴𝐴. 

i.  Augment the matrix A with an (𝑒𝑒 × 𝑒𝑒) identity matrix resulting in (𝐴𝐴|𝐼𝐼) 

ii. Perform row operations on the entire augmented matrix to transform 𝐴𝐴 into an 
(𝑒𝑒 × 𝑒𝑒) identity matrix. Then the matrix will have the form (𝐼𝐼|𝐴𝐴−1) 

iii. Where 𝐴𝐴−1 can be read to the right of the vertical line 

 
Example7: 

Let’s determine the inverse of the matrix 𝐴𝐴 = �1 2
3 4� 

Solution 

Use the Gauss elimination method to transform (𝐴𝐴|𝐼𝐼) into (𝐼𝐼|𝐴𝐴−1).We will do some row 

operation to make the matrix 𝐴𝐴 into identity matrix as a result the changes occurs in 

identity matrix will give us inverse of a matrix 𝐴𝐴. 
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(ii) Finding the Inverse Using the Cofactors 

The cofactor method for finding the inverse of a square matrix 𝐴𝐴 is as follows. 
i. Determine the matrix of cofactors 𝐴𝐴𝑐𝑐 for the matrix 𝐴𝐴. 
ii. Determine the adjoint matrix 𝐴𝐴𝑖𝑖 which is the transpose of the matrix 𝐴𝐴𝑐𝑐. 

𝐴𝐴𝑖𝑖 = 𝐴𝐴𝑐𝑐𝑡𝑡  

iii. The inverse of the matrix A can be found by dividing the determinant of matrix A 
with the adjoint matrix i.e. 

𝐴𝐴−1 =
1
𝐴𝐴
𝐴𝐴𝑖𝑖 

7.2.2.7.2  The Inverse and System of Equations 

The matrix inverse can be used to determine the solution set for a system of equations. 

Given a system of equations of the form 𝐴𝐴𝑋𝑋 = 𝐵𝐵 where,𝐴𝐴 is a square matrix if we 
multiply both sides with inverse of matrix 𝐴𝐴 then we have 𝑋𝑋 = 𝐴𝐴−1𝐵𝐵 that is the solution 
vector for the system of equations. 

Example 8: 

The input-output matrix for a three-industry economy is, 
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If nonindustrial demands are respectively $100,000,000, $60,000,000, and 150,000,000. 

Then determine the equilibrium levels of output for three industries. 

𝐷𝐷𝑒𝑒𝑒𝑒𝑎𝑎𝑚𝑚𝑃𝑃𝑅𝑅 = �
100,000,000
60,000,000

 150,000,000
� = 𝐷𝐷 

Solution 

The equilibrium levels of output can be determined by using the formula. 

(𝐼𝐼 − 𝐴𝐴)−1𝐷𝐷 = 𝑋𝑋 

 

 



112 
 

 

Industry should produce $198800000, $321860000, and $44605000 

7.3 SELF-ASSESSMENT QUESTIONS 
Q # 1 Fill in the Blanks 

i. …………. is collection of numbers arranged into a fixed number of rows and 

columns. 

ii. The vertical lines of the matrix 𝐴𝐴 is called …………. 

iii. Elements of a matrix can be written as 𝑎𝑎𝑖𝑖𝑖𝑖 where 𝑖𝑖 always represents the position of 

element in …………. 

iv. ………….matrix is a matrix in which number of columns and rows are equal. 

v. Row matrix is a matrix having ………….row and several columns. 

vi. In diagonal matrix all the elements are zero except the elements in the …………. 

vii. If all elements of any row or column equal to zero, then determinant of that matrix 

is equal to …………. 

viii. If the matrix 𝐵𝐵 is obtained from the matrix 𝐴𝐴 by multiplying every element of 

matrix 𝐴𝐴 by scalar k then …………. 

ix. The ………….can be used to determine the solution set for a system of equations. 

x. ………….is a matrix in which every element of a matrix is zero. 
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Q # 2 Choose the Correct Answer 

i. If the determinant of a matrix 𝐴𝐴 is zero, then matrix 𝐴𝐴 is known as …………. 

 a)  Non-singular matrix    b)  Identity matrix    

 c)  Singular matrix    d)  Scalar matrix 

ii. ………….is the order of matrix having 𝑒𝑒 rows and 𝑚𝑚 columns. 

 a) 𝑒𝑒 ÷ 𝑚𝑚   b)  𝑒𝑒 + 𝑚𝑚    

 c)  𝑒𝑒 − 𝑚𝑚    d)  𝑒𝑒 × 𝑚𝑚 

iii. In a column matrix 𝐴𝐴 = 𝑎𝑎𝑖𝑖𝑖𝑖 

a) 𝑖𝑖 > 1 and 𝑗𝑗 = 1    b)  𝑖𝑖 = 1 and 𝑗𝑗 = 1        

c)  𝑖𝑖 > 1 and 𝑗𝑗 > 1       d)  𝑖𝑖 = 1 and 𝑗𝑗 > 1 

iv. 
1
0
1

A
 
 =  
 
 

 is …………. 

 a) Square    b)  Column    

 c)  Null     d)  Row 

v. If 𝐴𝐴 is a matrix and 𝐴𝐴 = 𝐴𝐴𝑡𝑡, then this a ………….matrix.  

 a) Symmetric    b)  Non-symmetric    

 c)  Singular    d)  Non-singular 

vi. The order of the matrix 
1 0
2 4
1 3

A
 
 =  
 − 

is …………. 

 a) 3 × 3R      b)  2 × 3          

 c)  3 × 2         d)  3 × 1 

vii. In a scalar matrix all elements of principal diagonal are …………. 

 a) Null    b)  Different     

 c)  Same    d)  Both b and c  

viii. Transpose of a column matrix is a …………. 

 a) Column matrix     b)  Identity matrix    

 c)  Unit matrix     d)  Row matrix 
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ix. Unit matrix is known as the …………. 

 a) Identity matrix      b)  Finite matrix    

 c)  infinite matrix     d)  Zero matrix  

x. Matrix 𝐴𝐴 is non-singular matrix if …………. 

 a) (|𝐴𝐴| = 0)     b)  (|𝐴𝐴| ≠ 0)     

 c)  (|𝐴𝐴| ≤ 0)          d)  (|𝐴𝐴| ≥ 0) 

Q # 3 True/ False 

i. Matrix is an arrangement of numbers and symbols belonging to situation.  T/F  

ii. In null matrix all entries are greater than 0.  T/F 

iii. The inverse of the matrix A can be found by dividing the determinant of matrix A 
with the adjoint matrix.  T/F  

iv. 𝐴𝐴 be a square matrix and its cofactor matrix is represented as 𝐴𝐴𝑐𝑐 and adjoint of 
matrix 𝐴𝐴 is 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴), then 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴) ≠ (𝐴𝐴𝑐𝑐𝑡𝑡 ).  T/F 

v. If all elements of any row/column equal to zero, then determinant of that matrix is 
not equal to zero.  T/F 

vi. For a matrix 𝐴𝐴 to have an inverse it must be a square matrix.  T/F  

vii. Inverse of matrix 𝐴𝐴 will also be square and of the same dimension as 𝐴𝐴.  T/F 

viii. The transpose 𝐴𝐴𝑡𝑡 of 𝐴𝐴 is obtained by interchanging columns and rows of 
matrix 𝐴𝐴.   T/F  

ix. If two rows/columns are identical then the determinant is not equal to zero.  T/F  

x. If any multiple of one row/column is added to another row/column, the value of the 
determinant in changed.  T/F  

Q # 4 Numerical Questions 

i. Define matrix. Name any four types of matrices. 

ii. Find determinant of the following matrix. 

a. 
4 1
5 3

A  
=  
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b. 
3 2 1
1 0 3
4 1 5

B
 
 =  
  

 

iii. Determine the following matrices are singular or non-singular. 

a. 
2 1
0 5

A  
=  
 

      b.      
5 20
2 8

B  
=  
 

       c.     
3 1
6 2

C  
=  
 

 

iv. If 
5 3
2

A
z

 
=  
 

, then find the value of 𝑑𝑑 where 𝐴𝐴 is a singular matrix. 

v. Find the cofactor matrix of the following matrices. 

a. 
3 2
1 5

A  
=  
 

      b.    
6 8
4 2

B  
=  
 

      c.   
7 4 2
3 2 0
1 0 2

C
 
 =  
  

 

vi. Find the adjoint of the following matrices. 

a. 
1 3
2 1

A  
=  
 

        b.  
7 4
0 1

B  
=  
 

 

vii. Find the inverse of the following matrices. 

a. 
5 9
4 1

A  
=  
 

        b.  
2 1 2
3 0 3
1 4 5

B
 
 =  
 − − 

 

viii. Find the transpose of the following matrices. 

a. [ ]1 5 4 0A =      b.  
3
9

18
B

 
 =  
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c.  
2 2
4 1
0 1

C
 
 =  
  

         d.  
5 4 3 1
2 1 0 0
5 4 5 2

D
 
 =  
  

 

ix. If 
2 0 3

8 7 5
4 3 2

A
− 
 =  
 − 

, then verify that ( )t tA A= . 

x. Define identity matrix and write 𝐼𝐼2, 𝐼𝐼3 and 𝐼𝐼4. 
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INTRODUCTION 

Matrices got a significant place in modern mathematics. It has immense applications in 
Economics, Chemistry, Geometry, Statistics and Physics. Sociologists used the matrices 
to study the supremacy within a group while demographers use them in the study of 
births and existences, marriage and succession, class structure and mobility etc. 
Economists use them in input-output tables, social accounting and in the study of inter-
industry economics. 

In this unit students will be able to learn about; 

1. Addition of matrix 
2. Multiplication of matrix 
3. Subtraction of matrix 
4. Solution of simultaneous linear equation through matrices 
5. Cramer’s rule for solving system of linear equation 

 

OBJECTIVES 
 

After studying this unit, students will be able to do: 

1. addition and subtraction of matrices 
2. multiplication of matrix by a scalar quantity  
3. solution of simultaneous linear equation through matrices 
4. Cramer’s rule for solving system of linear equation 
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8.1  ALGEBRA OF MATRICES 

8.1.1 Addition of Matrix 
If the dimensions of two matrices are same then the matrices can be added. For the 
addition of matrices, they must have same number of rows and columns. 
 
If 𝐴𝐴 and 𝐵𝐵 are matrices of (𝑒𝑒 ×  𝑚𝑚) after addition of these two matrices we have new 
matrix 𝐶𝐶 of the same dimension as 𝐴𝐴 and 𝐵𝐵 i.e. 

ij ij ijC A B= +  

Example 1: 

Given 
2 4
1 5

A  
=  − 

and 
7 0
4 3

B  
=  − 

find 𝐴𝐴 + 𝐵𝐵 

Solution: 

We can find the sum by adding the corresponding entries in matrices A and B. This is 

shown below. 

 

2 4 7 0
1 5 4 3

2 7 4 0
1 4 5 3

9 4
3 2

A B

A B

A B

   
+ = +   − −   

+ + 
+ =  − + − 

 
+ =  

 

 

Example 2: 

Two schools conducted their Summer English Camps in April. The table shows the 
number of students who applied for the summer camps from each school. Find the total 
number of students applied for the summer camp? 
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Solution:                                                                            

No. of students applied from school – I in matrix form is:�25 28 20
23 26 22� 

No. of students applied from school – II in matrix form is: �26 24 23
21 28 25� 

Total number of students applied for the summer camp =?    

Total number of students = �
25 28 20

23 26 22
�+ �

26 24 23

21 28 25
� 

= �
25 + 26 28 + 24 20 + 23

23 + 21 26 + 28 22 + 25
� 

= �
51 52 43

44 54 47
� 

Example 3: 

The quarterly sales of wheat, cotton and corn for the year 2015 and 2016 are represented 
below in the form of matrix 𝐴𝐴 and 𝐵𝐵. 
 

22 15 26 10
5 20 17 15

32 24 18 9
A

 
 =  
  

and    
35 12 25 31
20 14 10 15
22 33 27 10

B
 
 =  
  

 

 
Find the total quarterly sales of wheat, cotton and corn for these two years. 
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Solution: 

We can calculate the total quarterly sales of wheat, cotton and corn by adding matrix 𝐴𝐴 
and 𝐵𝐵. 

𝐴𝐴 + 𝐵𝐵 = �
22 15 26 10
5 20 17 15

32 24 18 9
� + �

35 12 25 31
20 14 10 15
22 33 27 10

� 

𝐴𝐴 + 𝐵𝐵 = �
57 27 51 41
25 34 27 30
54 57 45 19

� 

8.1.2 Multiplication of a Matrix by a Scalar Quantity 
Multiplication of a matrix by a scalar number is called scalar multiplication. Where scalar is a 
real number. If 𝑊𝑊 is a scalar and 𝐴𝐴 be a matrix then scalar multiplication is given below. 
 

𝑊𝑊𝐴𝐴 = 𝑊𝑊 �
𝑎𝑎11 𝑎𝑎12
𝑎𝑎21 𝑎𝑎22� = �𝑊𝑊𝑎𝑎11 𝑊𝑊𝑎𝑎12

𝑊𝑊𝑎𝑎21 𝑊𝑊𝑎𝑎22
� 

Example 4: 

For a matrix 
2 6
5 8
7 5

A
 
 = − 
 − 

find 3𝐴𝐴. 

Solution: 

To find 3𝐴𝐴 we need to multiply by 3 every entry in the matrix. 

2 6
3 3 5 8

7 5

3 2 3 6
3 3 5 3 ( 8)

3 ( 7) 3 5

6 18
3 15 24

21 15

A

A

A

 
 = − 
 − 
× × 

 = × × − 
 × − × 
 
 = − 
 − 
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8.1.3 Subtraction of Matrices 
If the dimensions of two matrices are same then the matrices can be subtracted. For the 
subtraction of matrices, they must have same number of rows and columns. 
 
If 𝐴𝐴 and 𝐵𝐵 are matrices of (𝑒𝑒 ×  𝑚𝑚) after subtraction of these two matrices we have new 
matrix 𝐶𝐶 of the same dimension as 𝐴𝐴 and 𝐵𝐵 i.e. 
 

ij ij ijC A B= −  

Example 5: 

Given 
18 12
10 9

A  
=  
 

and 
5 8

9 16
B

− 
=  
 

find 𝐴𝐴 − 𝐵𝐵 

Solution: 

We can find the 𝐴𝐴 − 𝐵𝐵 by subtracting the corresponding entries in matrices A and B. This 
is shown below. 

18 12 5 8
10 9 9 16

18 ( 5) 12 8
10 9 9 16

23 4
1 7

A B

A B

A B

−   
− = −   

   
− − − 

− =  − − 
 

− =  − 

 

Example 6:  

The number of books, journals and CDs available in Library A and Library B are 
represented by two matrices. How many of each of these items is more in Library A? 
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Solution: 

Library 𝐴𝐴 – Library 𝐵𝐵 = �

3081

70

251

�- �

2948

33

146

�   =  �

3081− 2948

70 − 33

251− 146

� = �

133

37

105

� 

8.1.4 Multiplication of Matrices 
Matrix multiplication is multiplication of entire matrix by another entire matrix. 
i. The product of a matrix 𝐴𝐴 and 𝐵𝐵 is defined if and only if the number of rows of 

matrix 𝐴𝐴 is equal to the number of columns of matrix 𝐵𝐵. 
ii. For matrix multiplication, we must multiply the rows of 𝐴𝐴 by the columns of 𝐵𝐵. 
iii. Take the first row of 𝐴𝐴 and first column of 𝐵𝐵 multiply their entries. 
iv. The result of the matrix multiplication is in the form of matrix. 
v. In matrix multiplication 𝐴𝐴𝐵𝐵 ≠ 𝐵𝐵𝐴𝐴. 
 
The order of matrix 𝐴𝐴 is (3 × 3) and the order of matrix 𝐵𝐵 is (3 × 2). Since the columns 
of matrix 𝐴𝐴 is equal to the rows of matrix 𝐵𝐵. Therefore, multiplication 𝐴𝐴𝐵𝐵 is possible and 
the resulting matrix must be of order (3 × 2) but 𝐵𝐵𝐴𝐴 is not possible in this case. If the 
number of columns of the first matrix does not match the number of rows of the second 
matrix, then the product cannot be defined. 

Example 7: 

Given 
9 5
7 6

A  
=  
 

and 
4 2
0 1

B
− 

=  
 

find the product of matrix 𝐴𝐴 and 𝐵𝐵. 

Solution: 

The order of matrix 𝐴𝐴 and 𝐵𝐵 is same that is (2 × 2) so multiplication of matrix 𝐴𝐴 and 𝐵𝐵 is 
possible 

𝐴𝐴𝐵𝐵 = �
9 5

7 6
� �

4 −2

0 1
� 

𝐴𝐴𝐵𝐵 = �
(9)(4) + (5)(0) (9)(−2) + (5)(1)

(7)(4) + (6)(0) (7)(−2) + (6)(1)
� 

𝐴𝐴𝐵𝐵 = �
36 −13

28 −8
� 
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Example 8: 

On two days, a store sold the following amounts of pencils, erasers and sharpeners. 

 Pencils Erasers Sharpeners 

Monday                 40                 8                6 

Tuesday                 50                11                5 

 
The price of each pencil, eraser and sharpener is $ 0.3, $ 0.2 and $3 respectively. How 
much was made each day? 

=

�
(40)(0.3) + (8)(0.2) + (6)(3)

(50)(0.3) + (11)(0.2) + (5)(3)
�  =  �

12 + 1.6 + 18

15 + 2.2 + 15
� =  �

31.6

32.2
� 

$31.6 on first day and $32.2 on 2𝑛𝑛𝑟𝑟 day. 

Example 9: 

Amina, Fatima and Sahar bought cookies of different brands G, H and I. Amina bought 
12 packets of G, 8 packets of H and 5 packets of I. Fatima bought 5 packets of G, 9 
packets of H and 11 packets of I. Sahar bought 5 packets of G, 8 packets of H and 9 
packets of I. If brand G costs Rs 5, H costs Rs 6 and I costs Rs 7 each, then using matrix 
operation, find the total amount of money spent by these three persons individually. 
 

Solution:  

Let 𝐷𝐷 represents the matrix for the quantity of each brand of biscuit bought by G, H and I 
and let 𝐶𝐶 is the matrix representing the cost of each brand of biscuit. 
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12 8 5 5
5 9 11        6
5 8 9 7

Q C
   
   = =   
      

 

Since the number of the columns of matrix 𝐷𝐷 is equal to the number of rows of the matrix 
𝐶𝐶 so the matrix multiplication is possible. 

12 8 5 5
5 9 11 6
5 8 9 7

(12)(5) (8)(6) (5)(7)
(5)(5) (9)(6) (11)(7)
(5)(5) (8)(6) (9)(7)

143
156
136

Q C

Q C

Q C

   
   × = ×   
      

+ + 
 × = + + 
 + + 
 
 × =  
  

 

Amount spent by Amina, Fatima and Sahar is Rs 143, Rs 156 and Rs 136 respectively. 

8.2  SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS 
THROUGH MATRICES 
 
The concept of matrices is helpful to solve various problems of mathematics. In this 
section we will learn how we can find unknown of linear equations using matrices.   
A linear equation of the form 1 1 2 2 n na x a x a x b+ + + = can be represented in the matrix 
form as, 

[ ]
1

2
1 2 n

n

x
x

a a a b

x

 
 
  =
 
 
 




 

Example 10: 
Given an expression 7𝑥𝑥1 + 3𝑥𝑥2 − 10𝑥𝑥3, represent the given expression in the form of 
inner product. 

Solution:    
Given expression can be represented in the form of inner product such as, 
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[ ]
1

2

3

7 3 10
x
x
x

 
 −  
  

 

An (𝑒𝑒 × 𝑚𝑚) system of equations having the form: 

𝑎𝑎11𝑥𝑥1 + 𝑎𝑎12𝑥𝑥2 + ⋯+ 𝑎𝑎1𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏1 
                                 ⋮ 
𝑎𝑎𝑚𝑚1𝑥𝑥1 + 𝑎𝑎𝑚𝑚2𝑥𝑥2 +⋯+ 𝑎𝑎𝑚𝑚𝑛𝑛𝑥𝑥𝑛𝑛 = 𝑏𝑏𝑚𝑚 

In the above system of equations 𝑎𝑎11,𝑎𝑎12,𝑎𝑎1𝑛𝑛,𝑎𝑎𝑚𝑚1,𝑎𝑎𝑚𝑚2and 𝑎𝑎𝑚𝑚𝑛𝑛 are coefficients, 
𝑥𝑥1,𝑥𝑥2, 𝑥𝑥𝑛𝑛 are variables that are unknown and 𝑏𝑏1 …𝑏𝑏𝑚𝑚 are constants. 

System of linear equations can be represented by the matrix equations as, 

AX C=                         → (𝑖𝑖) 

11 1 1 1

1

n

m mn n n

a a x b

a a x b

     
     =     
          



    



 

The above matrices can be solved if 𝐴𝐴−1 exists when |𝐴𝐴|  ≠  0, so (𝑖𝑖) can be obtained by 
multiplying 𝐴𝐴−1on both sides: 

𝐴𝐴−1(𝐴𝐴𝑋𝑋)  =  𝐴𝐴−1𝐵𝐵 

Since matrix multiplication is associative, therefore, 

(𝐴𝐴−1𝐴𝐴)𝑋𝑋 =  𝐴𝐴−1𝐵𝐵 

 𝐼𝐼2𝑋𝑋 =  𝐴𝐴−1𝐵𝐵                  (𝐴𝐴𝐴𝐴−1  =  𝐼𝐼2, 𝐼𝐼𝑃𝑃𝑒𝑒𝑚𝑚𝑃𝑃𝑖𝑖𝑃𝑃𝑦𝑦 𝑒𝑒𝑎𝑎𝑃𝑃𝑃𝑃𝑖𝑖𝑥𝑥) 
 𝑋𝑋  =  𝐴𝐴−1𝐵𝐵 

Where 1

| |
AdjAA

A
− = so 

�
𝑥𝑥1
𝑥𝑥2�  =  

1
|𝐴𝐴| �

𝑎𝑎22 −𝑎𝑎12
−𝑎𝑎21 𝑎𝑎11 � �

𝑏𝑏1
𝑏𝑏2
� 

 

=  
1

|𝐴𝐴| �
𝑎𝑎22𝑏𝑏1 −𝑎𝑎12𝑏𝑏2
−𝑎𝑎21𝑏𝑏1 𝑎𝑎11𝑏𝑏2

�  =

⎣
⎢
⎢
⎢
⎡
𝑎𝑎22𝑏𝑏1 − 𝑎𝑎12𝑏𝑏2

|𝐴𝐴|
−𝑎𝑎21𝑏𝑏1 + 𝑎𝑎11𝑏𝑏2

|𝐴𝐴| ⎦
⎥
⎥
⎥
⎤
 

𝑥𝑥1 =  
�𝑏𝑏1 𝑎𝑎12
𝑏𝑏2 𝑎𝑎22

�

|𝐴𝐴|
   𝑎𝑎𝑚𝑚𝑃𝑃   𝑥𝑥2 =  

�𝑎𝑎11 𝑏𝑏1
𝑎𝑎21 𝑏𝑏2

�

|𝐴𝐴|
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Example 11: 

Solve the following system of equation 

2𝑥𝑥 + 3𝑦𝑦 = 10 
4𝑥𝑥 + 8𝑦𝑦 = 24 

Solution: 

Given system of equations in matrices form can be written as 
2 3 10
4 8 24

x
y

AX B

     
=     

     
=

 

Where  
2 3 10

,  and 
4 8 24

2 3
| | (2)(8) (4)(3)

4 8
| | 16 12 4 0

x
A X C

y

A

A

     
= = =     
     

= = −

= − = ≠

 

Matrix 𝐴𝐴 is non-singular so its inverse exists.  

1

1

1

8 3
( )

4 2

| |
8 3
4 2

4
8 31
4 24

Adj A

AdjAA
A

A

A

−

−

−

− 
=  − 

=

− 
 − =

−  =    −   

 

We have 𝐴𝐴𝑋𝑋 = 𝐵𝐵 ⇒ 𝑋𝑋 = 𝐴𝐴−1𝐵𝐵 
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8 3 101
4 2 244

(8)(10) ( 3)(24)1
( 4)(10) (2)(24)4
8 21
8 24

x
y

x
y

x
y

−      =       −      
+ −    =     − +    

      = =            

 

Thus, 𝑥𝑥 = 2 and 𝑦𝑦 = 2. 

Example 12: 

Two cups of tea and three pieces of cake cost Rs. 80, while one cup of tea and two pieces 
of cake cost Rs. 50. Find the cost of one cup of tea and one piece of cake? 

Solution: 

Suppose the cost of one cup of tea = 𝑥𝑥1 

And the cost of one piece of cake =  𝑥𝑥2 

Then according to condition: 

                  2𝑥𝑥1  +  3𝑥𝑥2 =  𝑅𝑅𝑅𝑅. 80 

                       𝑥𝑥1  +  2𝑥𝑥2  =  𝑅𝑅𝑅𝑅. 50 

This system can be written in matrix form i.e. 

� 2 3
1 2� �

𝑥𝑥1
𝑥𝑥2� =  �80

50� 

𝐴𝐴𝑋𝑋 =  𝐵𝐵                                   (1) 

Where  

 𝐴𝐴 =  � 2 3
1 2� , 𝑋𝑋 =  �

𝑥𝑥1
𝑥𝑥2� , 𝐵𝐵 =  �80

50� 

|𝐴𝐴|  =  �2 3
1 2�  =  4 –  3 =  1 ≠  0 

𝐴𝐴𝑃𝑃𝑗𝑗 𝐴𝐴 =  �  2 −3
−1 2 � 

                        𝐴𝐴−1 =  
𝐴𝐴𝑃𝑃𝑗𝑗 𝐴𝐴

|𝐴𝐴|  

𝐴𝐴 − 1 =  �  2 −3
−1 2 � 

Eq. (1) becomes 𝑋𝑋 =  𝐴𝐴 − 1𝐵𝐵 i.e. 
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�
𝑥𝑥1
𝑥𝑥2� =  �  2 −3

−1 2 � �80
50� 

= �
(2 × 80) + (−3 × 50)

(−1 × 80) +  (2 × 50)� = �160 − 150
−80 + 100� = �10

20� 

𝑥𝑥1 = 𝑅𝑅𝑅𝑅. 10 and𝑥𝑥2 = 𝑅𝑅𝑅𝑅. 20 

8.3  CRAMER’S RULE FOR SOLVING SYSTEM OF LINEAR 
EQUATIONS 
Consider the system of equations: 

  𝑎𝑎11 𝑥𝑥1 +  𝑎𝑎12 𝑥𝑥2  +  𝑎𝑎13 𝑥𝑥3  =  𝑏𝑏1 

  𝑎𝑎21 𝑥𝑥1 +  𝑎𝑎22 𝑥𝑥2  +  𝑎𝑎23 𝑥𝑥3  =  𝑏𝑏2 

   𝑎𝑎31 𝑥𝑥1 +  𝑎𝑎32 𝑥𝑥2  +  𝑎𝑎33 𝑥𝑥3  =  𝑏𝑏3 

Then 𝑥𝑥1 ,𝑥𝑥2 and 𝑥𝑥3 can be obtained by 

𝑥𝑥1 =
�
𝑏𝑏1 𝑎𝑎12 𝑎𝑎13 
𝑏𝑏2 𝑎𝑎22 𝑎𝑎23 
𝑏𝑏3 𝑎𝑎32 𝑎𝑎33 

�

|𝐴𝐴|
 ,  𝑥𝑥2 =

�
𝑎𝑎11 𝑏𝑏1 𝑎𝑎13 
𝑎𝑎21 𝑏𝑏2 𝑎𝑎23 
𝑎𝑎31 𝑏𝑏3 𝑎𝑎33 

�

|𝐴𝐴|
 , 𝑥𝑥3 =

�
𝑎𝑎11 𝑎𝑎12 𝑏𝑏1
𝑎𝑎21 𝑎𝑎22 𝑏𝑏2
𝑎𝑎31 𝑎𝑎32 𝑏𝑏3

�

|𝐴𝐴|
 

This method of solving the system is known as Cramer’s Rule. 

Example 13: 

Use Cramer’s rule to solve the system: 

                     2𝑥𝑥 + 2𝑦𝑦 + 𝑑𝑑 = 3 

                    3𝑥𝑥 − 2𝑦𝑦 − 2𝑑𝑑 = 1 

                       5𝑥𝑥 + 𝑦𝑦 − 3𝑑𝑑 = 2 

Solution:  

The given system can be written in matrix form as 

�

2 2 1

3 −2 −2

5 1 −3

� �

𝑥𝑥

𝑦𝑦

𝑑𝑑

� = �

3

1

2

� 
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Let         

𝐴𝐴 = �

2 2 1

3 −2 −2

5 1 −3

�, 𝑋𝑋 = �

𝑥𝑥

𝑦𝑦

𝑑𝑑

� and 𝐵𝐵 = �

3

1

2

� 

|𝐴𝐴|  =  �

2     2    1

3 −2 −2

5    1 −3

�  =  2(6 +  2)  − 2(−9 +  10)  + 1(3 +  10) 

=  2(8)  − 2(1)  + 1(13)  =  16 –  2 +  13 =  27 

𝑥𝑥 =  

�

3     2    1

1 −2 −2

2    1 −3

�

27
 

=  
1

27
 {3(6 + 2) − 2(−3 + 4) + 1(1 + 4)} 

=  
1

27
{24 − 2 + 5} 

=  
27
27

 =  1 

𝑦𝑦 =  

�

2     3    1

3 1 −2

5    2 −3

�

27
 

=  
1

27
 {2(−3 + 4) − 3(−9 + 10) + 1(6 − 5)} 

=  
1

27
 {2 − 3 + 1}  =  0 

𝑑𝑑 =  

�

2     2    3

3 −2    1

5    1    2

�

27
 

=  
1

27
 {2(−4− 1) − 2(6 − 5) + 3(3 + 10)} 

=  
1

27
{−10− 2 + 39} 

=  
27
27

 =  1 
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Example 14: 

The sum of three numbers is 26. The third number is twice the second and1 less than 
three times the first. What are the three numbers? 

Solution: 

Let the first number =  𝑥𝑥 
The second number =  𝑦𝑦 
And the third number =  𝑑𝑑 
Then        

𝑥𝑥 +  𝑦𝑦 +  𝑑𝑑 =  26 

𝑑𝑑 =  2𝑦𝑦 ⇒  −2𝑦𝑦 +  𝑑𝑑 =  0 

𝑑𝑑 =  3𝑥𝑥 − 1 ⇒  −3𝑥𝑥 +  𝑑𝑑 =  −1 

Let            𝐴𝐴 = �

1 1 1

0 −2 1

−3 0 1

� ,𝑋𝑋 = �

𝑥𝑥

𝑦𝑦

𝑑𝑑

� and 𝐵𝐵 = �

26

0

−1

� 

We solve it using Cramer’s Rule 

 |𝐴𝐴|  = �

1     1    1

0 −2 1

−3    0 1

�  =  1(−2) − 1(3)  + 1(−6)  =  −2 − 3 − 6 =  −11 

 𝑥𝑥 =  

�

26     1    1

0 −2    1

−1    0    1

�

−11
 

                         𝑥𝑥 =  
−1
11

 (26(−2) − 1(1) + 1(−2)  =  
−1
11

(−55)  =  5 

   𝑦𝑦 =  

�

1     26    1

0   0    1

−3  −1    1

�

−11
 

                 𝑦𝑦 =  
1(1) − 26(3) + 1(0)

−11
 =  7 
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     𝑑𝑑 =  

�

1     1    26

0  −2    0

−3  0   −1

�

−11
 

                      =  
1(2) − 1(0) + 26(−6)

−11
 =  14 

So,   𝑥𝑥 =  5,𝑦𝑦 =  7 and 𝑑𝑑 =  14 

8.4 SELF-ASSESSMENT QUESTIONS 

Q # 1. Fill in the Blank 

i. Matrix addition is possible if the dimensions of two matrices are (same) …………. 

ii. Multiplication of a matrix by a scalar number is called (scalar multiplication) 

…………. 

iii. For the subtraction of matrices, they must have (same number) ………….of rows 

and columns. 

iv. The (product) ………….of a matrix 𝐴𝐴 and 𝐵𝐵 is defined if and only if the number of 

rows of matrix 𝐴𝐴 is equal to the number of columns of matrix 𝐵𝐵. 

v. For matrix multiplication, we must (multiply) ………….the rows of 𝐴𝐴 by the 

columns of 𝐵𝐵. 

vi. The result of the matrix multiplication is in the form of (matrix) …………. 

vii. In matrix multiplication 𝐴𝐴𝐵𝐵(≠) −−−−𝐵𝐵𝐴𝐴. 

viii. 𝐴𝐴𝐴𝐴−1 is ………….(𝐼𝐼) 

ix. 𝐼𝐼3 × 𝐼𝐼3 = (𝐼𝐼3) …………. 

x.  The symmetrical matrix and original matrix are always (equal) …………. 

Q # 2. Choose the correct answer 

i. If 𝐴𝐴 is singular matrix then |𝐴𝐴| = (0) …………. 

 a)  0           b)  1          

 c) 2           d)  3 
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ii. 𝐴𝐴𝑟𝑟𝑖𝑖 (𝐴𝐴)
|𝐴𝐴|

 is (𝐴𝐴−1) 

a) 𝐴𝐴𝑡𝑡         b)  0           

c)  𝐷𝐷𝑒𝑒𝑃𝑃(𝐴𝐴)        d)  𝐴𝐴−1 

iii. If 𝐴𝐴 is of order 𝑒𝑒 × 𝑚𝑚 and 𝐵𝐵 is of order𝑚𝑚 × 𝑒𝑒, then 𝐴𝐴𝐵𝐵 will be of order © 

a) 𝑒𝑒 × 𝑚𝑚        b)  𝑚𝑚 × 𝑒𝑒        

c)  𝑒𝑒 × 𝑒𝑒         d)  𝑚𝑚 × 𝑚𝑚 

 

iv. For both 𝐴𝐴 + 𝐵𝐵, both matrices must be of (same order) …………. 

a) Different order    b)  Any order    

c)  Same order     d)  None 

v. Matrix subtraction (𝐴𝐴 − 𝐵𝐵) is taken by (A+(-1)B)  

a) 𝐴𝐴 + 𝐵𝐵       b)  𝐴𝐴 + (−1)𝐵𝐵    

c)  𝐵𝐵 − 𝐴𝐴   d)  𝐴𝐴𝐵𝐵 

vi. Do (𝐴𝐴 + 𝐵𝐵) + 𝐶𝐶 = 𝐴𝐴 + (𝐵𝐵 + 𝐶𝐶)? (Yes) …………. 

a) Yes          b)  No          

c)  Not Possible     d)  May be     

vii. 𝐴𝐴 + 𝑂𝑂 =A …………. 

a) 𝑂𝑂             b)  𝐴𝐴             

c)  𝑂𝑂𝐴𝐴            d)  𝐴𝐴𝑂𝑂 

viii. The order of matrix �1 0
0 1� is (2x2) …………. 

a) 1 × 2       b)  2 × 1       

c)  1 × 1        d)  2 × 2 

ix. …………. (inverse) of matrix 𝐴𝐴 is defined as the fraction of 𝐴𝐴𝑃𝑃𝑗𝑗(𝐴𝐴) and |𝐴𝐴| . 

a) Identity      b)  Finite       

c)  Inverse     d)  Transpose  

x. Matrix 𝐴𝐴 is non-singular matrix if …………. 

a) (|𝐴𝐴| = 0)     b)  (|𝐴𝐴| ≠ 0)     

c)  (|𝐴𝐴| ≤ 0)          d)  (|𝐴𝐴| ≥ 0) 
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Q # 3. True/ False 

i. In matrix multiplication 𝐴𝐴𝐵𝐵 = 𝐵𝐵𝐴𝐴. (F)            T/F  

ii. If 𝐴𝐴𝑋𝑋 = 𝐵𝐵 then 𝑋𝑋 = 𝐴𝐴−1𝐵𝐵. (T)  T/F 

iii. (𝐴𝐴𝐵𝐵)𝑡𝑡 is equal to 𝐵𝐵𝑡𝑡𝐴𝐴𝑡𝑡 . (T)           T/F  

iv. 𝐴𝐴𝐴𝐴−1 is 𝐼𝐼2. (F)                     T/F 

v. A matrix 𝐴𝐴 is called symmetric if 𝐴𝐴𝑡𝑡 = −𝐴𝐴.(F)        T/F  

vi. If 𝐴𝐴 is a matrix of order 3 × 4 and 𝐵𝐵 is a matrix of 4 × 5, then 𝐴𝐴𝐵𝐵 matrix will be of 

order  3 × 5.  (T)                T/F  

vii. If 𝐴𝐴 is of order 𝑒𝑒 × 𝑚𝑚 and 𝐵𝐵 is of order 𝑚𝑚 × 𝑒𝑒 matrices, then 𝐴𝐴𝐵𝐵 will be of order 

𝑚𝑚 × 𝑚𝑚. T/F 

viii. The transpose 𝐴𝐴𝑡𝑡 of 𝐴𝐴 is obtained by interchanging columns and rows of matrix 𝐴𝐴.  T/F  

ix. If two rows/columns are identical then the determinant is not equal to zero.  T/F  

x. If any multiple of one row/column is added to another row/column, the value of the 

determinant in changed.  T/F  

Q # 4. Numerical questions 

i. If A = � 3 −1
 2   1 � and B = �−2 3

−4 5� , find  A-1 , B-1 and then show that (AB)-1 = B-1 

ii. Solve the following system of equations: 

 i) 4𝑥𝑥1 +  2𝑥𝑥2 = 3 

  5𝑥𝑥1 + 2 𝑥𝑥2 = 2 

 ii) 3𝑥𝑥1 − 8 𝑥𝑥2 = 10 

  2𝑥𝑥1 − 4 𝑥𝑥2 = 9 

iii. Nine pencils and five erasers cost Rs. 60 and three pencils and ten erasers costs Rs. 

45. Find the cost of one pencil and one eraser? 
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iv.  If A = �

 −3 4 5

    0 −1  2

   1   2   3

�, B = �

0 8 1

−1 1  2

   2   0   1

�, then find 

𝑖𝑖) 𝐴𝐴𝑃𝑃𝑗𝑗 (𝐴𝐴)    𝑖𝑖𝑖𝑖) 𝐴𝐴𝑃𝑃𝑗𝑗 (𝐵𝐵)   𝑖𝑖𝑖𝑖𝑖𝑖) |𝐴𝐴|    𝑖𝑖𝑣𝑣) |𝐵𝐵|   𝑣𝑣) |𝐴𝐴𝐴𝐴𝑃𝑃|  𝑣𝑣𝑖𝑖) |𝐵𝐵𝑃𝑃𝐵𝐵| 

v. If C = �

     1 2 3

−1 −3 0

2 2 1

�, then find C-1 and verify that 

          𝑖𝑖)    (𝐶𝐶 − 1) − 1 =  𝐶𝐶      𝑖𝑖𝑖𝑖) (𝐶𝐶 − 1)𝑃𝑃 =  (𝐶𝐶𝑃𝑃) − 1   𝑖𝑖𝑖𝑖𝑖𝑖) 𝐶𝐶 − 1𝐶𝐶 =  𝐼𝐼3 =  𝐶𝐶𝐶𝐶 − 1 

vi. Solve the system of homogenous equations. 

𝑖𝑖)   𝑥𝑥 –  2𝑦𝑦 − 1 = 0                    𝑖𝑖𝑖𝑖)    𝑥𝑥 +  4𝑦𝑦 +  2𝑑𝑑 =  0 

2𝑥𝑥 +  𝑦𝑦 + 5𝑑𝑑 =  0                            2𝑥𝑥 +  𝑦𝑦 − 3𝑑𝑑 = 0 

2𝑥𝑥 –𝑦𝑦 +  4𝑑𝑑 =  0                            3𝑥𝑥 +  2𝑦𝑦 –  4𝑑𝑑 =  0 

vii. Solve the following systems using matrices as well as Cramer’s rule. 

         𝑖𝑖)  2𝑥𝑥 –  𝑦𝑦 +  𝑑𝑑 =  5                𝑖𝑖𝑖𝑖)   𝑥𝑥 +  𝑦𝑦 =  2            𝑖𝑖𝑖𝑖𝑖𝑖)     2𝑥𝑥 +  𝑦𝑦 +  3𝑑𝑑 =  3 

4𝑥𝑥 +  2𝑦𝑦 +  3𝑑𝑑 =  8                    2𝑥𝑥 –  𝑑𝑑 =  1                       𝑥𝑥 +  𝑦𝑦 –  2𝑑𝑑 =  0 

3𝑥𝑥 –  4𝑦𝑦 –  𝑑𝑑 =  3                        2𝑦𝑦 –  3𝑑𝑑 =  −1                 − 3𝑥𝑥 –  𝑦𝑦 +  2𝑑𝑑 =  −4 

viii. The currents running through an electrical system are given by the following 
system of equations.  The three  currents, I1, I2, and I3, are measured in amps.  
Solve the system to find the currents in this circuit. 

𝐼𝐼1 +  2𝐼𝐼2 −  𝐼𝐼3 =  0.425 

3𝐼𝐼1 −  𝐼𝐼2 + 2𝐼𝐼3 =  2.225 

5𝐼𝐼1 + 𝐼𝐼2 + 2𝐼𝐼3 = 3.775 

Define one column matrix and give example. 

ix. Find the value of 𝑥𝑥 if �2 1
3 𝑥𝑥� is singular. 
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INTRODUCTION 

Numbers play vital role in every discipline of Mathematics. Arithmetic operations using 
decimal numbers are pretty common. However, how computer handles numbers and 
perform arithmetics, for this it is necessary to think in a different number system called 
Binary number system. The binary number system, indeed, is the most powerful progress 
in the history of technology. 

 

OBJECTIVES 

After studying this unit, students will be able to: 

1. describe how the binary number system uses two digits to denote binary states. 

2. Perform arithmetic operations on binary number system 

3. Convert decimal number system to binary and vice versa. 
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9.1   DECIMAL NUMBER SYSTEM 
 
The number system that we use in our day to day life for counting is decimal number 
system also called the 𝑏𝑏𝑎𝑎𝑅𝑅𝑒𝑒 − 10 system. In this system ten digits between 0 to 9 and 
their combinations are used to represent all numbers. 

The 𝑏𝑏𝑎𝑎𝑅𝑅𝑒𝑒 − 10 is a positional system. This means that the value of digits will rely on its 
position. Each digit, in this number system, is multiplied by the power of 10 depending 
on its position in the number. The rightmost digit is the ones position, the next digit to the 
left is the tens, then hundreds, thousands and so on. 

Consider the decimal number 6349.  

 

This number is thus made up from the sum of 9 “ones”, 4 “tens”, 3 “hundreds” 
and 6 “thousands”. 

Sometimes decimal numbers are written with the subscript “10” to specify a base 
10 number,  e.g.634910 .    

9.2 BINARY NUMBER SYSTEM 
 
All internal processing and calculations in computer are done in binary number system, 
also known as 𝑏𝑏𝑎𝑎𝑅𝑅𝑒𝑒 − 2 system. This is also a positional numbering system. In this 
system, there are only two possible values i.e., 0 𝑎𝑎𝑚𝑚𝑃𝑃 1 emerge in each digit position. 
They are named as binary digits or bits for short. A collection of eight bits (for example 
10001101) is called byte. In this number system each digit is multiplied by the power of 
2 depending on that digit’s position. For example, consider the binary number 1101 

 

This number is thus made up from the sum of 1 “𝑃𝑃𝑚𝑚𝑒𝑒𝑅𝑅”, 1 “𝑜𝑜𝑃𝑃𝑃𝑃𝑃𝑃𝑅𝑅” and 1 “𝑒𝑒𝑖𝑖𝐸𝐸ℎ𝑃𝑃𝑅𝑅”. 
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Sometimesbinary numbers are written with the subscript “2” to specify a base 2number, 
e.g.111010012.    

Because binary numbers can only have the two symbols 0 𝑎𝑎𝑚𝑚𝑃𝑃 1, numbers for example 
37 and 1105101 cannot be binary numbers. 

9.3 CONVERSION BETWEEN BINARY NUMBERS AND 
DECIMAL NUMBERS 
 
We humans use decimal number system in our daily life, while computers understand the 
binary number system. So, we need to be capable to convert between the decimal and 
binary number representations. 

9.3.1 Converting a Binary Number to a Decimal Number 
A binary number can be converted into a decimal number by simply writing the binary 
number as a sum of power of 2. In order to switch the binary number 11011001 to 
decimal number, we observe that the first digit to the right is the ones position and the bit 
value in this position is 1. So, the decimal value of this rightmost bit is 1 × 20 = 1. The 
next digit to the left is the twos position and in this position the bit value is 0. So, the 
decimal value of this bit is 0 × 21. The next digit to the left is fours position and in this 
position the bit value is 0. The next position is the eights position and so forth. Hence 
11011001 represents the number 217. 

 

Example:  Convert the following binary number into equivalent decimal number. 

      (i) 100101                (ii) 0.01101            (iii) 11101.1011 
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Solution: 

(i) 100101 = (1 × 20) + (0 × 21) + (1 × 22) + (0 × 23) + (0 × 24) + (1 × 25) 

                    = 1 + 0 + 4 + 0 + 0 + 32 = 37 

(ii) 0.01101 = (0 × 2−1) + (1 × 2−2) + (1 × 2−3) + (0 × 2−4) + (1 × 2−5) 

= 0 +
1
4

+
1
8

+ 0 +
1

32
 

= 0 + 0.25 + 0.125 + 0 + 0.03125 = 0.40625 

(iii) 11101.1011 = (1 × 24) + (1 × 23) + (1 × 22) + (0 × 21) + (1 × 20) +

                                  (1 × 2−1) + (0 × 2−2) + (1 × 2−3) + (1 × 2−4) 

= 16 + 8 + 4 + 0 + 1 +
1
2

+ 0 +
1
8

+
1

16
 

= 16 + 8 + 4 + 0 + 1 + 0.5 + 0 + 0.125 + 0.0625 

= 29.685 

9.3.2  Converting a Decimal Number to a Binary Number 

The two commonly used methods for making conversion are 
• Repeated division-by-2 
• Repeated multiplication-by-2 method 
 
Repeated division-by-2 

This is the easiest way to convert integers from decimal notation to the binary notation. In 
this method divide the decimal number by 2 to get quotient and remainder. The 
remainder will be 0 or 1. The quotient becomes new number to divide again. Repeat the 
division until the quotient is 0. The chain of the remainders give the binary representation 
of the number. 

Thus, converting 26 to binary: 
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Example: Convert 261 into binary number. 

Solution: 

Division Quotient Remainder 

261 ÷ 2 130 1 

130 ÷ 2 65 0 

65 ÷ 2 32 1 

32 ÷ 2 16 0 

16 ÷ 2 8 0 

8 ÷ 2 4 0 

4 ÷ 2 2 0 

2 ÷ 2 1 0 

1 ÷ 2 0 1 
 

Number 261 = 100000101 (Binary) 

Repeated multiplication-by-2 

The above method is used only when it comes to convert integers from decimal to binary 
notation. When converting decimal fraction to binary, multiply repeatedly the fractional 
part by 2. This process continues until the fractional part is zero. If the fractional part 
does not become zero but repeats, the result will be repeating binary fraction.  

For example 0.5 becomes 0.10110011010110…. which can be written as 0.10110������� 

Example: Convert 0.6875 into the binary number. 

Solution:  

Multiplication Integer part Fractional part 

0.6875 × 2 = 1.375 1 0.375 

0.375 × 2 = 0.75 0 0.75 

0.75 × 2 = 1.5 1 0.5 

0.5 × 2 = 1 1 0.00 

0.6875 = 0.1011 (Binary) 

READ UP 
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Example: Convert 0.5 into binary number. 

Solution:  

Multiplication Integer part Fractional part 

0.5 × 2 = 1.4 1 0.4 

0.4 × 2 = 0.8 0 0.8 

0.8 × 2 = 1.6 1 0.6 

0.6 × 2 = 1.2 1 0.2 

0.2 × 2 = 0.4 0 0.4 

0.4 × 2 = 0.8 0 0.8 

0.8 × 2 = 1.6 1 0.6 

0.6 × 2 = 1.2 1 0.2 

0.2 × 2 = 0.4 0 0.4 

 

Number 0.5 becomes 0.101100110…. 

It may be written as 0.10110������� 

 

Example: Convert 15.875 into binary number. 

Solution: For decimal integer 15 to binary we have, 

 

 

 

 

 

So, 11 = (1011)2 

Division Quotient Remainder 

11 ÷ 2 5 1 

5 ÷ 2 2 1 

2 ÷ 2 1 0 

1 ÷ 2 0 1 
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For decimal fraction 0.875 to binary we have 

Multiplication Integer part Fractional part 

0.875 × 2 = 1.75 1 0.75 

0.75 × 2 = 1.5 1 0.5 

0.5 × 2 = 1.0 1 0.0 
 

So, 0.875 = (0.111)2 

Hence, 11.875 = (1011.111)2 

9.4   ARITHMETIC OPERATIONS ON BINARY NUMBERS 

The methods of executing arithmetic operations in binary system are fundamentally the 
same as in the decimal one. We have only to bear in mind that the place value of each of 
the digits in the system is in the powers of 2. 

9.4.1  Binary Addition 

Adding two binary numbers will again a binary number. Adding binary numbers are 
basically the same as adding decimal numbers; the difference is that we can only count to 
1 in any column instead of 9 before carry over to the next column. 

There are four basic rules that binary addition obeys. 

Case A+B Sum Carry 

1 0+0 0 0 

2 0+1 1 0 

3 1+0 1 0 

4 1+1 0 1 (next column to the left) 

 
Example: Add the binary numbers 11101 and 11011 
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First adding the digits in the right hand column, you will get 1+1= 2=10, write 0 at the 
bottom of the first column and carry 1 to the second column from the right. The number 
in the second column, including 1 you carried from the first column, has sum 
1+0+1=2=10, write 0 at the bottom of the second column and carry 1 to the third column 
from the right. Now the numbers in the fourth column has sum 1+1+1=3=11, write 1 at 
the bottom of the fourth column and carry 1 to the fifth column from the right. Now the 
numbers in the fifth column has sum 1+1+1=1=11. The final answer is 111000. 

Example: Add the binary numbers 111111, 011101, 011101 and 111111 

 

First adding the digits of the right most column, you will get 1+1+1+1=4=100, write 0 at 
the bottom of the first column and carry 0 and 1 to the second and third column 
respectively. Now add the digits of the second column, you will get 0+1+0+0+1=2=10, 
write 0 at the bottom of the second column and carry 1 to the third column. Now add the 
digits of the third column including two 1’s that carried from first and second columns. 
So, you will get 1+1+1+1+1+1=6=110, write 0 at the bottom of the third column and 
carry 1 to the fourth and fifth column from the right. Now the sum of the digits of the 
fourth column becomes 1+1+1+1+1=5=101, write 1 at the bottom of the fourth column 
and carry 0 and 1 to the fifth and sixth column. The sum of the digits of the fifth column 
is 0+1+1+1+1+1=5=101, write 1 at the bottom of the and carry 0 to the sixth column, 
create a new column having all digits are zero and carry 1 to the newly created seventh 
column. Adding the digits of the sixth column, you will get 1+1+1=3=11, write 1at the 
bottom of the sixth column and carry 1 to the seventh column. The sum of the digits of 
the seventh column is 1+1=2=10. Thus the final answer is 10111000. 

9.4.2  Binary Subtraction 

The method of subtraction in binary number system is the same as in decimal 
system. The difference is that when a borrow is needed, the borrow gives us 2 in 
the current bit position. The process can be understood with the help of the 
following example: 
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Example: Subtract 11 from 10000. 

 

Since 1 is to be subtracted from 0 in the first column, a borrow is required from the next 
higher-order column. For this move to the left of the zero given in the number from 
which subtraction is to be done until you find 1.Now, borrow 1 from the fifth column for 
the fourth column. This leaves a 0 in the fifth column and place a 10 i.e., 2 in the fourth 
column. Borrowing 1 from 10 leaves 1 in the fourth column and places 10 i.e, 2 in the 
third column. Now the second column borrow 1 in the third column this leaves 1 in the 
third column and places 10 in the second column. Borrowing 1 from the second column 
for the first column leaves 1 in the second column and places 10 i.e, 2 in the first column. 
So, the final result of the subtraction is 01101. 

Example: Subtract 1010 from 10101. 

 

Example: Simplify {(1000111)2 + (10101)2} − (10011)2 

Solution: 

            (1)(1)(1) 
1    0    0    0    1    1    1 
+          1    0    1    0    1 

                                                      1     0   1    1    1    0    0 

                                                                        0   1    2 
1    0    1    1    1    0    0 
−          1    0    0    1    1 
 1     0    0    1    0    0    1 

So, the final answer is (1001001)2 
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9.4.3  Binary Multiplication 
The method of multiplication for binary numbers is similar to that for decimal number 
except that the addition of the product is done by the binary system. It is much simpler, 
since multiplying two bits give rise only two possible outcomes i.e., 0 and 1. 

Example: Multiply 39 by 25 in binary system. 

Solution: Since 39 and 25 are decimal numbers. In order to accomplish multiplication in 
binary system, first we convert them into binary numbers i.e., the numbers in the form 0 
and 1 only. 

Division Quotient Remainder 

39 ÷ 2 19 1 

19 ÷ 2 9 1 

9 ÷ 2 4 1 

4 ÷ 2 2 0 

2 ÷ 2 1 0 

1 ÷ 2 0 1 

 
Thus, 39 = (100111)2 and 25 = (11001)2 

 

Thus the final answer is (1111001111)2 

 

  

Division Quotient Remainder 

25 ÷ 2 12 1 

12 ÷ 2 6 0 

6 ÷ 2 3 0 

3 ÷ 2 1 1 

1 ÷ 2 1 1 



149 
 

9.4.4  Binary Division 
The procedure of division in binary system is same as in decimal notation, taking care of 
the process of subtraction used in the binary system. 

Example: Divide (145)10 by (11)10 in binary system. 

Solution:  In order to accomplish division in binary system, first convert 145 and 11 in 
binary notation. 

Division Quotient Remainder 

145 ÷ 2 72 1 

72 ÷ 2 36 0 

36 ÷ 2 18 0 

18 ÷ 2 9 0 

9 ÷ 2 4 1 

4 ÷ 2 2 0 

2 ÷ 2 1 0 

1 ÷ 2 0 1 

 

Thus (145)10 = (10010001)2 and (11)10 = (1011)2 

 

  

Division Quotient Remainder 

11 ÷ 2 5 1 

5 ÷ 2 2 1 

2 ÷ 2 1 0 

1 ÷ 2 0 1 
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Example:  Divide 1011.11 by 11 

 

 

9.5  SELF ASSESSMENT QUESTIONS 

Q1.  Convert the following decimal numbers into binary system: 

(i) 143      (ii) 2745        (iii)  67321      (iv) 345.132      (v)   1765.23 

Q.2   Convert the following binary numbers into decimal system: 

(i)  11111000        (ii) 10110011       (iii) 11111.00111      (iv) 10.110101 

Q.3 Evaluate the following: 

(i) (1001001111)2  +  (11111101)2   (ii) (1111111)2 + (1000111)2 

(iii) (10001101)2  −  (1111011)2   (iv) (1100101)2  − (1011001)2 

(iv) (10111101)2  × (1111.011)2   (v) (10111101)2  × (1110111)2 

(vi) (10001101)2  ÷ (1011)2   (vii) (100011.01001)2  ÷ (111)2 
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Q.4  Simplify the following in binary system: 

(i) {(10001101)2  × (235)10}  −  (27)10 

(ii) {(10111101)2  ÷ (133)10}  × (10111)2 

(iii)  {(681)10  ÷ (22)10}  + (10111011)2 
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